GENERALIZED MOMENT GENERATING FUNCTIONS FOR SOME
CONTINUOUS MULTIVARIATE PROBABILITY DISTRIBUTIONS

ABSTRACT

The traditional moment generating functions of random variables and their probability
distributions are known to not exist for all distributions and/or at all points and, where they exist,
serious difficult and tedious manipulations are needed for the evaluation of higher central and non-
central moments. This paper developed the generalized multivariate moment generating function
for some random vectors/matrices and their probability distribution functions with the intention to
replace the traditional/conventional moment generating functions due to their simplicity and
versatility. The new functions were developed for the multivariate gamma family of distributions,
the multivariate normal and the dirrichlet distributions as a binomial expansion of the expected
value of an exponent of a random vector/matrix about an arbitrarily. chosen ‘constant. The
functions were used to generate moments of random vectors/matrices and their probability
distribution functions and the results obtained were compared with those from existing
traditional/conventional methods. It was observed that the functions. generated same results as the
traditional/conventional methods; in addition, they generated both. central and non-central
moments in the same simple way without requiring further tedious manipulations; they gave more
information about the distributions, for instance while the traditional method gives skewness and
kurtosis values of O and 3 respectively for p-variate multivariate normal distribution, the new
methods gives ((O))px1 and 3P respectively and; they could generate moments of integral and real

powers of random vectors/matrices.

KEYWORDS: Generalized Moments Generating Function, Multivariate Probability Distributions,
Multivariate Normal Distribution; Multivariate Gamma Distribution, Dirrichlet Distribution.

1. INTRODUCTION

The significance of moments in explaining the characteristics of random variables and their
probability distributions cannot be over emphasized in statistics. Basically, there are two types of
moments namely moments about zero (crude moments) and moments about arbitrary points
(central moment if the arbitrary point is mean of the distribution) (Pearson, 1900; Kenney &
Keeping,. 1962; Weisstein, 2002). The central moments are fundamental to the determination of
such characteristics of probability distributions as the variance, skewness and kurtosis (Arua, et
al., 1997).

The moment generating function is a very important mathematical device for generating moments
of random variables and their probability distributions (Chukwu & Amuji, 2012). However, very
serious setbacks of this method of generating moments are that it does not always exist for all
probability distributions and that it can only generate crude moments by differentiating the
moment generating function a certain number of times and evaluating at a zero value of some real
coefficient of the variable in the transformation that determines the function (Chukwu & Amuji,

2012; William & Richard, 1973). To obtain the central moments from crude moments, some
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mathematical combinations of the crude moments of required order are applied. The process of
differentiating to obtain crude moments through moment generating functions and eventually
having to obtain central moments from crude moments by the mathematical combination of the
crude moments is tedious and cumbersome (Oyeka, et al., 2010).

The univariate and bivariate alternative methods for finding the moments of random variables and
their probability distributions have proved to be more versatile tools and are easier and quicker to
apply in generating moments (Oyeka, et al., 2010; Oyeka, et al., 2008; Oyeka, et al., 2012).

The Generalized Moment Generating Functions of univariate random variables (Matthew, et al.,
2017) were developed to eliminate the limitations inherent in the traditional methods and they
were actually easier to apply. The method was developed as the expected value of.e &+ where ¢
is an arbitrarily chosen value that is not necessarily an integer and. may not be positive, 4 is an
arbitrarily chosen constant and X is a random variable that follows a defined probability
distribution. Application of the method was illustrated with the Beta and Gamma family of
Distributions and the Normal Distribution. The method proved useful in generating moments of
both positive and negative integer, as well as, real powers of random variables and their
probability distributions. The method was able to generate central and non-central moments in the
same simple steps for continuous probability distributions. However, the multivariate extension of
the method has not been developed. Hence, the Generalized Moment Generating Functions for
some Continuous Multivariate Probability Distributions shall be developed and presented here.

2. GENERALIZED MOMENT GENERATING FUNCTIONS FOR SOME CONTINUOUS
MULTIVARIATE PROBABILITY DISTRIBUTIONS

The generalized moment generating function for a continuous multivariate random variable

Y = X¢ about a constant vector or matrix, A, shall be denoted as G,,(c; 4).
Suppose t'€ R isa (p x p) square matrix or a (p x 1) column vector, Y = X¢ and ¢ € R.
Therefore,

Meyay(6) = Mxey(t) = E(eV D) — — — — — ——— (1)

Equation 1 may be read as the moment generating function of X¢ about A and may be evaluated

with the Maclaurin’s series expansion as

E(etl(XC+)L)) —F <Z [t'(xc +/1)]”> _ Z%E(xc + )"

n!
n=0 n=0



M(XC;/l)(t) = E(XC + A)n

L @

ni
n=0

The coefficient of Y5_, (tn) in Equation 2 yields the nt®* moment of the random variable Y = X°¢

|
and may be termed the Multivariate Generalized Moment Generating Function, G,,(c; ). It can
generate all conceivable moments of X¢ about A. Obviously, if c =1, 4 =0 and n = 1, Equation

2 yields the first moment of X about zero also called the mean of the distribution of X.
If c=1,1=—pu, and n = 2, we have from Equation 2 that G,,(1; —u) = Var(X). That is;
Var(X) = E(X — pn)?

Higher moments of the distribution of X are similarly obtained by varying the value of n

accordingly.

Equation 2 may be evaluated as

n
Gnc; ) = E(x+ )" = E (Zho () 17X )= 2o () A EGT) = —=(3)
(Riordan, 1958).

The Generalized Multivariate Moment Generating Functions, G, (c; A) will be developed for the

Multivariate Gamma, Normal and the Dirrichlet.Distributions.

3. GENERALIZED MULTIVARIATE MOMENT GENERATING FUNCTION
(GMMGF) FOR THE MULTIVARIATE GAMMA DISTRIBUTION

Let X be a positive-definite real p < p matrix distributed as Multivariate Gamma with shape
parameter,.«, scale parameter, B, and scale, £ (a positive-definite real p < p matrix). Then, the

probability density-function, PDF, of X is given as,

FX) = 2 x| e-@+D/2 (w (- z 2-1)()) ——————— (4)

 BPer,(a)
where T}, is the multivariate gamma function (Gupta & Nagar, 1999; Royen, 2006).

If the shape parameter, a =

g, and the scale parameter, f =2, the Multivariate Gamma

Distribution reduces to the Wishart Distribution with sample size equal to .



v| ™2
X)=——=
T

n-p-1

I (5)

2
)
(Wishart, 1928).

Now, applying Equation 3, the generalized moment generating function for the gamma family of

distributions is developed as

G,(cA) =E(X +A)"=E <Zn: AT oxer (’:)) = Zn: (Z) AT E(X°T)

r=0
where E(X°") = f_oooox"f(x)dx, for p —variate gamma distribution from Equation.4 is

n

n\ n-r |Z|_“ cr+a—(p+1)/2 (_1 -1 )
(r)/l f,[)’p“[‘p(a)lxl exp| tr ,Bz X)|dX

r=0 X>0

n
r=0

N p—r |Z|_“ f cr+a=(p+1)/2 (_1 -1 )
(r)/l e X exp| tr(~527x) |ax
X>0

-3 (e BT v e
r 24B7eT,(a)

r=0

[Z1TBP Ty (a+cr)
I'p (a)

@ Go(c;d) = E(XE+ )n= 31, (’:) p L= LAY ks (6)

Substituting § = 2.and a.= g in Equation 6 gives the multivariate generalized moment generating

function of the.wishart distribution as

[Z]€T2PCTT, (g+cr)

Gn(ciA)S Do (AT == — === - - 7

Equation 7. depends on p, the number of variables, and 7, the number of observations (sample
size), which shows that it is the Multivariate Generalized Moment Generating Function, G,,(c; ),

of a p —variate extension of the chi-square random variable.
The practical application of this function is better appreciated where n = 1. That is,

n=1r=01landc=1

G.(1; ) = %:o(é)ll'r% = (é)’” (1)%
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Now substituting A with —p in order to get the first central moment, it implies that

—p+ap’z=((0),,,

~p=pPak =pP M (afE) - — ——— 9

The coefficient of B2~ in Equation 9 is the mean of the distribution while g7~ indicates that the

dimension (number of variables) of the distribution is p.

4. GENERALIZED MULTIVARIATE MOMENT GENERATING FUNCTION
(GMMGF) OF THE NORMAL DISTRIBUTION

A random variable, X, is said to have a univariate normal density if its density function is of the

form:

X—

f(X) = ﬁe_%(%)z —_ — — (10)

The joint density of independent normal variates, x;, X5, ..., X;, ..., Xp IS

_lyp (XiTHi
f(xl,xZ, vy X, xp) = p;e Zzlzl( g ) R — (11)
(2m)20;.. Op
Let
X1 Hy
/XZ\ /#2\ 0'12 0 - 0
_ | - | _ . . O 0.2 O
X(p><1) - . s”(pxj{) o and Z(pxp) = 25
: ' 0 0.. g7
Xp llp
Then,
1 1 o1
FX) = ——ew [ -z (X - )] - - - - (12)
(2m)z|z]2

—0o<pu<m|E>0

The covariance matrix of the random vector, X, with correlated random variables is given as



011 012 O1p

021 O22... O
L : s

Op1 Opz2-- Opp

By substituting this in Equation 12, it becomes the multivariate density function of the random
vector of p —correlated random variables (Johnson & Wichern, 1992; Ogum, 2002; Onyeagu,
2003).

Thus X~N,,(u, Z).

From Equation 3,

n

G,(c;2) =EX*+ )" = Z (7:) AP E(X°T)

r=0
where
E(X°r) = f Xer f(X)dX,
@ cr
© E(XT) = f —exp[ 2 (X— g1 (X — u)] dx,
o (2m)2|E]2
[00) oo XC"" Z
E(X")—f f [ %i dx1 .dx,
(277) |Z|2
Let
SN AR TR e d B L
O_l\/'i L i O_l\/'é H L I’l'l L i? dUl 12 l
_1
ov;
dx; = NG v;
Hence,

[¢%e) [ee] l cr ZP ( _ui)z
EXT) = ———= f f( +Jl\/_vf> e 27=1 g dx; ...dx,
(27T) |Z|2 “o



2p [¢%e) e} l cr _l p Xi—Hi 2
:—lf f <ui+ai\/§vi2> e Zz‘zl( %i ) dx; ....dx,
0o 0

But,
l cr n ¢
(v ov2s) = (F)urtCeatun

Now,

cr _ Lo © X
zito () e tzp(sziZ)Zf f”ge-ZP o T
p 1 i e
@n)t |z b

E(X) = dv, ..dv,

0

cr _ L
zito () ) uerr2r (2 o)

p I
(2m)z|Z]2

oi [ [ A+
E(xcr) — 2_£f f vi(z 2) e_zg;l”idvl...dvp
2
0 0

t 1
o () mert2r@PEIEl 1y
P B FG*Q]
(2m)2.22|2|z

 F g >0 (%) :;‘f(zpz)i [r (2 X %)]p

Hence,

¥ i e i P e A

T2

Equation 13 is'evaluated at even number values of t. That is, where t = 0,2, 4, ...

Examples:

Forc=1n=1r=01landt=0

1y o[ ()t @i (5 )]

G =) (5) A ; 2

r=0 2

G (LAD)=2+u ————(»14)

Suppose 4 = —p, the first moment of X* = X about u is obtained as



G (L,—w)=-—p+p=0
as expected.

Forc=1n=2,r=0,1,2and t = 0,2; then

2 r (MY ur-ters)s [0 (E+ 1)
cisn=3 (- [E )
Ifr=0t=0
(=
r=1t=0

Forr=2;t=0,2

= (2) oy RO + (5)woc2rny: I Gg) I i+ (27D) (%)p

3

=p'p+X
Gy (LA) =2+ 2Au+ 2+ X =AA+ 28 u+ A2+ ——— (14)
Now, let A = —pu; hence the second moment of X* = X about the mean, y, is
2 (L =) = (—u)? + 2(—p)(u) + > + L =2pu* - 2pu* + %
2 G, —pu) =% ————— (15)
That is the variance-covariance matrix as expected.
Also, G5(1; 2) is obtained from Equation 13 as follows:

n=3,r=0123;t=0,2



Now, wherer =0

wherer=1;t¢ =0

(s (] -

T2

()

wherer =2;t=0,2

4 LRF\)
322 |(3) we-oc2rmy: 5+ (3) MZ-Z(zpz)i—[ G 22)] ] = 3Ap?# 323
2 T2
wherer=3;t=0,2
0o, 1\]2 2 1\1P
@) 20 (g) 4E-0(2P5)} r (57:;)] 3 (z) 2oz, r (zn*;)] ]
3\1?
= u® +3u(2P%) @ = p® +3uz
T2
2 G3(LA) =23 + 322u +38Au? + 31T + u + 3ux — — — — (16)

Now, let A = —u. Thus,
Gs(Li—p) = (=) + 3(—=pw)?pu + 3(—p)p® + 3(—w)Z + p + 3ux
» Gy(L=p)= —(pp + 3w wp— 3w mp - 3z + (Wwp+3zn = ((0)) ., — - A7)
In the same reasoning, G,(1; ) is obtained as follows:
n=4r=0,123,4t=0,2,4

wherer =0;t =0

0o, 1\1?
(3)/14“’ (8)#"“’(21”}:)3—[F G-3) =2



wherer=1;¢ =0

o, 1\1?
(‘11)'1“'1 (é)ul"’(zpz)g—[r(g?)] =41

T2
wherer =2;t=0,2
NP 73
4\ ,4-3|(3),,3-0 2 3\, 32 Z(_) E — 3
(3)’1 (o)” (sz)”(z)” (272)2 (5 7 = 440w + 3ux]
= 42u3 + 12Aux

wherer=4;t=0,2,4

r 5 p
(j) 244 (g) M4—0(2p2)g + (‘2") ”4—2(21)2); (l)p ”_; + (4) ”4-4(2;;2)% [F (2)]

- v n%
, (3 1\Pma 22p
= (uu)(up') + 6pp's + (2°1) (E . 5) — = (uu')(pp') + 6pp's + CITRR
T2

= (uu')(pp') + 6pp'E + 3PE'L
G,(1;2) = 2* + 423 + 6A%U? + 6A%L + 4Au° + 12AuX + u* + 6> + 3P%? — — — (18)
Now, let 2 = —p; therefore, the fourth moment of X' = X about its mean, y, is obtained as

Go(1;—p) = (up') (pp') = 4(up') (') + 6(up’ ) (pp') + 6pp'E — 4(pp') (uu') — 12pp's
+ (uu")(up') + 6pp's + 3°PL'E

=12up'y — 12uu’'s + 3PX'%
o Ga(l;—pu) =3P’ —— ——(19)
Using Equation 15 and Equation 17, the skewness of the distribution of X* = X is obtained as

SK(1) = L_")Z, =(0),,, —--- (0
[62(1; -]z

th
Thus, it is observed that the ratio of the third moment of X* = X about its mean, u, to the G)

power of its second moment, its skewness, equals zero, 0 in p — dimensions.
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Using Equation 15 and Equation 19, the kurtosis of the distribution of X1 = X is obtained as

G, (L,—pw) T3
G@-wE vz o @)

KU(]-) =

This may be interpreted as mesokurtic because the base is equal to 3 or because the pt" root of

K, (1) is equal to 3. It may equally be termed a p —variate mesokurtic distribution.

But the traditional or conventional Moment Generating function of the multivariate normal
distribution, which involves very tedious mathematical manipulation, gives scalar values of zero
and 3 for the skewness and kurtosis of the multivariate normal distribution respectively (Onyeagu,
2003; Matthew, 2019).

5. GENERALIZED MULTIVARIATE MOMENT GENERATING FUNCTION (GMMGF)
FOR DIRRICHLET (MULTIVARIATE BETA) DISTRIBUTION

The Dirrichlet distribution, often denoted Dir(a), is a family of continuous multivariate
probability distributions parameterized by a vector « of positive reals. It is a multivariate

generalization of the beta distribution (Kotz, Balakrishman, & Johnson, 2000).

The density function of the Dirichlet distributionis given as

k
_ 1 a;—1
fxq, o) = ml;[xi (22)
where
ke )
B(a) = F(l;‘ir(g-l; and a = (ay, ..., ay)
i=1 %i

For k =2 number of categories (integers), a4, ..., a; concentration parameters, where a; >0

with support variables: x;, ..., x; € (0,1) and ¥, x; = 1.

_ F(Zileai) : a;i—1

f(xi,,,.xk) — I'(_ F(a) i (23)

Using equation (23),

1 g

r(Xk . a; er—

p(xer) = L) [T e ax
i:lr(ai)o i=1
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F(Z§(=1 “i) [T5, T(a; +cr)

~E(XET) = (24)
V) T T @) T3, o + cr)
Hence,
n
NI kK T(a: +
6oty = Y (7 arr R I T o) (25)
=0 r Hi:1 F(ai) F(Zi:1ai + CT‘)
Now, letn=1,c=1andr=0,1
k k
G =+ @l a) G, o
i=1 F(ai)r(zi:1“i + CT) i=1 i
Suppose A = —u
a.
G1(1;—Il):—ll+ K l =0
i=1.%i
(First moment about the mean)
Hence,
a.
E(X) = o (26)
l z:§(=1 a;
Supposen =2;r =0,1,2;c=1and i = Z"__Toq from Equation (25)
2 K K
610 = 3 (3) e [ s T 1)
o T i=1 ['(a;) F(Zi:1 a; +r)
r.=0;
(2) AZ_O F(Z{CZI ai) 1_[?:1 F(ai) — AZ
0 ?:1[‘(“1') F(Z?ﬂ ai)
r=1;
(2) 121 (X, o) [T, T(a; + 1) — 22 rC o) a1, T(ay) — 23 Q;
1 H?ﬂ ['(a;) F(Z?q a; + 1) ?:1 [(a;) Z§:1 a; F(Z?ﬂ ai) ?:1 a;
r=2

(2)p0 Q@) eI +2) Ty ) + D) i, e
2 s F(Z?zl a; + 2) 1%, T(a;) (Zi‘zlai + 1)(2?21 ai)F(Zle ai)
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(a; + 1) (a) TTE, T(a;) (a; + 1)(ay)
_1 T(a)) (Zl 14+ 1)(2 a; ) (Zl 1@+ 1)(2?:16{1')

(a; + 1) (a)
l 1 a; (Zl 1al+1)(2§(=1ai)

©G,(1; 1) =22+ 22 (27)

Thus the second central moment; that is, 1 = —— becomes

i=1%i

2

—a; : (aj+1)
G (1; X ) =% W
2 2:{'c:1 ai (Z{-‘zl ai)z (Z{-‘zl ai)z (25:1 “i)(zi'c:1 ;+1)

_ ai[(ﬂc:l “i)(“i‘*‘l)—“i(zgc:l ai+1)]

- (T ) (T 1)

(Z{c 1ai_ai)
l) (ZL 1al+1)

GZ<1' — ) Var(x)—

Tia
Let ¥¥ , a; = a,. Thus,

a; (ag — a;)

a_g (ap +1) (28)

Var(X;) =

Now, forn =3; ¢ = 1;r = 0,1,2,3; we have

r=0

30[‘(2 ) [T, T(ay) 5

(O)A 1:1F(at) F(Zi:1 l) -
r=1

( Yz N(Zhoy o) TTE, T + 1) _ 3y rC,a) oIl Ia)
1 l_[i:1 ['(a;) F(Zizl a; + 1) i( 1@ Z§:1 a; F(Z?ﬂ ai)
a;
= 31? ¥ a

r=2

()/13 LT o) T T(a; + 2)
2 [T, T(a) T(Zk, a; + 2)

F(Z 1a) a;(a; + 1)1, I'(a;)
21 T(a) (Z a; )(Zl 1@+ 1)F(Zi:1ai)

=31
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( )/13 3F(Z Ly ;) [T T(a; + 3)
3 15, M'(a;) F(Zi:1 a; + 3)

_ F(Zle ai) a; (al + 1)(“1 + 2) HI'(:1 F(ai)
B {(:1 F(ai) (Z a; )(Zl 1“1 + 1)(21 1“1 + Z)F(Zle ai)

a; ai(a; +1)
s (Z ) (B, @+ 1)
N ai(a; +1)(a; + 2)

(Z{Fﬂ ai)(z?ﬂ a; + 1)(2?:10(1' + 2)

@ Gy(1;1) = A3 + 322

(29)

Now, let 1 = ——~—. Hence to obtain the third central moment of the Dirrichlet distribution we

i=1%i
have;
G (1 — )z
3\ ek
-a} af a; a; a; (a;+1) ai(ai+1)(a;+2)

+3 -3
(xk_, “i)3 (k. ai)z ia @S e (Bl ) (B, @) (B, ait 1) (B, aiv2)

2“3(21 v+ DK a; +2) — 3a;(af —a?) + (2K 1a) (a@ + 3a? + 2a;)
(Zl==1a) (Zl 1a1+1)(zl 1al+2)

3“3 Lo (B e +1) +af [(Z 10‘) +4] 3af ?:1“1’(1_2{'(:1“1')"'2“1'(2{'(:1“1')2

(T @) (T, @+ )T, o+ 2)

(30)

G <1_ —qa; ) _ Baiagay + 1) + al(ay + 4) — 3aia (1 — ap) + 2a;a§
s =

?:1 a; 063 (ag +1)(ay +2)

Hence skewness:.can be determined as

3
3aiag(ay + 1) + a}(ay + 4) — 3atay(1 — a,) + 2q; ao ad(ay + 1)z

Sk(1) = 3
ad(ag+ 1)(ay +2) a? (o — )
3
sy = 3 0@ + D+ aia + 4) ~3afay — @) + 2waf (@ + 1
. = (a3al + 3ala, + 2a?) X 3
@ — ;)

Hence the Dirrichlet distribution is positively skewed since a; > 0; V i.

Now, letn =4;c=1;r=0,1,2,3,4
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wo T @) T T () _
(0)/1 M, M(a)T(ZE, ) =4

( )/14 1 F(Zl 1% ) ITE, T(a; + 1) YPE F(Z?q ai) a; 5. T(ay)
1 H 1 T(a) F(Zl 1@+ 1) Hf:l (a;) (Z?ﬂ ai) F(Zfﬂ ai)

Hence, for r = 1 we have

w TRy o) T T(a; + 1) s Qg
D 5T e+l " )
r=2
(4) _ a2 r(e, a;) I, T(a; +2) _ o2 r(Chqa) a;(a; + )T ()
2/ [T, T(a) T(ZE, @ +2) I, T (@) (B, @) (Bhe, a0 + D)T(ZE, @
a2 Y (a; +1)
o @) Tk, @ D)
r=3
(€) s L @) ML e 9
3 [Tk F(a)F(Zl L +3)
. I(Zkey a;) ai(a; + 1) (a; + 2) TTE, Tay)
h LN D) (Z?ﬂ ai)(zfﬂ a; + 1) (Z?ﬂ a; + Z)F(Zle ai)
G (@D +2)
(Z?ﬂai) (Z?ﬂ a; + 1)(2?:16{1' + 2)
r=4
(4) s Lt @) T T 0
4 1< F(a)F(Zl L+ 4)
IR a) a;(a; +1)(a; +2)(a; + 3) [T5, T'(exy)

- H?ﬂ I'(a;) (Z?ﬂ ai)(Zé‘zl a; + 1)(2?:1 a; + 2)(2?:1 a; + B)F(Z?q ai)
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_ a;(a; + 1)(a; +2)(a; +3)
- (Z{'(=1ai)(zi'(=1 a; + 1)(25';1“1' + 2)(25';1 a; + 3)

Hence,
. _ 44} a; (al + 1)
G, (1;2) = 2* +42° o a (Z AT
4 ai(a; + 1)(a; + 2)
(B ) (B, @+ 1)(Z, @i + 2)
. (@ + 1)(at; +2)(a; +3) "y
(B, @) (B @i + 1)(Z o + 2) (T, o #3)
Now, let 4 = ,:_“La hence the fourth central moment becomes
c <1_ —a; > _af a? a; a? a;(a; +1)
T e (Zk_lai)4 (Z 1 ) (2, i) (Zl 1 a 1) (B, @) (Zh 0+ 1)
4l @ (@ + 1)+ 2)

l 1 @i (Z a; )(Zl 1al+1)(zl lal +2)
N a;(a; + V)(a; + 2)(a; + 3)
(i a) (B, @ +1)(Zi @ + 2) (B, @ + 3)

a; {60{3 YK ap+6a?Yiia—3al Yk a; —3a}
1% (T, a) (Th,a +1)
(Z _1a;)(6 — 3af —6a? — 21a;) — 12a%(a; — 4)
T @) @ + DS, @+ 2) (B 1“l+3)}

_a; ((ag + 2)(ap + 3)(Baa, + 6aia, — 3a})
Ca aj(ay + 1) (ag + 2)(ay + 3)
adlay(6 — 3a} — 6a? — 21a;)] — 12a?(a; + 4)
+ 3
as(ap +1)(ay + 2)(ap + 3)

(33)

Hence the kurtosis of the distribution may be obtained as
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k(1) = (ap + 2)(a, + 3)(3aia, + 6afa, — 3a7)
e a3(ao + (o + 2)(ao + 3)
adlay(6 — 3a} — 6a? —21a;)] — 12a?(a; +4) (ap +1)2
+ x
(ap + 1) (ag + 2)(ay + 3) a;(ay — ay)?
o k(1) = 6a’ad + 3ala? + 18ala, + 39ata, + 24a3 + 15a¢ — 66a’al + 3a

(ai + 6ai + 1la, + 6)

(ap+1)2
a;(ap — a;)?

(34)

The value of ku(1) is positive and may be less than, equal to or greater than'3 depending on the

valuesof a;Vi=1,2, ...,k where ay = XF , a;.
6. DISCUSSION OF RESULTS/CONCLUSION

The Generalized Multivariate Moment Generating Functions. for some Continuous Multivariate
Probability Distributions were successfully developed and presented in this paper. The functions
were found to generate the central and non-central moments in the same easy way; no further
calculus is required to evaluate moments as is the case with the traditional/conventional methods;
the method gives room for the manipulation of the powers of random variable to accommodate
real and negative powers; the method gives similar results as its traditional counterparts and
gives additional information in the area of the dimension of distributions. Most importantly, the

method is easy to apply.

17



References
Arua, A. ., Chukwu, W. I., Okafor, F. C., & Ugwuowo, F. I. (1997). Fundamentals of Statistics for Higher
Education. Nsukka: Fijac Academic Press.

Chukwu, W. 1., & Amuji, H. O. (2012). Probability and Distribution Theory for Higher Education (Vol. 2).
Owerri: Olu Prints.

Gupta, A. K., & Nagar, D. K. (1999). Matrix Variate Distributions. Chapman and Hall.

Johnson, R. A., & Wichern, D. W. (1992). Applied Multivariate Analysis. New Jersey: Princeton Hall
Internal Inc., Endlewood Cliffs.

Kenney, J. F., & Keeping, E. S. (1962). Moments about the Mean. Mathematics of Statistics, 92 - 93.

Matthew, C. M. (2019, November). Generalized Multivariate Moment Generating Functions for Probability
Distribution of some Random Variables. A Dissertation submitted to Department of Statistics,
Faculty of Physical Sciences, Nnamdi Azikiwe University. Awka, Nigeria.

Matthew, C. M., Oyeka, I. C., Akudo, A. M., & lgabari, J. N. (2017). Generalized Moment Generating
Functions of Random Variables and Their Probability Density Functions. American Journal of
Applied Mathematica and Statistics, 5, 49 - 53.

Ogum, G. E. (2002). Introduction to Methods of Multivaariate Analysis. Aba, Nigeria: Afri Towers
Limited.

Onyeagu, S. I. (2003). A First Course in Multivariate Statistical Analysis./Awka: Mega Concept.

Oyeka, I. C., Ebuh, G. U., Nwosu, C. R., Utazi, E. C., Ikpegbu, P. A., & Obiora-llouno, H. (2008). The Nth
Moment of Xc. Journal of Nigeria Statistical Association, 20, 24 - 33.

Oyeka, I. C., Ebuh, G. U., Nwosu, C. R., Utazi, E.C,; Ikpegbu, P. A., Obiora-llouno, H., & Nwankwo, C.
C. (2010). Moment Generating Function of the cth Power of X. Global Journal of Mathematics and
Statistics, 3(1).

Oyeka, I. C., Onyediakachi, I. P., Ebuh,/G. U., Utazi, C. E., & Obiora-llouno, H. &. (2012). The Moment
Generating Function of the Distribution of XcYd. African Journal of Mathematics and Computer
Science Research, 5(14), 247 - 252.

Pearson, K. (1900). On the Crirerion thatia Given System of Deviations from the Probable in the Case of a
Correlated System of Variables is such thatit can be reasonably supposed to have arisen from
Random Sampling. Philosophical Magazine Series, 5(302), 157 - 175.
doi:10.1080/14786440009463897

Riordan, J. (1958). Introduction to Combinatorial Analysis. Dover.

Royen, T. (2006, June 22). Integral Representation and Approximations for Multivariate Gamma
Distributions. 59. doi:10.1007/s/0463-006-0057-5

Weisstein, E. W. (2002, November 3). Central Moment. Retrieved June 26, 2015, from Weisstein, E. W.
(2002): “Central Moment” Retrieved from Mathworld, a Wolfram Webmathworld.wolfram:
Weisstein, E. W. (2002): “Central Moment” Retrieved from Mathworld, a Wolfram Web
Rhttp://mathworld.wolfram.com/centralmoment.html

William, M., & Richard, L. S. (1973). Mathematical Statistics with Applications. Massachusets: Duxbury
Press.

Wishart, J. (1928). The Generalized Product Moment Distribution in Samples from a Normal Multivariate
Population. Biometrika, 20A(1 - 2), 35 - 52.

18



