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Abstract

In this paper, we study the continuity property in grill topological spaces via general-

ized Gi[Iclosed sets and regular generalized Gi[Iclosed sets. These notions are generalized

G:[Jcontinuous functions which is weak form of g!Icontinuous functions, generalized G:[irresolute

functions, regular generalized G:[Icontinuous functions which is weak form of rg!(Jcontinuous

functions, regular generalized G:[Jirresolute functions and investigates some of its properties in

grill topological spaces.
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1 Introduction

The continuity property is one of the fundamental concepts in pointiset topology. In 1982,
Hdeib [7] introduced the notion of ! Icontinuous functions. In 1983, [8] Mashhour, et al.
introduced the notions of _[Jcontinuity functions. In 1993, Palaniappan and Rao [11] intro-
duced the notion of regular generalized continuous functions. In 2005, Al(1Zoubi [3] intro-
duced the notion of generalized ! Icontinuous functions. In 2007, AllJOmari and Noorani

[1] introduced the notion of regular generalized !TIcontinuous functions. In 2009, [10] Noiri,
et al. introduced the class of _ [ ICcontinuous functions.

For the studied of grill topological spaces. In 2011, Al-Omari and Noiri [2] introduced the
notion of G [J _[continuous function in grill topological spaces. In 2020, [13] Saif, et al.
introduced the notions of Gi[Jopen sets and generalized Gi[Iclosed sets in grill topological
spaces. In 2021, [14] Saif, et al. introduced the notion of g:['continuous property in grill
topological spaces. In 2021, [16] Saif, et al. introduced the notion of G_

i[Jcontinuous property

in grill topological spaces. In 2021, [17] Salf, et al. introduced the notion of Gt

rglJclosed sets

in grill topological spaces.

In this paper, we introduce and investigate new notions of generalized G:[Iclosed sets and reg-
ular generalized Gi[Iclosed sets in grill topological spaces. These notions are called general-
ized Gt Jcontinuous functions and regular generalized G![Jcontinuous functions in grill topo-
logical spaces. In Section 3, we introduce and investigate the notions of generalized G:Iclosed
sets called generalized Gi[icontinuous functions, generalized G:[Iclosed functions, general-
ized Gt Jirresolute functions and introduce investigate the notion of GilJirresolute functions.
In Section 4, we introduce and investigate new the notions of generalized G:[jcontinuous
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functions, generalized Gi[Iclosed functions and generalized G irresolute functions called
regular generalized Gilicontinuous functions, regular generalized G:(Iclosed functions and
regular generalized Gillirresolute functions, respectively.

2 Preliminaries

De_nition 2.1. A function f: (X; _) ! (Y; _) of a topological space (X; _ ) into a topological
space (Y; ) is called:

1. glicontinuous function [4] if fo1(F) is gliclosed set in (X; _) for every closed set F of

(Y;

2. '0continuous function [7] if fr1(V ) is !lopen set in (X; _ ) for every open set V of
(Y;

3. g!TJcontinuous function [3] if fo1(F) is g!liclosed set in (X; _ ) for every closed set F
of (Y; );

4. g'lIclosed function [3] if the image of every closed set of (X; _ ) is g!liclosed set in



(Y;

5. rg!licontinuous function [1] if fo1(F) is rg!iclosed set in (X; _ ) for every ![closed

set F of (Y; _).

By CI(A) and Int(A), we mean the closure set and the interior set of A in topological
space (X; _), respectively.

A collection G of subsets of a topological space (X; _ ) is said to be a grill [5] on X if G satis
es the following conditions:

1.:=2G;

2.A2Gand A_Bimpliesthat B 2 G;

3.AB_Xand A[B2G impliesthatA2 GorB 2 G.

For a grill G on a topological space X, an operator from the power set P(X) of X to P(X)
was de_ned in [12] the following manner : For any A 2 P(X),

_(A)=fx2X:U\A2G,; for each open neighborhoodU of xg:

Then the operator : P(X) ! P(X), given by (A)=A[_(A), for A2 P(X), was also
shown in [12] to be a Kuratowski closure operator, de_ning a unique topology _c on X such
that __ . This topology de_ned by:

_e=fU_X: (XOU)=X0OUg;

where __ _candforany A _ X, (A) = cClI(A) such that cCI(A) denotes the set of all
closure points of A in a topological space (X; _gc). The set of all interior points of A in a
topological space (X; _c) denoted by cInt(A).
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De_nition 2.2. A function f: (X; _; G) ! (Y; _) of a grill topological space (X; _; G) into
a topological space (Y; _) is called:

1. Gilicontinuous function [14] if fo1(U) is Gr-open set in (X; _; G) for every open set U
in (Y; _);

2. Gi-closed function [14] if f(F) is a closed set in (Y; _) for every Gi-closed set F in
X; _; G);

3.G_

iLJcontinuous function [16] if fo1(U) is G_

iJopen set in (X; _; G) for every open set

Uin (Y; _);

4. G_

1[]closed function [16] if f(F) is a closed set in Y for every G_

1'iclosed set F in

(X; _; G).

De_nition 2.3. A subset A of a topological space (X; _) is called:

1. _[open set[9] if A _ Int(Cl(Int(A))). The complement of _[lopen set is called
_[Oclosed set;

2. !00open set [6] if for each x 2 A, there is an open set Ux2 _ containing x such that
Ux ] A is a countable set. The complement of ![lopen set is called ![Iclosed set;

3. _[open set [10] if A _ Int(Cl(Int:(A))). The complement of _[1![lopen set is
called _ O !Jclosed set.

De_nition 2.4. A subset A of a grill topological space (X; _; G) is called:

1. GI_UJopen set [2] if A _ Int( (Int(A)). The complement of G[_[lopen set is called
G O _Oclosed set;

2. Gillopen set [13] if A _ Cl(Int( (A))). The complement of Gi[Jopen set is called
G![Iclosed set;

3.G_

ilopen set [15] if A _ Int( (Inti(A))). The complement of G_

iLJopen set is called

G



10closed set. The setof all G_

iJopen sets in X is denoted by G_

10(X; _) and the set

ofall G_

1[Iclosed sets in X is denoted by G_

1C(X; _);

4. G

g [Iclosed set [13] if a:CI(A) _ U whenever A _ U and U is open set of (X; _; G).
The complement of G

g Oclosed set is called G!

g [lopen set;

5. G

rglIclosed set [17] if aCI(A) _ U whenever A _ U and U is a regularllopen set of
(X; _; G). The complement of G

rglJclosed set is called G

rglJopen set.
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From the de_nition stated above we obtain the following _gure of implications:
continuous function

IJcontinuous function /

5! [lcontinuous function / rg!licontinuous function
G:[Jcontinuous function
Figure 1:

3G

g LJContinuous functions

De_nition 3.1. A function f: (X; _; G) ! (Y; _) of a grill topological space (X; _; G) into
a space (Y; ) is called G

g [1continuous function if f11(U) is G

g [Iclosed setin (X; _; G) for

every closed set U in (Y; ).

Example 3.2. Any function f: (X; _; G) ! (Y; _) of any countable grill topological space
(X; _; G) into any space (Y; ) is G

g Ocontinuous function.

De_nition 3.3. A function f: (X; _; G) ! (Y; _;H) of a grill topological space (X; _; G)
into a grill topological space (Y; _;H) is called:

1. G

g Llirresolute function if fo1(U) is G

g [Iclosed setin (X; _; G) for every Gt

g Oclosed set

in (Y; _;H).
2. Gillirresolute function if fo1(U) is Gilclosed set in (X; _; G) for every GilIclosed set
in (Y; _;H).

Theorem 3.4. Letf: (X; _; G) ! (Y; _) be a function of a grill topological space (X; _; G)
into a space (Y; _). Then fis G

g [1continuous function if f11(U) is G

glopen setin (X; _; G)

for every open set U in (Y; _).

Proof. Let f be G



g [1continuous function. Let U be open set in (Y; _) then Y [1F is closed set
in (Y; ). Since fis G

g [1continuous function. Then fo1(Y CJU) = X foy(V) is G

g Uclosed

set in a grill topological space (X; _; G). Therefore fri1(U) is Gt
g [lopen setin (X; _; G). Hence

fis G

g Ocontinuous function.

It is clear that every GilIcontinuous function is Gt

g Ocontinuous function but the converse of

this fact need not be true.

Example 3.5. Letf: (R; _; G) ! (Y; _) be a function de_ned by:
f(x) =

1;,x2(0;1

2]
2;x2R1(0;1
2]
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where Y =f1; 2g,

_=f;R;R 1 (0;1)g; G=P(R) L fi,gand _ =f;; Y; flgg:

The function f is Gt

g [lcontinuous, since fr1(f2g) = R1(0; 1

2]andfo(Y ) =R are G

g Uclosed

sets in (R; _; G). The function f is not Gi[Icontinuous function, since fo1(f2g) = R 1 (0; 1
2]

is not Gi(Iclosed set.

It is clear that every g![Icontinuous function is G!

g Ccontinuous function but the converse of

this fact no need to be true.

Example 3.6. Letf: (X; _; G) ! (Y; _) be a function de_ned by:
f(x) =

1;x2X[B

2:Xx2B

where X, B and A are uncountable sets, B_ A and Y =f1; 2g,
_=f;X;Ag; G =P(X) (1 f,gand _=f;; Y; flgg:

Then the function f is G

g [Jcontinuous but f is not g!TIcontinuous. Since fr1(f2g) = B and
fou(Y)=Xare G

g [Iclosed sets in (X; _; G) but foa1(f2g) = B is not g!lclosed set.
It is clear that every G_

iCJcontinuous function is Gi

g Ccontinuous function but the converse of

this fact need not be true.

Example 3.7. In Example (3.5), we note that f is G

g Ocontinuous function but the function

fisnot G_

1CJcontinuous function. Since fo1(f2g) = RI(O0; 1

2]isnot G_



ilclosed set in (X; _; G).

It is clear that every Gillirresolute function is Gi[Jcontinuous function but the converse of
this fact need not be true.

Example 3.8. Letf: (R; _; G) ! (R; _;H) be the identity function where

_=f;R;R 1 (0;1)g; G=P(R) I f;g; H=P(R) I f,gand _ =f;;Rg:

The function f is Gi[Icontinuous function since fo1(;) = ; and fo1(R) = R are GilIclosed
setsin (R; _; G) but f it is Gt lirresolute function. Since R 1 (0; 1) is Gi[Iclosed set in
(R; _;H) but it is not G:(Iclosed set in (R; _; G).

It is clear that every Gt

g Uirresolute function is Gt

g Ccontinuous function but the converse of

this fact need not be true.

Example 3.9. In Example (3.8), we note that f is G

g [lcontinuous function, since fo1(;) =;

and fo1(R) = R are GilIclosed sets in (R; _; G) but the function f is not G

g Uirresolute

function, since R(1(0; 1) is G

g [Iclosed setin (R; _;H) but it is not G!

glIclosed setin (R; _; G).
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It is clear that every Gillirresolute function is Gt

g Oirresolute function but the converse of

this fact need not be true.

Example 3.10. In Example (3.5),if f: (R; _; G) ! (R; _;H), we note that f is Gt

g Uirresolute

function, but the function f is not G lirresolute function, since R [7 (0; 1

2] is GilIclosed set

in (Y; _;H) butfou(f2g) =R 1 (0; 1

2]is not Giliclosed set in (X; _; G).

The following _gure is an enlargement of _gure(1) and an theorems above we have the fol-
lowing _gure:

continuous function

IIcontinuous function /
5! [lcontinuous function /

rg!Jcontinuous function

GiJcontinuous function / G

g Ocontinuous function

Giirresolute function /

o

G

g Uirresolute function

o

Figure 2:

Theorem 3.11. If f: (X; _; G) ! (Y; ) is G

g Ocontinuous, then for each x 2 X and each
open set Vin (Y; _) with f(x) 2 V , there exists Gt
gllopen setUin (X; _; G) such thatx 2 U
and f(U) _V.



Proof. Lit f is G

g [1continuous function. Let x 2 X and V be any open set in (Y; _) containing
f(x). Put U =fo1(V ). Since fis G

g continuous then U is G

g [lopen set in (X; _; G) such

thatx2Uand f(U) _V.

The converse of the above Theorem is not true in general as the following Example shows.
Example 3.12. In Example (3.6), if

_=f;X;Bg; G=P(X) (1 f,gand _=f;; Y; flgg:

We note that f is satis_es the property stated in Theorem(3.11). The function f is not
G

g [Jcontinuous function. Since f2g is a closed set in Y but fo1(f2g) = B is not G
g Uclosed

setin (X; _; G).

Theorem 3.13. Letf: (X; _; G) ! (Y; ) be a G

g Ocontinuous function and let A be a

closed subset of (X; _; G). Then, the restriction fjA : (A; _A) ' (Y; ) is G

g Jcontinuous.
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Proof. Let F be a closed subset of (Y; _). Then (fjA)71(F) = foi(F) \ A. Since f is
G

g [1Continuous, fo1(F) 2 G

gC(X; _; G) and since ltis clear that if A 2 G

gC(X; _; G)and

B is closed set in (X; _; G) then A\ B 2 G

g C(X; _; G). Therefore, since It is clear that if

A2G

gC(X; _; G),then A2 G

g C(Y; _Y); (fiA)1(F) 2 G

g C(Y; _v).

Theorem 3.14. For a function f: (X; _; G) ! (Y; _), the following holed:

1.fis G

g Ocontinuous function.

2. For each x 2 X and each open set V in (Y; _) with f(x) 2 V , there exists G
g [lopen set

Uin (X; _; G)suchthatx2 Uand f(U) _ V.

De_nition 3.15. A function f: (X; _; G) ! (Y; _) of a grill topological space (X; _; G) into
a space (Y; _) is called:

1. G

g [1closed function if f(G) is a closed set in (Y; _) for every Gt

g Oclosed set G in

(X; _; G).

2. G

g [1open function if f(G) is a open set in (Y; _) for every Gi

gllopen set G in (X; _; G).

Example 3.16.f: (R; _; G) ! (R; _p) be a any function, with
_=f;R;f1;3ggand G = P(R) [ f;g:

Since f1; 3g is a countable set then by Remark(??) any subset of X is a both G
g [lopen set

and Gt

g Oclosed set. Therefore f is a both Gi



g Oclosed function and Gi

g [1open function.

Remark 3.17. Let (X; _1; G) be a grill topological space with any set X then any subset of
Xis a both G

g [lopen set and Gi

g Oclosed set.

Theorem 3.18. Letf: (X; _1; G) I (Y; _) be any function then f is Gt
g Jcontinuous

function.

Proof. Let A _ Y then fr1(A) is a both G

g [lopen set and Gt

g Oclosed set. Therefore f is

G

g Ocontinuous function.

Theorem 3.19. Every G

g Oclosed function is G_

1[Iclosed function.

The proof is obvious.

The converse above Theorem need not be true.

Example 3.20. Letf: (X; _; G) ! (Y; _) be a function de_ned by:
f(x) =

b; x 2 12; 3g

a; x2flg

where X =f1; 2; 3g; Y = fa; bg,

_=f;X;flgg; G=P(X) (I f,gand _ =f;; Y, fagg:

We note that fis G_

if]closed function but it is not G

g [Jclosed function. Since fl1g is Gt

g Uclosed

setin (X; _; G) but f(f1g) = fag it is not closed set in (Y; ).
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Theorem 3.21. Every G

g Oclosed function is GitOclosed function.

The proof is obvious.

The converse above Theorem need not be true.

Example 3.22. Letf: (R; _; G)! (Y; _) be a function de_ned by:

f(x) =
8<

1;x2B;B_(0;1)

3;x2R1IB;x2(0;1)

2:x2R0OC

where (0; 1) _ C; Y =1f1; 2; 3q,

_=f;R;R 1 (0; 1)g; G =P(R) 1 figand _ =f;; Y; f1; 3g; f2; 3g; f3gg:
We note that f is GiTIclosed function but it is not G

g [Iclosed function. Since R B is

G

g Iclosed setin (X; _; G) but f(R (1 B) =f3g it is not closed set in (Y; ).
Theorem 3.23. Letf: (X; _; G)!(Y; HJandg: (Y; _;H)!(Z;) two functions. Then
the following hold:



1.g_fisGr

g [1continuous function if g is continuous function and f is G!

g Jcontinuous

function.

2.g_fis&

g [1continuous function if g is gl icontinuous function and (Y; _) is T2 [Ispace
and fis G

g Ocontinuous function.

Theorem 3.24. Letf: (X; _; G) ! (Y; ; Dandg:(Y; _;H)!(Z; ;K) two functions.
Then the following hold:

1.g_fisGr

g [1continuous function if g is Gt

g Ccontinuous function and f is Gt

g Uirresolute

function.

2.g_fis&

g Llirresolute function if f and g are G

g Uirresolute function.

Theorem 3.25. Letf: (X; _; G)!(Y; Dandg: (Y;_)! (Z;) be two functions. Then
g_fisG

g [1closed function if g is a closed function and f is Gt

g Oclosed function.

Proof. Let U be Gt

g Iclosed setin (X; _; G). Since fis Gt

g [1closed function then f(U) is a

closed setin Y . Since g is closed function then g[f(U)] = (g _ f)(U) is closed set in (Z; ).
Thatis, g _fis G

g Oclosed function.

Corollary 3.26. Letf: (X; _; G)!(Y; Jandg: (Y; _)!(Z; ) be two functions. Then
g_fisG

g [lopen function if g is a open function and f is Gt

g [1open function.

The following Example shows that the composition of two Gt

g Ccontinuous functions need

not be G

g Jcontinuous.
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Example 3.27. Letf: (R; _; G)! (Y; D andg: (Y; ;H)!(Y;) be two functions de_ned
by:

f(x) =

0;x2R11(0;1)

1;,x2(0; 1)

And g is identity function. Where Y = f0; 19,

_=f;R;R1(0;1)g; G=P(R) I f,g; H=P(Y) L fi,gand _ =f;; Y; fOgg:
And =f;;flg; Y g. Then f and g are Gt

g [1continuous functions but g_f is not G

g Jcontinuous

function. Since fOg is a closed set in (Y; ) but fo1(fOg) = RI(0; 1) is not Gt
g Oclosed set in

(R; _; G).



The following Example shows that the composition of two f is G

g Ocontinuous function

and g is g!llcontinuou function need not be Gt

g Jcontinuous.

Example 3.28. In Example(3.27), we note that f is Gt

g [lcontinuous function and g is

g!lJcontinuou function, but g _ fis not G

g [Jcontinuous function Since fOg is a closed set in

(Y;) but fo1(f0g) = R 11 (0; 1) is not G

glIclosed setin (R; _; G).

Theorem 3.29. Letf: (X; _; G) ! (Y; ) be a G

g [1closed function and A is gliclosed subset

in (X; _; G). Then f(A) is rg!lIclosed subset in (Y; ).

Proof. Let f be G

g [Jclosed function and A _ X suth that A is gliclosed set. Since f

is G

g [Jclosed function and A is gliclosed set. Since it is clear that every gliclosed set is
G

g [Iclosed set then f(A) is a closed set in (Y; _). Since any closed set is rg![Iclosed set.
Therefore f(A) is rg!lclosed set in (Y; ).

Theorem 3.30. Letf: (X; _; G) ! (Y; ) be a G

g [1continuous function and (Y; _) is

T2l 1space and A is gliclosed subset in (Y; _). Then fo1(A) is G

g0 closed subset in (X; _; G).

Proof. Let f be G

g [lcontinuous function and (Y; _) is T2l Ispace. Let A be gliclosed subset
in (Y; _). Since (Y; _) is T1j2 [ispace, then for every gl iclosed subsetin (Y; _) is closed subset
in (Y; ). Since fis G

g [1continuous function then for every A closed subset in (Y; _) implies
foi(A) is G

g [Iclosed subset in (X; _; G).

4 G

rgL]Continuous functions

De_nition 4.1. A function f: (X; _; G) ! (Y; _;H) of a grill topological space (X; _; G) into
a grill topological space (Y; _;H) is called G

rgl lcontinuous function if fo1(U) is G

rglJclosed

setin (X; _; G) for every Gi[Iclosed set U in (Y; _;H).

De_nition 4.2. A function f: (X; _; G) ! (Y; _;H) of a grill topological space (X; _; G)
into a grill topological space (Y; _;H) is called G

rgllirresolute if fo1(U) is G

rglJclosed set in

(X; _; G) for every G

rglclosed set in (Y; _;H).
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Remark 4.3. Let (X; _; G) be any grill topological space with _ =f;;X;Ag, G = P(X) [J
f;g, where A is an uncountable set. Then any subset of (X; _; G) is a both G

rgl lopen set and

G

rglJclosed set.



Example 4.4. Letf: (R; _; G) ! (R; _p;H) be a any function with
_=f;R;(0;1)g; H=P(R) [ f;gand G = P(R) [ f;g:

Since every fo1(U) is G

rglIclosed set in (R; _; G) for every GilIclosed set U in (R; _bp;H).
Then fis G

rglJcontinuous function.

Remark 4.5. Let (X; _; G) be any grill topological space with
_=f;X;Ag [fA[Bi: A_Biforeveryi2 Ngand G =P(X) []f;g:
Where A be any subset of X. Then any subset of (X; _; G) is a both G
rgl lopen set and

G

rglJclosed set.

Example 4.6. Letf: (R; _; G) ! (Y; _;H) be a any function where (Y; _;H) is any grill
topological space and

_=fR;(0; 1]; (05 2); (0; 7)g; H=P(Y) T figand G = P(R) [ f;g:
Then fis G

rgl lcontinuous function by Remark (4.5).

It is clear that every rg!(Icontinuous function is Gt

rglJcontinuous function but the converse

of this fact need not be true.

Example 4.7. Letf: (R; _; G) ! (R; _;H) be the identity function with
_=fR; (0; 1;RU(L; 3);RL(0; 3)g; H = P(R)Uf,g; G = P(R)Lf;g and _ = f;;R;RLI(O0;
1

2

lg

We note that f is G

rgl lcontinuous function. Since (0; 1

2] and R are closed sets in (R; _;H).

Then fo1((0; 1

2])=(0;1

2] and fo1(R) = R are Gi

rglIclosed sets but it is not rg!lIcontinuous

function. Since (0; 1

2] is closed set in (R; _;H) but fo1((0; 1

2]) =(0;1

2] is not rg!lclosed set

in(R; _; G).

It is clear that every Gt

g Ocontinuous function is G!

rglJcontinuous function but the converse of

this fact need not be true.

Example 4.8. Letf: (R; _; G) ! (R; _;H) be the identity function with
_=fRRT(0;1)g; H=P(R) U f;,g; G = P(R) [l figand _ =f;;R; (0; 1)g:
The function fis G

rgl lcontinuous, since fo1(fR 01 (0; 1)g) =R 11 (0; 1) and fr1(R) = R are
G

rglIclosed sets in (R; _; G). The function f is not G

g [lcontinuous function, since fo1(fR [

(0; 1)g) =R 11 (0; 1) is not Gt

glIclosed setin (R; _; G).

It is clear that every Gt



rglJirresolute function is G!

rglJcontinuous function but the converse of

this fact need not be true.
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Example 4.9. Letf: (R; _; G) ! (R; _1;H) be the identity function with
_=1R; (05 1); (0; 1;R(0; 3);RII(L; 3);RI[L; 3)g; G = P(R)[If;g and H = P(R)f;g:
We note that fis G

rglJcontinuous function but it is not G

rglJirresolute function. Since (0; 1)

is G

rglIclosed set in (R; _i;H) but fo1((0; 1)) = (0; 1) is not G

rglIclosed set in (R; _; G).

It is clear that every Gt

g Uirresolute function is Gt

rglJirresolute function but the converse of

this fact need not be true.

Example 4.10. Letf: (R; _; G) ! (R; _1;H) be the identity function with
_=f;R;R1U(1;3)g; H=P(R) [ f;gand G = P(R) [J f;g:

We note that fis G

rglJirresolute function but it is not G

g [lirresolute function. Since the set

RO(1; 3) is G

g [Iclosed setin (R; _i;H) but fo1(R1(1; 3)) = RII(1; 3) is not G

g Oclosed set

in(R; _; G).

The following _gure is an enlargement of _gure (2) and an theorems above we have the
following _gure:

continuous function

1Jcontinuous function /
5! [lcontinuous function /
Fg! [lcontinuous function

GiIcontinuous function / G

g Ocontinuous function / Gt

rgJcontinuous function

GilJirresolute function /

O

G

g Uirresolute function

O

/ G

rglJirresolute function

O

Figure 3:

De_nition 4.11. A function f: (X; _; G) ! (Y; _;H) of a grill topological space (X; _; G)
into a grill topological space (Y; _;H) is called:

1. G

rglIclosed function if f(G) is a closed set in (Y; _) for every G



rglJclosed set G in

(X; _; G).

2. G

rgllopen function if f(G) is a open set in (Y; _) for every G

rgllopen set G in (X; _; G).

3. pre[1G:[closed function if f(V ) is Gi[Iclosed in (Y; _;H) for every GilIclosed subset
Vof (X; _; G).

Example 4.12. In Example (4.4), we note that f is a both Gt
rglJclosed function and

G

rgl lopen function.
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De_nition 4.13. A grill topological space (X; _; G) is a regular generalized G [1T1j2[ Ispace
(simply, G

rg [1 T1j2l1space) if every Gi

rglIclosed set in (X; _; G) is G![Iclosed set.

Theorem 4.14. Letf: (X; _; G) ! (Y; _;H) be a function of a grill topological space
(X; _; G) into a grill topological pace (Y; _;H). Thenfis G

rgl lcontinuous function if fr1(U)

is G

rgllopen set in (X; _; G) for every GilJopen set in (Y; _;H).

Proof. Let f be G

g [1continuous function. Let U be GilJopen setin (Y; _;H)thenY (1 F
is GilIclosed set in (Y; _;H). Since f is G

rgl lcontinuous function. Then fo1(Y [ U) =

X 0 fo(V) is G

g [1closed set in a grill topological space (X; _; G). Therefore fr1(U) is
G

rgllopen setin (X; _; G). Hence fis Gt

rglJcontinuous function.

Theorem 4.15. Letf: (X; _; G) ! (Y; _; Dandg: (Y; _;H)!(Z; ;K) two functions.
Then the following hold:

1.g_fisGr

rgl lcontinuous function if g is Gillirresolute function and f is Gt
rgJcontinuous

function.

2.g_fis&

rgl lcontinuous function if g is G

rglJcontinuous function and f is G!

rglJirresolute

function.

3.g_fisG&

rgllirresolute function if f and g are Gi

rglJirresolute functions.

4. Let(Y; ) be G

rg[ 1 T1=2[1space. Then, g_fis G

rgl lcontinuous function if g is G

rgJcontinuous

function and f is G

rglJcontinuous function.

The following Example shows that the composition of two Gt



rglJcontinuous functions need

not be G

rglJcontinuous.

Example 4.16. Letf: (R; _; G) ! (Y; ;H)and g : (Y; _;H) ! (Y; ;K) be two functions
de_ned by:

f(x) =

6;x2(0; 1)
1;x2R11(0;1)

And g is identity function. Where Y = f0; 19,

_=R; (05 1); (0; 1;RE(O0; 3);RU(L; 3);RU[L; 3)g; G = P(R)fig; K =P(Y)lfig; H=P(Y)lfg;
_=f;Y;f0ggand =f;; flg; Y gg:

Then f and g are Gt

rgl lcontinuous function but g _ fis not G

rgl]continuous function. Since

fOg is Gilclosed set in (Y; ;H) but fn1(f0g) = (0; 1) is not Gt

rglIclosed set in (R; _; G).

Theorem 4.17. Let (X; _ ) be any door topological space and f: (X; _; G) ! (Y; _p;H)

be any function. Then f is both G

rgllopen function and G!

rglJclosed function and it is

G

rglJcontinuous function.
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Proof. Let (X; _ ) be any door topological space. Let A _ X, since X is a door topological
space, then A is an either open set or a closed set. If A is an open set of X, it is clear that
every open set is Gt

rgllopen set implies A is Gt

rgllopen set. Then f(A) isan open setinY .

Therefore f is G

rgllopen function. If A is a closed set of X, it clear that every closed set is

G

rglIclosed set implies A is Gt

rglIclosed set. Then f(A) is a closed setin Y . Therefore f is

G

rglJclosed function.

Let A _ Y, since X is a door topological space then fi1(A) is an either open set or a closed
set in X. If fo1(A) is G

rgllopen set, since Y is (Y; _p) then A is an open set. If fi1(A)

is G

rglIclosed set since Y is (Y; _b) then A is a closed set. Therefore f is G

rgJcontinuous

function.

In Theorem (4.17), if X is a countable set and (Y; _) be any topological space then f is
G

rglJcontinuous function.

Theorem 4.18. Letf: (X; _1; G) ! (Y; _p;H) be any function. Then f is G

rgJcontinuous

function.

Proof. Let A _ Y and since Y is (Y; _b;H), then any subset of Y is a both open set and closed



set. Now fr11(A) is a both G

rgl lopen set and Gt

rglJclosed set. Therefor f is G

rglJcontinuous

function by Remark(3.17).

Theorem 4.19. Letf: (X; _1; G) ! (Y; _;H) be any function. Then f is G
rgJcontinuous

function.

Proof. Let A be an open subset of Y . Then fo1(A) is G

rgllopen set by Remark(3.17). Let

A be a closed subset of Y . Then fri1(A) is G

rglIclosed set by Remark(3.17). Therefore f is

G

rglJcontinuous function.

Theorem 4.20. Every G

rglJclosed function is G!

g Oclosed function but the converse of this

fact need not be true.

Theorem 4.21. A grill topological space (X; _; G) is called a regular generalized G: [
T2l 1space (simply G

rgl 1 T12l1space) if and only if every Gi

rgllopen setin (X; _; G) is Gillopen

set.

Theorem 4.22. A grill topological space (X; _; G) is called a regular generalized G! [
T2l 1space (simply G

rg [1 T1j2l1space) if and only if every singleton set in (X; _; G) is either
regulariiclosed set or G![Jopen set.

Proof. Suppose that (X; _; G) is G!

rg [1 T1j2l1space and fxg is not regulariclosed subset of

X for some x 2 X. Then X [ fxg is not regularijopen set in X. Hence X is the only
regulari’open set containing X [ fxg. That is, X [ fxg is Gt

rgl]closed set in X. Since

X; _;G)is G

rg [1T1j20space then X [1fxg is Gi[Iclosed set in X. That is, fxg is a G![Jopen

setin X.

Conversely, suppose that every singleton set in X is either regulariiclosed or Gi[lopen Let
A be any G

rglIclosed set in X and x 2 ciCI(A). We show that x 2 A. By the hypothesis

fxg is either regulariiclosed set or Gi[lopen set in X. The set fxg is regular(iclosed set and
x =2 A then

x2aCIA) DA _XOA:
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Then fxg _ X 1 Aand so A _ X [J fxg. Since A is G!

rglJclosed set in X contained in

regulariiopen set X [1 fxg then ciCI(A) _ X [1 fxg and so fxg_ X [1 ciCI(A). Therefore
fxg _ aCI(A) \ [X I aCI(A)] = 0;

and this is a contradiction. Hence fxg 2 A, that is, c:CI(A) = A and so A is Gi[Iclosed set.
If fxg is

G:Jopen set and fxg 2 c:ClI(A) then we have fxg \ A 6= ;. Hence fxg 2 A, that is,
cCI(A) = Aand so A is GilIclosed set.

Theorem 4.23. Iff: (X; _; G) ! (Y; ;H)is &



rglJcontinuous function and X is Gt

rg [J

T2l 1space, then f is Gi[Icontinuous function.

Proof. Let f be any G!

rglJcontinuous function and X is Gt

rgl 1 T12Ispace, then every Gt

rglJclosed

subset of X is Gl Iclosed set. Let A be any closed setin Y . Since any closed set is G![Iclosed
set, fis G!

rglJcontinuous function and G!

rg[ 1 T12[1space, then fo1(A) is Giliclosed set. There-

fore f is Gi![Jcontinuous function.

Theorem 4.24. Let (X; _; G) be any grill topological space with a countable set X. Then
every G

rglJclosed subset of X is Gi

g Oclosed set.

Theorem 4.25. Letf: (X; _; G) ! (Y; _;H) be any function and X is countable set. Then
fis G

rglJcontinuous function and it is Gt

g Ocontinuous function.

Theorem 4.26. Iff: (X; _; G) ! (Y; ;H)is &

rglJcontinuous, then for each x 2 X and

each Gilpen set Vin (Y; _;H) with f(x) 2 V, there exists Gt

rgllopen set U in (X; _; G) such

thatx2Uand f(U) _V.

Proof. Letf is G

rg-continuous function. Let x 2 X and V be any G:[Jopen set in (Y; _;H)

containing f(x). Take U = fo1(V ). Since f is G

rg-continuous then U is Gi

rg-open set in

(X; ;G)suchthatx2U and f(U) _ V.

The converse of the above Theorem is not true in general as the following Example shows.
Example 4.27. In Example (4.16), we note that f is satis_es the property stated in Theorem
(4.26). The function f is not G

rglJcontinuous function. Since fOg is G iclosed setin Y but

fo1(fOg) = (0; 1) is not Gt

rglIclosed set in (R; _; G).

Theorem 4.28. Letf: (X; _; G) ! (Y; _;H) be a surjective, Gt

rgl lirresolute, and pre1GilIclosed

function. if X is G

rg [1 T1=21space, then Y is also an G!

rg O T1=2[]space.

Proof. Let A be Gt

rgl]closed subset of Y . Since fis an G

rgllirresolute function, then fri1(A)

is an Gt

rgl]closed subset of X. Since X is Gi

rg [1 T1=2[1space, then fi1(A) is an Giiclosed

subset of X. Since f is a pre[1G![Jclosed function, then f(fo1(A)) = A is an Gi[closed
subset of Y . Therefore Y is also Gt

rg O T1=2[]space.



Theorem 4.29. Letf: (X; _; G) ! (Y; _;H) be rolpreserving and G:(lirresolute function,
if B is G

rglIclosed set in Y , then fr1(B) is G

rglJclosed set in X.
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Proof. Let U be a regulariiopen subset of X such that f11(B) _ U. Then B _ f(U) and
f(U) is regularopen. Since B is Gt

rglIclosed set, then c:CI(A) _ f(U) and fr1(c:CI(B)) _

U. Since f is G!lirresolute then fo1(c:CI(B)) is GilIclosed and c Cl(foi(aCI(B))) =
fo1(aCI(B)), therefore aCl(f11(B)) _ cCl(fi1(aCI(B))) _ U thus fua(B) is G

rglJclosed

setin X.

De_nition 4.30. A function f: (X; _; G) ! (Y; _) is said to be G:[IcontralIR[Ifunction if
for every regulaliopen subset V of Y; fo1(V ) is GilIclosed set.

Example 4.31. Letf: (R; _; G)! (Y; _) be function de_ned by:

f(x) =

C;Xx2R1(0;1]
a; x2(0; 1]

\’Nhere Y =fa; b; cg,

_=fRR 1T (0;1]g; G =P(R) [ fig; and _ =f;; fag; fbg; fa; bgg:
Then f is Gi[Jcontral JRJfunction. But the function f(x) de_ned by:
f(x) =

b; x2 R 1(0; 1]

a; x2(0; 1]

is not G![JcontralJRJfunction. Since fbg is regula’lopen in Y and foi(fbg) = R 11 (0; 1] is
not Gi[Iclosed.

Theorem 4.32. Letf: (X; _; G) ! (Y; _) be G

rglIclosed function. Then every U is

G
rgllclosed set in X exists V is closed set in Y such that fi1(V ) 2 G
rgC(X; _; G).

Proof. Let U be any Gt

rglIclosed set in (X; _; G). Since f is G

rgllclosed function. Then every

G

rglIclosed set in (X; _; G) such that f(U) = V is a closed set in (Y; _). Therefore fo1(V)=U
is G

rglJclosed set.
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