GENERALIZED MOMENT GENERATING FUNCTIONS FOR SOME
CONTINUOUS MULTIVARIATE PROBABILITY DISTRIBUTIONS

ABSTRACT

The traditional moment generating functions of random variables and their probability
distributions are known to not exist for all distributions and/or at all points and, where they exist,
serious difficult and tedious manipulations are needed for the evaluation of higher central and non-
central moments. This paper developed the generalized multivariate moment generating function
for some random vectors/matrices and their probability distribution functions with'the intention to
replace the traditional/conventional moment generating functions due to their simplicity and
versatility. The new functions were developed for the multivariate gamma family. of distributions,
the multivariate normal and the dirrichlet distributions as a binomial expansion. of the expected
value of an exponent of a random vector/matrix about an arbitrarily. chosen constant. The
functions were used to generate moments of random vectors/matrices ‘and their probability
distribution functions and the results obtained were compared :with. these from existing
traditional/conventional methods. It was observed that the functions.generated same results as the
traditional/conventional methods; in addition, they generated. both- central and non-central
moments in the same simple way without requiring furthertedious manipulations; they gave more
information about the distributions, for instance while the traditional'method gives skewness and
kurtosis values of 0 and 3 respectively for p-variate multivariate normal distribution, the new

methods gives ((O))p><1 and 3? respectively and; they could generate moments of integral and real
powers of random vectors/matrices.
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1. INTRODUCTION
The significance of moments in explaining the characteristics of random variables and their

probability distributions.cannot be over emphasized in statistics. Basically, there are two types of

(central moment ifithe arbitrary point is mean of the distribution)(Pearson, 1900; Kenney & \

Keeping;. 1962;“Weisstein, 2002). The central moments are fundamental to the determination of
such characteristics of probability distributions as the variance, skewness and kurtosis(Arua, et al.,
1997).

The moment generating function is a very important mathematical device for generating moments
of random variables and their probability distributions (Chukwu & Amuji, 2012). However, very
serious setbacks of this method of generating moments are that it does not always exist for all
moment generating function a certain number of times and evaluating at a zero value of some real
coefficient of the variable in the transformation that determines the function (Chukwu & Amuji,

2012; William & Richard, 1973). To obtain the central moments from crude moments, some
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mathematical combinations of the crude moments of required order are applied. The process of
differentiating to obtain crude moments through moment generating functions and eventually
having to obtain central moments from crude moments by the mathematical combination of the
crude moments is tedious and cumbersome (Oyeka, et al., 2010).

The univariate and bivariate alternative methods for finding the moments of random variables and
their probability distributions have proved to be more versatile tools and are easier and quicker to
The Generalized Moment Generating Functions of univariate random variables (Matthew, et al.,

2017) were developed to eliminate the limitations inherent in the traditional methods and they

is an arbitrarily chosen value that is not necessarily an integer and. may not be positive, 1 is an
arbitrarily chosen constant and X is a random variable that follows ‘a defined probability
distribution. Application of the method was illustrated with the Beta and Gamma family of
Distributions and the Normal Distribution. The method proved useful in generating moments of
both positive and negative integer, as well as, real powers:of random variables and their
probability distributions. The method was able to.generate central and non-central moments in the
same simple steps for continuous probability.distributions.However, the multivariate extension of
the method has not been developed. Hence, the Generalized Moment Generating Functions for
some Continuous Multivariate Probability Distributions shall be developed and presented here.

2. GENERALIZED MOMENT GENERATING FUNCTIONS FOR SOME CONTINUOUS
MULTIVARIATE PROBABILITY DISTRIBUTIONS

The generalized moment generating®function for a continuous multivariate random variable

Y = X¢ about a constant.vector or matrix, 4, shall be denoted asG,, (c; 4).
Suppose t€-R isa (px p) square matrix or a (p x 1) column vector, Y = X¢and ¢ € R.
Therefore,

My ay(€) = Mxe () = E(et’(xc+/1)) ———————— (1)

Equation 1 may be read as the moment generating function of X¢ about A and may be evaluated

with the Maclaurin’s series expansion as

E(etl(xf-}.l)) = E (Z [tl(chiTl)]n) — Z (1;;41;:()(0 + A)n
n=0 n=0
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- Mixep(6) = EQXE + )

n=0

)

The coefficient of Z;‘{’ZOT in Equation ’2‘ yields the nt* moment of the random variable Y = Xe .

and may be termed the Multivariate Generalized Moment Generating Function, G, (c; 4). It can
generate all conceivable moments of Xabout A. Obviously, if c =1, 41 =0 and n = 1, Equation

2 yields the first moment of X about zero also called the mean of the distribution of X.

Higher moments of the distribution of X are similarly obtained by varying .the value of n

accordingly.

Equation 2 may be evaluated as

G (c:A)=E(X+)"=E (Zn: (Z) A"—rXCf> = Zn: (Z) ATE(XCT)

r=0 r=0

(3)

The Generalized Multivariate Moment Generating Functions,G,(c; 4) will be developed for the

Multivariate Gamma, Normal-and the Dirrichlet Distributions.

3. GENERALIZED:MULTIVARIATE MOMENT GENERATING FUNCTION
(GMMGF) FOR:THE MULTIVARIATE GAMMA DISTRIBUTION

Let X be a positive-definite real p < p matrix distributed as Multivariate Gamma with shape
parameter, «;.scale parameter, $, and scale, X (a positive-definite real p < p matrix). Then, the

probability density. function, PDF, of X is given as,
FOO = e 2 (e (<2 3ix) | = - - @
BreTy(a) B

wherel}, is the multivariate gamma function(Gupta & Nagar, 1999; Royen, 2006).

If the shape parameter, « :g

, and the scale parameter, f = 2, the Multivariate Gamma
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distributions is developed as

G (c:2) =E(X +)"=E (Zn: T xer, (Z)) = Z (Z) A TE(XCT)
r=0

where E(X") = f_°°oo x" f(x)dx, for p —variate gamma distribution from Equation-4 is

C DI 1
/1" r f X|erta-(p+1)/24 tr(——z—lx) dx
2. () Brer (@ X P\ (=g

r=0

[z~ f 1
— An r Xcr+a—(p+1)/zex tr<——£‘1X) ax
Z g, @ ) ¥ A

(7 O )
. \r LBPaT, ()

n

Gn(c; ) =EXE+ )" = Z (;l) T |Z|Crﬁp;r1;z;()a ter) ©)
p

r=0

Substituting 8 =2 and @ = g in.Equation 6 gives the multivariate generalized moment generating

function of the wishatrt distribution as

Gn(c;l) _ Z (:_l) e |Z|W2P:1"(n() CT') ________ (7)
r=0 P\,

Equation 7 depends on p, the number of variables, and 7, the number of observations (sample
size), which shows that it is the Multivariate Generalized Moment Generating Function, G, (c; 1),

of a p —variate extension of the chi-square random variable.
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I, (a) L, (a)

L r T
G, (1; A):Z(é)al—r—z priylatn) _ Ha+() ZBPTy(a + 1)
r=0

=A+afPX —————— ®® | Comment [h18]: Compress to a single line
equation

Now substituting A4 with —u in order to get the first central moment, it implies that

—u+aprz=(0)

o« p=pPaE = ri(apE) — — — — — (9)

The coefficient of 57~ in Equation 9 is the mean of the distribution while P=! indicates that the

dimension (number of variables) of the distribution is p.

4. GENERALIZED MULTIVARIATE MOMENT «GENERATING FUNCTION
(GMMGF) OF THE NORMAL DISTRIBUTION

form:

1(x—u

f(X): e 2 0')2————(10)

2no

The joint density of independent normal.variates, x;, x,, ..., X;, ..., X, 1S

1op (*imi)
f (X, X X)) = : e_EZL( % R (11)

(27'[)§01 . O

Let
Y, Uy
/xz /Hz\ 012 0. O
—_ : _ : _ 0 0'2 -0
X(pxl) — . 1u(px1) - . and Z(pxp) = 2
: 0 0.. o
xp .up
Then,
1 1 ot
fE)=——ewp|-5;X-wWEX-p| ----012)
(2m): (x|

—o<u<om|Z >0
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vector of p —correlated random varlables(Johnson & Wichern, 1992; Ogum, 2002; Onyeagu,
2003).

Thus X~N, (u, ).

From Equation 3,

n

Gu(c: D) = B+ = > () 2 EQE)
r=0
where
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But,

(1 az) =3 (oot

t=0

Now,

cr (€T cr—top (op 2 Lo ® >
E(X‘:r) — t=0(t)ul 2 (2 (o} )zf f Ufe_zlevilo'ivi
0

p_ 1
(27‘[)2|E|2 0

cr _ 2 t e o)
() of T e
1 - Bt i
225

cr LS.
mo( e @Rt ey
1
(2n)z. 25|57

t2o (CZ) ﬂcr_t(sz)g [F <t 1)]”

Hence,

(s (D@

aGu(e ) = 5
T2

Equation 13 is‘evaluated-at even number values of t. That is, where t =0, 2,4, ...
Examples:

Forc=1n=1r=0l1landt=0

4
T2

=3 e B )
r=0

fG(LA)=A+p ————(14)

Suppose A = —p, the first moment of X* = X about u is obtained as

dv; wdv,
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G (L,—p)=—-p+p=0
as expected.

Forc=1n=2r=0,12andt =0,2; then

(@i [+

2
GLn=) (2)a ;

r=0 T2

Ifr=0t=0

o, )Y
(i)lzq (3)”1—0(2102)%M =2Au

Forr=2;t=0,2

3
3

=pp+X
G BA) =2+ 2u+ 2 T =22+ 220+ A1+ — —— (14)
Now, let 2 =:—u;hence the second moment of X* = X about the mean, y, is

2L —p) = () +2(-w)() + p* +E=2p* - 2u* + X

That is the variance-covariance matrix as expected.
Also, G5(1; A) is obtained from Equation 13 as follows:

n=3;,r=0,123;t=0,2
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Now, where r =0

@

wherer = 1;t =0

Q)

T2

e ()] -

wherer = 2;t =0,2

z EIF)
@] @enie Qe g
wherer = 3;t=0,2
o 1\}% 2 1\1?
3)2|C) u3‘°(2p2)3[r(5n%)] +(3) w22rny: [rG2I (57:;)] ]
3\1P
=ui+ ?>u(2"£)L (Eg)] =’ +3ux
T2
o G3(1,2) =23 + 322 +32p% + 32 +p® + 3ux — — — — (16)

Now, let A = —pu. Thus,
G (Limp) = (—p)® + 3(—p)p + 3(—pw)p® + 3(—p)E + p3 + 3uz
Gy (L=p) = —(mp+ 3w wp -3 mWp —3Ep+ (W +3En = ((0) - -QA7)
In the same reasoning, G,(1; A) is obtained as follows:
n=4,r=0,1234t=024

wherer = 0;t =0

() [ 2] e

T2



wherer = 1;t =0

LAY
()4 |(Q)u@m: el (Zﬂg ). ar’p
wherer = 2;t =0,2
14
(g) 473 (g) 1O(2PE)e + (g) W32 (2P 5): (%)p g] = 4A[u® +3pz]

= 43 + 12Ap%

wherer = 4; t=0,2,4

2 5 p
(4) 244 (g) #4—0(2102)% + (g) #4—2(2172)% (E)pﬂ_;_'_ (j) u4_4(2pz)§[ (2)]

4 2. ° o
14
3 1\Pns 2p
= (up)(uu') + 6pp' T + (2°%)? (E'E) 2= () (up') + 6pp's + 550 3PE'E
T2
= (up)(pu') + 6pp's + P2’
G,(1;2) = A*+423u + 6A%u% + 672X +424° + 12Aux + p* + 642X + 3P2%2 — — — (18)

Now, let 2 = —pu; therefore, the fourth moment of X* = X about its mean, y, is obtained as
G4(1; =) = (up') (u') = 4Qup' ) (up') + 6(up' ) (up') + 6pp's — 4(up') (up') — 12pp's
+ (pu)(pp') #6pp's + 3PE'E

=12uu'y — 12up’'s + 3PL'E

G, -w=3 - - - -(199 | Comment [h30]: Remove and align
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lines

Using Equation 15 and Equation 17, the skewness of the distribution of X* = X is obtained as

SK(D) = M = ((o))p><1 ———=(20)

3
[6.(1; -]
Thus, it is observed that the ratio of the third moment of X! = X about its mean, u, to the

th
3 . . . . .
(E) power of its second moment, its skewness, equals zero, 0 in p — dimensions.
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Using Equation 15 and Equation 19, the kurtosis of the distribution of X = X is obtained as

G (L -p)  3PRET
K == 3z -~~~ @Y

This may be interpreted as mesokurtic because the base is equal to 3 or because the pt* root of

K, (1) is equal to3. It may equally be termed a p —variate mesokurtic distribution.

But the traditional or conventional Moment Generating function of the multivariate normal
distribution,which involves very tedious mathematical manipulation, gives scalar values of zero
and 3for the skewness and kurtosis of the multivariate normal distribution respectively (Onyeagu,
2003; Matthew, 2019).

5. GENERALIZED MULTIVARIATE MOMENT GENERATING FUNCTION (GMMGF)
FOR DIRRICHLET (MULTIVARIATE BETA) DISTRIBUTION

The Dirrichlet distribution, often denoted Dir(«), is'a family of continuous multivariate
probability distributions parameterized by a vector « ‘of pesitive reals. It is a multivariate

generalization of the beta distribution (Kotz, Balakrishman, & Johnson, 2000).

The density function of the Dirichlet distribution-is given as

Kk
1
f(xl,...,xk)——)l:[ (22)

where

k .
B(a) = F(Eiir(zli and a = (ay, ..., ay)
i=1%i

For k =2 number, of categories (integers), @, ...,a, concentration parameters, where a; > 0

with support variables: x;, ..., x, € (0,1)and ¥¥_, x; = 1.

r(S, a) T

a;i—1
T (23)
5{:11—‘(“{) i ¢

o f (g i) =

Using equation (23),

1k
E(Xcr) — fl_[xla iter— 1
0

i=1
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F(Zi‘{=1 ai) [T}, T(a; + cr)

E(chr) = kzl F(ai) F(Zile . Cr)

(24)

Hence,

Ly O (Y e T(BE @) T T + )
Golci2) = ZO () e e s

Now,letn=1c=1landr=0,1

F(Zi‘{ﬂ “i) [, M(a; +cr) L

G, (LAD)=21+ =
! i F(“i)r(zi‘{ﬂ a; + CT) i a

Suppose 4 = —

G (L, —p)=—pu+ =
l. 1al

(First moment about the mean)

Hence,

E(X)) = o—(26)

l. 1 &

—4i

Supposen =2;r =0,1,2;c =1land A = % from Equation (25)

i=1%i

2
R 9 r F(Z ai) Hf’:1 I(a; + 1)
G2(134) = Z( )/12 K T() F(Zf’:l a; + r)

i=1
r.= 0,
o F(Z az) [T, T(ay) — 32
(0) I T (@) M, a) !
r=1;
F(Zl 1¢ ) H =1 F(al +1) F(Zi{ 1@ ) a; k_l F(ai) = il
(1) A F(m) F(Zl 1a; + 1) = 1—‘(a )Zl 1@ F(Zi‘{:l ai) - i{ 1%
r=2
1 1—‘(ai)

(g) 20 T(Zhy @) [T, T(a; +2) (T, a)(a; + () [T

Lha F(Zi“:l a; + 2) B [T, Ta;) (Zl 14+ 1)(2?;1 ai)r(zi‘;l ai)

12



_ (a; + 1)(ay) [T, T(ay) _ (a; + 1) (a;)
[T, D) (Zl 1@+ 1)(2 a; ) (Zl 1@+ 1)(2?":1“1‘)

(a; + 1)(a))
l. 1@ (Zl 1“t+1)(zz 1 L)

2 G, A)=22+22 (27)

Thus the second central moment; that is, A = ——— becomes

i=1%i

c (1. —a; )_ a? a? N a;(a; + 1)
\ia) T ey Gy Cae) )

_ [, a) (@ +1) — (T a; + 1)
(Zi‘{=1 “i)z(zi‘{ﬂ a; + 1)

a; (Zl 1“z—az)
Y 1) (Zl 1“1"'1)

—a;
o Gy (1 7 ) =Var(X;) =
i=1 i

Let ¥¥ , a; = a,. Thus,

a; (ag—ay)

Var(X;) = —
ar(X;) (@ ¥ 1)

(28)

Now, forn =3; ¢ = 1;r = 0,1,2,3; We have

r=20

T )

13
M, T(a) T(ZTE,; a;)

r=1

(3) 21 D(Z, o) [T, T(a; + 1) — 32 r(Th ) a1, T(a)
1 Hi‘{=1 '(a;) F(Zi‘{=1 a; + 1) f' 1@ i‘{=1 a; F(Zi‘{=1 “z)

sz

=3)?
l. 1%

r=2

()/13 ZF(Z o) [T, T(ay + 2)
2 [T, T(a) T(Zr, a; + 2)

13



F(Zi‘{:l ai) a;(a; +1) HI‘{:1 I'(a;)

= 3, M) (5, @) (2, i + DT (2, @)
r=3
e o
(k@) aya + 1)(a; + 2) T, T(aey)

© T(a) (Z a; )(Zl 14+ 1)(21 14+ Z)F(Zi‘;l ai)

; a;(a; +1)
5 G5(1;2) = A3 + 32 % e
s i (Z ) (T it 1)

ai(al + 1)(“1 + 2)

@) @+ D ar 2) 2

Now, let 1 = Z" . Hence to obtain the third central moment of the Dirrichlet distribution we
i=1%i
have;
G ( - ) _ —a} a? BN, o % a; (a; +1)
3 =
s (Zﬁ‘:lai)e‘ (Zl 1 al) Y X (Zf:l a; + 1)

N a;(a; +1)(a; +2)
(Z a)(zl 1“1"'1)(21 1al+2)

_ 20} (T e+ 1)(Bha e+ 2) 3ai(af — a?) + (Zk, ;)" (af + 3a? +2a)
(Zl.::l a; ) (Zl 1o+ 1)(21 1t 2)

BN o (T + 1) + af (B @)’ + 4] - 3a2 T (1 - T @) + 204(B @)

(Zi{ “) (Zl 1“t+1)(zz 1“1+2)

Y (1. —a; ) _ atay(ay + 1) + ai(ay +4) — 3ata,(1 — ap) + 2a;aé (30)

e ad(ap + 1) (ag +2)

Hence skewness can be determined as

3
3aday(ag + 1) + af(ay + 4) — 3atay(1 — a,) + 2a; ao ad(a, +1)2
ad(ay+ D(ay +2)

Sk(l) = f(ao - ai)g

14



3
3aay(ay + 1) + a(ay + 4) — 3atay(1— a;) + 2a;a2 (ap +1)2

31
(afa? +3aia, + 2a?) (ay — ai)g( )

=~ Sk(1) =

Hence the Dirrichlet distribution is positively skewed since a; > 0; V i.
Now, letn =4;c=1;r=0,1,2,3,4

r=0

14-

(4) 14__0 F(Zi{=1 ai) Hi’{=1 1—‘(ai) —
0 ENCONORED

r=1

=43 F(ZiF:l ai) & H£C=1 F(ai)
M@ T(ZE, @ + 1) i1 Da) (B, @) TR, @)

(:Alf) 41 F(Zi‘{:l “i) [T, T(a; + 1) _

Hence, for r = 1 we have

(4) 14._1 F(Zf:l ai) H?:l F(ai + 1) — 413 ai
1 5:1 1—‘(ai) . F(Zi‘(:1 o+ 1) (Zi‘{:l ai)
r=2
OO 0 WICES By B CRE 1
2 EiT(a) (2, @ +2) 21 T () (Bl @) (Bl a + DT(ZE i)
a; (a; +1)

=64°

(Zi‘{ﬂ “i) (Zi‘{=1 a; + 1)

r=3

(4) 243 T(Zhy a) [Ty T(a; +3)
3 i‘{:1 I'(a;) F(Zf’:l a; + 3)

(T, «) a;(a; + D) (a; + 2) [T, ()
21T (@) (Zi‘{=1 “i)(zi‘{ﬂ a; + 1) (Zi‘{=1 a; + Z)F(Zi‘{:l ai)

=4)

- (a; +1)(a; +2)
- (Zi‘{=1 “i) (Zi‘{:1 a; + 1) (Zi‘{:1 a; + 2)

r=4
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(¢) s s ) Ty T+ 0
47 T (@) T, a; + 4)

_ F(Zf:l ai) a; (al + 1)(“1 + 2)(“1 + 3) H 1—‘(ai)
a Hi‘(:1 I (a;) (Z a; )(Zl 10 + 1)(21 a4+ 2) (Zl 10 + 3)1—‘(22{:1 ai)

_ a;(a; + 1)(a; +2)(a; + 3)
_(Z a)(zl 1“1"'1)(21 1“1"'2)(21 1“1"'3)

Hence,
; (a; +1)
G, (1;2) = 1* 4/13—‘ i
A L )@t 1)
a(a; + 1)(e; +2)
(Zl 1 @i )(Zl 14+ 1)(21:1 a; + 2)
a;(a; + 1)(a; #2)(ap# 3)
32

L) e D@t D@ v )

Now, let 1 = Z"_ , hence the fourth central moment becomes
G (1. —a; ) _ at al a; a? a;(a; +1)
) TG a) ) G (@) Ch @) S @ D)
ai ai(a; + 1)(a; +2)

—4
i= 10@(2 a)(zl 1“1"'1)(21 1“1"'2)
ai(a; #1)(a; + 2)(a; + 3)

(Zl 1%)(21 1al+1)(zl 1“1"'2)(21 1“1"'3)

. a; o |ea? YE o +6a?Y, a; — 3 Yk, a; — 3a}
R, ey aL[ (zk., “i) (B, i+ 1)

+(Z£‘ L) (6 — 3a? —6a? — 21a;) — 12a2(ai—4)}

Cria)Z o+ 1) (T, 0 +2)(Th,a; + 3)

( al({ )
i= 3
al, {(ao t 2)(Cl0 3) (3({,' CIO E({L ({0 3“1 )

aé‘(ao + 1) (ap + 2)(ap +3)

allay(6 — 3a — 6a? — 21a;)] — 12a?(a; + 4)
aé‘(ao + 1) (ag + 2)(ay +3)

*o

} (33)
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Hence the kurtosis of the distribution may be obtained as
(ao + 2)(ap + 3)(Baia, + 6afay — 3af)
af}(ao +1)(ap +2)(aq +3)

N allay(6 — 3a} — 6a? — 21a;)] — 12a?(a; + 4) (ag + 1)?
(ag + 1) (ay +2)(ay + 3)

ku(l) = {

a;(ay — ap)?

6aZal + 3aial + 18aia, + 39a’a, + 24ad + 15a¢ — 66a’aZ + 3a;

s~ ku(l) =
u() (a3 + 6a2 + 11a, + 6)

(ap + 1)?

a;(ay — a;)? (34)

The value of ku(2) is positive and may be less than, equal to or gredter than 3 depending on the

values of a;V i = 1,2, ..., kwhere ay =YX , a;.
6. DISCUSSION OF RESULTS/CONCLUSION

The Generalized Multivariate Moment Generating Functions.for some Continuous Multivariate
Probability Distributions were successfully developed and presented in this paper. The functions
were found to generate the central and non-central moments in the same easy way; no further
calculus is required to evaluate moments as is the case with the traditional/conventional methods;
the method gives room for the manipulation of the/powers of random variable to accommodate
real and negative powers; the method. gives'similar results as its traditional counterparts and
gives additional information inthe area of the dimension of distributions. Most importantly, the

method is easy to apply.
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