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ON CONTINUITY PROPERTY VIA REGULARITY
GENERALIZATIONS OF G*—CLOSED SETS IN
GRILL TOPOLOGICAL SPACES

Abstract

In this paper, we study the continuity property in grill topological spaces via general-
ized G¥—closed sets and regular generalized G“—closed sets. These notions are generalized
G“ —continuous functions which is weak form of gw—continuous functions, generalized G* —irresolute
functions, regular generalized G* —continuous functions which is weak form of rgw—continuous
functions, regular generalized G* —irresolute functions and investigates some of its properties in
grill topological spaces.
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1 Introduction

The continuity property is one of the fundamental concepts in point—set topology. In 1982,
Hdeib [7] introduced the notion of w—continuous functions. In 1983, [8] Mashhour, et al.
introduced the notions of a—continuity functions. In 1993, Palaniappan and Rao [11] intro-
duced the notion of regular generalized continuous functions. In 2005, Al—Zoubi [3] intro-
duced the notion of generalized w—continuous functions. In 2007, Al—Omari and Noorani
[1] introduced the notion of regular generalized w—continuous functions. In 2009, [10] Noiri,
et al. introduced the class of o — w—continuous functions.

For the study of grill topological spaces. In 2011, Al-Omari and Noiri [2] introduced the
notion of G — a—continuous function in grill topological spaces. In 2020, [13] Saif, et al.
introduced the notions of G¥—open sets and generalized G¥—closed sets in grill topological
spaces. In 2021, [14] Saif, et al. introduced the notion of g*—continuous property in grill
topological spaces. In 2021, [16] Saif, et al. introduced the notion of G&—continuous property
in grill topological spaces. In 2021, [17] Saif, et al. introduced the notion of Gyy—closed sets
in grill topological spaces.

In this paper, we introduce and investigate new notions of generalized G* —closed sets and reg-
ular generalized G¥—closed sets in grill topological spaces. These notions are called general-
ized G¥—continuous functions and regular generalized G —continuous functions in grill topo-
logical spaces. In Section 3, we introduce and investigates of notions of generalized G“—closed
sets called generalized G¥—continuous functions, generalized G¥—closed functions, general-
ized G¥—irresolute functions and introduce investigates of notion of G —irresolute functions.
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In Section 4, we introduce and investigates new notions of generalized G“—continuous func-
tions, generalized G¥—closed functions and generalized G“ —irresolute functions called regular
generalized G“—continuous functions, regular generalized G“—closed functions and regular
generalized G¥—irresolute functions, respectively.

2 Preliminaries

Definition 2.1. A function f : (X, 7) — (Y, p) of a topological space (X, 7) into a topological
space (Y, p) is called:

1. g—-continuous function [4] if f~1(F) is g—closed set in (X, 7) for every closed set F of

(Y, p);

2. w—continuous function [7] if f~1(V) is w—open set in (X, 7) for every open set V of
(Y, p);

3. gw—continuous function [3] if f~1(F) is gw—closed set in (X, 7) for every closed set F
of (Y, p);

4. gw—closed function [3] if the image of every closed set of (X, 7) is gw—closed set in
(Y, p);

5. rgw—-continuous function [1] if f~1(F) is rgw—closed set in (X, 7) for every w—closed
set F of (Y, 7).

Definition 2.2. A function f : (X,7,G) — (Y, p) of a grill topological space (X, 7,G) into
a topological space (Y, p) is called:

1. G¥—continuous function [14] if f~1(U) is G¥-open set in (X, 7,G) for every open set U
in (Y, p);

2. G¥-closed function [14] if f(F') is a closed set in (Y, p) for every G“-closed set F' in
(X, 7,6);

3. G&—continuous function [16] if f~1(U) is G2—open set in (X, 7,G) for every open set
U in (Y, p);

4. G%—closed function [16] if f(F) is a closed set in Y for every G2 —closed set F' in
(X,7,9).

By CI(A) and Int(A), we mean the closure set and the interior set of A in topological
space (X, 7), respectively.
A collection G of subsets of a topological space (X, 7) is said to be a grill [5] on X if G satis
es the following conditions:

1. 0 ¢g;
2. A€ G and A C B implies that B € G;
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3. A,BC X and AU B € G implies that A€ G or B e g.

For a grill G on a topological space X, an operator from the power set P(X) of X to P(X)
was defined in [12] the following manner : For any A € P(X),

®(A)={re X :UNAeg, for each open neighborhoodU of z}.

Then the operator ¥ : P(X) — P(X), given by W(A) = AU ®(A), for A € P(X), was also
shown in [12] to be a Kuratowski closure operator, defining a unique topology 7¢ on X such
that 7 C 7g. This topology defined by:

g={UCX:¥(X-U)=X-U},

where 7 C 7g and for any A C X, U(A) = gCI(A) such that gCI(A) denotes the set of all
closure points of A in a topological space (X, 7g). The set of all interior points of A in a
topological space (X, 7g) denoted by gInt(A).

Definition 2.3. A subset A of a topological space (X, 7) is called:

1. a—open set [9] if A C Int(Cl(Int(A))). The complement of a—open set is called
a—closed set;

2. w—open set [6] if for each x € A, there is an open set U, € T containing x such that
U, — A is a countable set. The complement of w—open set is called w——closed set;

3. a—w—open set [10] if A C Int,(Cl(Int,(A))). The complement of o —w—open set is
called a — w—closed set.

Definition 2.4. A subset A of a grill topological space (X, ,G) is called:

1. G—a—open set [2] if A C Int(¥(Int(A)). The complement of G — a—open set is called
G — a—closed set;

2. G“Y—open set [13] if A C Cl(Int,(¥(A))). The complement of G¥—open set is called
G¥—closed set;

3. G%—open set [15] if A C Int(¥(Int,(A))). The complement of G —open set is called
G2 —closed set. The set of all G&—open sets in X is denoted by GSO(X, 7) and the set
of all G&—closed sets in X is denoted by G2C(X, 7);

4. Gy —closed set [13] if goCIl(A) C U whenever A C U and U is open set of (X, ,G).

The complement of g;’—closed set is called g‘;—open set;

5. Gyy—closed set [17] if goCl(A) C U whenever A C U and U is a regular—open set of
(X,7,G). The complement of G —closed set is called Gy —open set.
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From the definition stated above we obtain the following figure of implications:

continuous

|

w—continuous —— > gw—continuous —— rgw—continuous

|

G“ —continuous

Figure 1:

3 g;; —Continuous functions

Definition 3.1. A function f : (X,7,G) — (Y, p) of a grill topological space (X, 7,G) into
a space (Y, p) is called G¥—continuous function if f~'(U) is G¥—closed set in (X, 7,G) for
every closed set U in (Y, p).

Example 3.2. Any function f : (X,7,G) — (Y, p) of any countable grill topological space
(X, 7,G) into any space (Y, p) is Gy’ —continuous.

Definition 3.3. A function f : (X,7,G) — (X, 7,H) of a grill topological space (X, 7,G)
into a grill topological space (Y, 7,H) is called:

1. Ge—irresolute if f~1(U) is G&—closed set in (X, 7, G) for every G —closed set in (Y, 7, H).
2. G¥—irresolute if f~1(U) is G¥—closed set in (X, 7, G) for every G¥—closed set in (Y, 7, H).

Theorem 3.4. Let f:(X,7,G) — (Y, p) be a function of a grill topological space (X, 7,G)
into a space (Y, p). Then f is G;’—continuous function if fYU) is Gy —open set in (X, 7,G)
for every open set U in (Y p).

Proof. Let f be G’ —continuous function. Let U be open set in (Y, p) then Y — F' is closed set
in (Y, p). Since f is G¥—continuous function. Then f~1(Y —U) = X — f~1(U) is G&—closed
set in a grill topological space (X, 7,G). Therefore f~1(U) is Gy —open set in (X, 7,G). Hence
fis Q;—continuous function. O

It is clear that every G“—continuous function is g‘g"—continuous function but the converse of
this fact no need to be true.

Example 3.5. Let f: (R, 7,G) — (Y, p) be a function defined by:
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where Y = {1, 2},

7={0,R,R—(0,1)}, g =P(R) — {0} and p={0,Y, {1}}.

The function f is G —continuous, since f~!({2}) = R—(0, $land f71(Y) =R are Gy —closed
sets in (R,7,G). The function f is not G¥—continuous function, since f~1({2}) = R — (0, 1]
is not G¥ —closed set.

It is clear that every gw—continuous function is G;'—continuous function but the converse of
this fact no need to be true.

Example 3.6. Let f: (X,7,G) — (Y, p) be a function defined by:

l, reX-B
f(x)_{2, r €B

where X, B and A are uncountable sets, B C A and Y = {1, 2},

7 =1{0,X,A}, G=P(X)— {0} and p = {0, Y, {1}}.

Then the function f is G5'—continuous but f is not gw—continuous. Since f “1({2}) = B and
YY) =X are G —closed sets in (X,7,G) but f~!({2}) = B is not gw—closed set.

It is clear that every G2 —continuous function is g;’—continuous function but the converse of
this fact no need to be true.

Example 3.7. In Example(3.5), we note that f is G5'—continuous function but the function
f is not G2 —continuous function. Since f~1({2}) = R—(0, 1] is not G&—closed set in (X, 7,G).
It is clear that every G“—irresolute function is G¥—continuous function but the converse of
this fact no need to be true.

Example 3.8. Let f: (R, 7,G) — (R, p, H) be the identity function where

7={0,R,R—(0,1)}, G = P(R) — {0}, H=P(R) — {0} and p = {0, R}.

The function f is G“—continuous function since f~() = () and f~!(R) = R are G¥—closed
sets in (R,7,G) but f it is G¥—irresolute function. Since R — (0,1) is G¥—closed set in
(R, 7,#) but it is not G*—closed set in (R, 7,G).

It is clear that every g;’—irresolute function is g;—continuous function but the converse of
this fact no need to be true.

Example 3.9. In Example(3.8), we note that f is Gi’—continuous function, since f L)) =0
and f~1(R) = R are G“—closed sets in (R,7,G) but the function f is not G, —irresolute
function, since R —(0,1) is G5'—closed set in (R, 7,#) but it is not G5'—closed set in (R, 7,G).
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It is clear that every G¥—irresolute function is Q;’—irresolute function but the converse of
this fact no need to be true.

Example 3.10. In Example(3.5),if f : (R,7,G) — (R, p, H), we note that f is G, —irresolute
function, but the function f is not G*—irresolute function, since R — (0, %] is G¥—closed set
in (Y,7,H) but f~1({2}) =R — (0, 3] is not G*—closed set in (X, T,G).

The following figure is an enlargement of figure(1) and an theorems above we have the fol-
lowing figure:

continuous

w—continuous ——— gw—continuous —— rgw—continuous

|

g% —continuous ——— Q;J —continuous

|

g¥ —irresolute ———— g;’—irresolute

Figure 2:

Theorem 3.11. If f: (X,7,G) — (Y,p) is G —continuous, then for each x € X and each
open set V' in (Y, p) with f(z) € V, there exists G5'—open set U in (X, 7,G) such that z € U
and f(U) C V.

Proof. Lit f is Gy —continuous function. Let x € X and V be any open set in (Y, p) containing

f(z). Put U = f~1(V). Since f is Gy —continuous then U is Gy'—open set in (X, 7,G) such
that x € U and f(U) C V. O

The converse of the above theorem is not true in general as the following example shows.
Example 3.12. In Example(3.6), if
7={0,X,B}, G =P(X)—{0} and p = {0,Y,{1}}.
We note that f is satisfies the property stated in Theorem(3.11). The function f is not
G —continuous function. Since {2} is closed set in Y but f~1({2}) = B is not G —closed set
in (X,7,G).

Theorem 3.13. Let f : (X,7,G) — (Y,p) be a Gy —continuous function and let A be a
closed subset of (X, 7,G). Then, the restriction f|A: (A,74) — (Y, p) is G5 —continuous.

6
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Proof. Let F be a closed subset of (Y,p). Then (f|A)"Y(F) = f~Y(F) N A. Since f is
G —Continuous, f~!(F) € G#C(X,7,G) and since It is clear that if A € G¥C(X,7,G) and
B is closed set in (X, 7,G) then AN B € GZC(X,7,G). Therefore, since It is clear that if
A€ GyeC(X,7,G), then A € G&¥C(Y,1v), (flA)"HF) € GZC(Y, 1y). O

Theorem 3.14. For a function f: (X, 7,G) — (Y, p), the following holed:
1. fis Q‘g*’—continuous function.

2. For each z € X and each open set V' in (Y, p) with f(x) € V, there exists G;'—open set
U in (X, 7,G) such that x € U and f(U) C V.

Definition 3.15. A function f: (X,7,G) — (Y, p) of a grill topological space (X, 7,G) into
a space (Y, p) is called:

1. Gy—closed function if f(G) is a closed set in (Y, p) for every G¢'—closed set G in
(X,7,G).

2. Gy —open function if f(G) is a open set in (Y, p) for every G5'—open set G in (X, 7,G).
Example 3.16. f: (R, 7,G) — (R, pp) be a any function, with
7={0,R,{1,3}} and G = P(R) — {0}.

Since {1,3} is a countable set then by Remark(??) any subset of X is a both G¢—open set
and g;—closed set. Therefore f is a both g;”—closed function and g;’—open function.

Remark 3.17. Let (X, 77,G) be a grill topological space with any set X then any subset of
X is a both Q‘g*’—open set and gg’—closed set.

Theorem 3.18. Let f : (X,77,G) — (Y,p) be any function then f is Gy’—continuous

function.
Proof. Let A C Y then f~!(A) is a both Gy —open set and Gy —closed set. Therefore f is
Gg —continuous function. 0

Theorem 3.19. Every Q;’—closed function is G5 —closed function.

The proof is obvious.
The converse of above theorem no need to be true.

Example 3.20. Let f: (X,7,G) — (Y, p) be a function defined by:

b, xze{2,3}
f(x)—{& x € {1}

where X = {1,2,3},Y = {a, b},
T = {Q)vX’{l}}v g= P(X) - {(Z)} and p = {(Z)’Yv {CL}}

We note that f is G —closed function but it is not g;)—closed function. Since {1} is g‘;—closed
set in (X, 7,G) but f({1}) = {a} it is not closed set in (Y, p).
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Theorem 3.21. Every Q;’—closed function is G¥—closed function.

The proof is obvious.
The converse of above theorem no need to be true.

Example 3.22. Let f: (R,7,G) — (Y, p) be a function defined by:

1, xe B,BcC(0,1)
flz)=4 3, z€eR-B,z€(0,1)
2, reR-C

where (0,1) C C,Y ={1, 2,3},

7={0,R,R—(0,1)}, G = P(R) — {0} and p = {0,Y,{1,3},{2,3},{3}}.

We note that f is G“—closed function but it is not QZJ —closed function. Since R — B is
Gy —closed set in (X, 7,G) but f(R — B) = {3} it is not closed set in (Y, p).

Theorem 3.23. Let f: (X,7,G) — (Y,p) and g : (Y,p,H) — (Z,7) two functions. Then
the following hold:

1. go f is G/ —continuous function if g is continuous function and f is G;—continuous
function.

2. go [ is Gy —continuous function if g is g—continuous function and (Y p) is Ty 2 — space
and f is Q;—continuous function.

Theorem 3.24. Let f: (X,7,G) = (Y,p,Z) and g : (Y,p,H) — (Z,7,K) two functions.
Then the following hold:

1. go f is G5 —continuous function if g is G/ —continuous function and f is G;'—irresolute
function.

2. go [ is G5 —irresolute function if f and g are g7 —irresolute function.

Theorem 3.25. Let f: (X,7,G) — (Y,p) and g : (Y, p) — (Z,7) be two functions. Then
go fis GJ—closed function if g is a closed function and f is G5 —closed function.

Proof. Let U be G¢'—closed set in (X, 7,G). Since f is Gy'—closed function then f(U) is a
closed set in Y. Since g is closed function then g[f(U)] = (g o f)(U) is closed set in (Z,7).
That is, g o f is G —closed function. O

Corollary 3.26. Let f: (X, 7,G) — (Y,p) and ¢ : (Y, p) — (Z,7v) be two functions. Then
go [ is Gj—open function if g is a open function and f is G/ —open function.

The following example shows that the composition of two G;'—continuous functions need
not be Gg'—continuous.
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Example 3.27. Let f: (R,7,G) = (Y,p) and g : (Y, p,H) — (Y,~) be two functions defined
by:

/0, zeR—-(0,1)
f(”’)_{L z € (0,1)

And g is identity function. Where Y = {0, 1},

T={0,R,R—(0,1)}, G =P(R)— {0}, H=P()— {0} and p = {0,Y,{0}}.

Andy = {0,{1},Y}. Then f and g are G’ —continuous functions but go f is not G’ —continuous
function. Since {0} is a closed set in (Y, ~) but f~({0}) = R—(0,1) is not G¥—closed set in
(R, 7,G).

The following example shows that the composition of two f is G —continuous function
and g is gw—continuou function need not be G;'—continuous.

Example 3.28. In Example(3.27), we note that f is G;—continuous function and g is
gw—continuou function, but g o f is not G;'—continuous function Since {0} is a closed set in
(Y,7) but f~1({0}) =R — (0,1) is not G —closed set in (R, 7,G).

Theorem 3.29. Let f: (X,7,G) — (Y, p) be a G’ —closed function and A is g—closed subset
in (X,7,G). Then f(A) is rgw—closed subset in (Y, p).

Proof. Let f be Gj—closed function and A C X suth that A is g—closed set. Since f
is G —closed function and A is g—closed set. Since it is clear that every g—closed set is

Gy —closed set then f(A) is a closed set in (Y, p). Since any closed set is rgw—closed set.
Therefore f(A) is rgw—closed set in (Y, p). O

Theorem 3.30. Let f : (X,7,G) — (Y,p) be a G¢—continuous function and (Y, p) is
T'j2 — space and A is g—closed subset in (Y, p). Then f1(A)is Gy —closed subset in (X, 7,G).

Proof. Let f be G¢—continuous function and (Y, p) is 11z — space. Let A be g—closed subset
in (Y, p). Since (Y, p) is T1j2 — space, then for every g—closed subset in (Y, p) is closed subset
in (Y,p). Since f is G;'—continuous function then for every A closed subset in (Y, p) implies
f71(A) is G¥—closed subset in (X, 7,G). O

4 ,—Continuous functions

Definition 4.1. A function f : (X,7,G) — (Y, p,’H) of a grill topological space (X, 7,G) into
a grill topological space (Y, p,H) is called Gy —continuous function if fYU) is G,y—closed
set in (X, 7,G) for every G¥—closed set U in (Y, p, H).

Definition 4.2. A function f : (X,7,G) — (Y,p,H) of a grill topological space (X, 7,G)
into a grill topological space (Y, 7,H) is called Gy —irresolute if f L) is Gyy—closed set in
(X, 7,G) for every G —closed set in (Y, 7,H).
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Remark 4.3. Let (X, 7,G) be any grill topological space with 7 = {0, X, A}, G = P(X) —
{0}, where A is an uncountable set. Then any subset of (X, 7,G) is a both G;? —open set and
Gy —closed set.

Example 4.4. Let f: (R,7,G) = (R, 7p,H) be a any function with
r = {0,R,(0,1)}, H = P(R) — {0} and G = P(R) — {0}.

Since every f~1(U) is G¥ —closed set in (R, 7,G) for every G“—closed set U in (R, 7p,H).
Then f is gﬁg—continuous function.

Remark 4.5. Let (X, 7,G) be any grill topological space with
7={0,X,A} U{AUB; : AC B; for every i € N} and G = P(X) — {0}.

Where A be any subset of X. Then any subset of (X, 7,G) is a both Grg—open set and
Gyy—closed set.

Example 4.6. Let f: (R,7,G) — (Y, p,H) be a any function where (Y, p,H) is any grill
topological space and

T= {@,R, (07 1]7 (072)’ (07 7)}> H= P(Y) - {Q)} and § = P(R) - {@}
Then f is G2 —continuous function by Remark (4.5).

It is clear that every rgw—continuous function is Gy —continuous function but the converse
of this fact no need to be true.

Example 4.7. Let f: (R,7,G) — (R, p,H) be the identity function with

= {0.R, (0,1, R — (0,3)}, H = P(R) — {0}, G = P(R) — {0} and p = {0, R, R — (0, %}}

We note that f is G —continuous function. Since (0, 1] and R are closed sets in (R, p, H).
Then f1((0,4]) = (0,4] and f~}(R) = R are Gyy—closed sets but it is not rgw—continuous
function. Since (0, 1] is closed set in (R, p,H) but f~1((0,1]) = (0, 3] is not rgw—closed set
in (R, 7,G).

It is clear that every g‘g*’—continuous function is Q;:)g—continuous function but the converse of
this fact no need to be true.

Example 4.8. Let f: (R,7,G) — (R, p,H) be the identity function with

The function f is G —continuous, since f~'({R — (0,1)}) =R — (0,1) and f~!(R) = R are
Gyy—closed sets in (R, 7,G). The function f is not Gg'—continuous function, since f 1R -
(0,1)}) =R —(0,1) is not Gy'—closed set in (R, 7,G).

It is clear that every Qfg—irresolute function is gj:’g—continuous function but the converse of
this fact no need to be true.

10
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Example 4.9. Let f: (R,7,G) — (R, pr,H) be the identity function with
T = {(DaRa (Oa 1)7 (07 1]7R_ (07 3)7R_ (1a 3)7R_ [17 3)}7 g = P(R) - {Q} and H = P(R) - {@}

We note that f is G} —continuous function but it is not G;; —irresolute function. Since (0,1)
is G —closed set in (R, pr, H) but f~1((0,1)) = (0,1) is not G&, —closed set in (R, 7,G).

It is clear that every g;”—irresolute function is g;t’g—irresolute function but the converse of
this fact no need to be true.

Example 4.10. Let f: (R, 7,G) — (R, pr, H) be the identity function with
7={0,R,R—(1,3)}, H=P(R) — {0} and G = P(R) — {0}.

We note that f is ;% —irresolute function but it is not G;'—irresolute function. Since the set
R —(1,3) is G¥—closed set in (R, pr, ) but f~H(R—(1,3)) = R—(1,3) is not G —closed set
in (R, 7,G).

The following figure is an enlargement of figure(2) and an theorems above we have the fol-
lowing figure:

continuous

w—continuous ——— > gw—continuous —— > rgw—continuous

| |

continuous ———— G —continuous

T |

g¥ —irresolute —— g;’ —irresolute — g;"g—irresolute

G¥ —continuous —— g;; —

Figure 3:

Definition 4.11. A function f : (X,7,G) — (Y, p, H) of a grill topological space (X, 7,G)
into a grill topological space (Y, p, H) is called:

1. Gy —closed function if f(G) is a closed set in (Y, p) for every Gp —closed set G in
(X,7,G).

2. Gy —open function if f(G) is a open set in (Y, p) for every Gy —open set G in (X, 7,G).

3. pre—G¥—closed function if f(V') is G“—closed in (Y, p, H) for every G¥—closed subset
Voof (X,7,G).

Example 4.12. In Example(4.4), we note that f is a both G —closed function and G;; —open
function.

11
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Definition 4.13. A grill topological space (X, 7,G) is a regular generalized G* — T}, —space
(simply, Gy — Tyjp—space) if every G —closed set in (X, 7,G) is G¥—closed set.

Theorem 4.14. Let f : (X,7,G) — (Y,p,H) be a function of a grill topological space
(X, 7,G) into a grill topological pace (Y, p,H). Then f is G —continuous function if f~HU)
is Gy, —open set in (X, 7,G) for every G“—open set in (Y, p,H).

Proof. Let f be Gg—continuous function. Let U be G¥—open set in (Y,p,H) then Y — F
is G¥—closed set in (Y,p,H). Since f is G¥ —continuous function. Then f~1(Y —U) =
X — fYU) is Gy —closed set in a grill topological space (X,7,G). Therefore f~HU) is
Gyy—open set in (X, 7,G). Hence f is G —continuous function. O

Theorem 4.15. Let f: (X,7,G) — (Y,p,Z) and g : (Y,p,H) — (Z,~,K) two functions.
Then the following hold:

1. go f is G;y—continuous function if g is G¥—irresolute function and f is G, —continuous
function.

2. go [ is Gy —continuous function if g is G;; —continuous function and f is G, —irresolute
function.

3. go [ is G, —irresolute function if f and g are G; —irresolute function.

4. Let (Y,p) be a Gy — Tj/;—space. Then, go f is Gy —continuous function if g is
g;"g—continuous function and f is gfg—continuous function.

The following Example shows that the composition of two Q;f’g—continuous functions need

not be gfg—continuous.

Example 4.16. Let f: (R,7,G) = (Y,p,H) and g : (Y,p,H) — (Y,7,K) be two functions
defined by:

And g is identity function. Where Y = {0, 1},
T = {@,R, (07 1)7 (07 1]7R_(O73)7R_(173)7R_[173)}7 g = P(R)_{®}7 K= P(Y)_{(Z)}7 H= P(Y)—{@},

p= {®7Y7 {0}} and v = {(2)7 {1} Y}}

Then f and g are G} —continuous function but g o f is not G, —continuous function. Since
{0} is G¥—closed set in (V,v, %) but f~1({0}) = (0,1) is not G —closed set in (R,,G).

Theorem 4.17. Let (X, 7) be any door topological space and f : (X,7,G) — (Y, pp,H)
be any function. Then f is a both Q,‘f’g—open function and gj:’g—closed function and it is
gfg—continuous function.

12
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Proof. Let (X, 7) be any door topological space. Let A C X, since X is door topological
space then A is either open set or closed set. If A is open set of X, it is clear that every
open set is G —open set implies A is G —open set. Then f (A) is open set in Y. Therefore
fis G, —open function. If A is closed set of X, it clear that every closed set is G, —closed
set implies A is G —closed set. Then f(A) is closed set in Y. Therefore f is G —closed
function.

Let A C Y, since X is door topological space then f~!(A) is either open set or closed set in
X.If f71(A) is Gyy—open set, since Y is (Y, pp) then A is open set. If fH(A) is Gyy—closed
set since Y is (Y, pp) then A is closed set. Therefore f is G, —continuous function. O

In Theorem(4.17), if X is a countable set and (Y, p) be any topological space then f is
G,y —continuous function.

Theorem 4.18. Let f: (X,77,G) — (Y, pp, H) be any function. Then f is G —continuous
function.

Proof. Let A CY and since Y is (Y, pp, H) then any subset of Y is a both open set and closed
set. Now f~1(A) is a both Gry—open set and Gy —closed set. Therefor f is Gy —continuous
function by Remark(3.17). O

Theorem 4.19. Let f: (X,77,G) — (Y, p,H) be any function. Then f is G} —continuous
function.

Proof. Let A be an open subset of Y. Then f~!(A) is G, —open set by Remark(3.17). Let
A be a closed subset of Y. Then f~1(A) is Gyy—closed set by Remark(3.17). Therefore f is
g;fg—continuous function. O

Theorem 4.20. Every gfg—closed function is g;J—closed function but the converse of this
fact no need to be true.

Example 4.21.

Theorem 4.22. A grill topological space (X,7,G) is called a regular generalized G¥ —
T2 —space (simply Gy —T'p—space) if and only if every G —open set in (X, 7,G) is G“—open
set.

Theorem 4.23. A grill topological space (X,7,G) is called a regular generalized G —
Typ—space (simply G — Tjp—space) if and only if every singleton set in (X, 7,G) is either
regular—closed set or G¥—open set.

Proof. Suppose that (X, 7,G) is G — Tijp—space and {z} is not regular—closed subset of
X for some z € X. Then X — {x} is not regular—open set in X. Hence X is the only
regular—open set containing X — {z}. That is, X — {x} is Gy —closed set in X. Since
(X,7,G) is G, — Thjp—space then X — {x} is G¥—closed set in X. That is, {z} is a G*—open
set in X.

Conversely, suppose that every singleton set in X is either regular—closed or G¥—open Let
A be any G —closed set in X and x € goCI(A). We show that x € A. By the hypothesis
{zx} is either regular—closed set or G*—open set in X. The set {z} is regular—closed set and
x ¢ A then

x € guCl(A)—AC X — A.

13



UNDER PEER REVI EW

Then {z} € X — A and so A C X — {z}. Since A is Gy —closed set in X contained in
regular—open set X — {z} then go C X — {z} and so {x}C X — goCI(A). Therefore

{2} C guCI(A) N [X — g.Cl(A)] =0,

and this is a contradiction. Hence {z} € A, that is, g»CI(A) = A and so A is G¥—closed set.

If {z} is
G¥—open set and {x} € goCI(A) then we have {z} N A # 0. Hence {z} € A, that is,
g« Cl(A) = A and so A is G¥—closed set. O]

Theorem 4.24. If f : (X,7,G) — (Y,p,H) is Gy —continuous function and X is Gy —
Ty p—space then f is G¥—continuous.

Proof. Let f be any Gy, —continuous function and X is ;) — T —space then every G;% —closed
subset of X is G¥—closed set. Let A be any closed set in Y. Since any closed set is G“—closed
set, [ is Gy —continuous function and Gy — T3 —space then f ~1(A) is G¥—closed set. There-
fore f is G¥—continuous function. O

Theorem 4.25. Let (X, 7,G) be any grill topological space with a countable set X. Then

every Qfg—closed subset of X is gg‘”—closed set.

Theorem 4.26. Let f: (X,7,G) — (Y, p,H) be any function and X is countable set. Then
fis Q;:Jg—continuous function and it is g;—continuous function.

Theorem 4.27. 1If f: (X,7,G) — (Y,p,H) is Gy, —continuous, then for each x € X and
each G“—pen set V in (Y, p, H) with f(x) € V, there exists G —open set U in (X, 7,G) such
that x € U and f(U) C V.

Proof. Lit f is G;-continuous function. Let z € X and V' be any G*—open set in (Y,p,H)
containing f(x). Put U = f~4(V). Since f is Gyy-continuous then U is G -open set in
(X,7,G) such that x € U and f(U) C V. O

The converse of the above theorem is not true in general as the following example shows.

Example 4.28. In Example(4.16), we note that f is satisfies the property stated in Theorem(4.27).
The function f is not Gy —continuous function. Since {0} is G“—closed set in Y but
S71({0}) = (0,1) is not G —closed set in (R, 7,G).

Theorem 4.29. Let f : (X, 7,G) — (Y, p, H) be a surjective, G —irresolute, and pre—G* —closed
function. if X is Gy, — T o—space, then Y is also an G — T} ,—space.

Proof. Let A be G —closed subset of Y. Since f is an G} —irresolute function, then f —1(A)
is an Gy —closed subset of X. Since X is Gy, — T o—space, then f~Y(A) is an G¥—closed
subset of X. Since f is a pre—G“—closed function, then f(f~1(A4)) = A is an G¥—closed
subset of Y. Therefore Y is also G, — T} /5 —space. O

Theorem 4.30. Let f: (X, 7,G) — (Y, p,H) be ro—preserving and G —irresolute function,
if B is Gyy—closed set in Y, then f~4(B) is Gyy—closed set in X.

14
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Proof. Let U be a regular—open subset of X such that f~!(B) C U. Then B C f(U) and
f(U) is regular—open. Since B is G} —closed set, then g=CI(A) C f(U) and f~Yg~CIl(B)) C
U. Since f is G¥—irresolute then f~1(g~CI(B)) is G*—closed and g«CI(f 1(g~CI(B))) =
=Yg« CI(B)), therefore g» Cl(f 1(B)) C g« CI(f ! (g«CI(B))) C U thus f~*(B) is Gyy—closed
set in X. O

Definition 4.31. A function f: (X,7,G) — (Y, p) is said to be G¥—contra—R—function if
for every regula—open subset V of Y, f~1(V) is G¥—closed set.

Example 4.32. Let f: (R,7,G) — (Y, p) be function defined

_f e, zeR—(0,1]
f(x)—{% x € (0,1]

where Y = {a, b, c},
T = {Q)?]R?R - (07 1]}7g = P(R) - {Q)}, and p = {Q), {a}a{b}v {a,b}}.
Then f is G¥—contra— R—function. But the function f(x) defined by:

(b zeR-(0,1]
f(x)_{a, x € (0,1]

is not G*—contra— R—function. Since {b} is regula—open in Y and f~1({b}) = R — (0,1] is
not G¥ —closed.

Theorem 4.33. Let f : (X,7,G) — (Y,p) be Gy —closed function. Then every U is
G —closed set in X exists V is closed set in ¥ such that f~1(V) € G C(X,7,G).

Proof. Let U be any G —closed set in (X, 7,G). Since f is G —closed function then every
Gyy—closed set in (X, 7, G) sutch that f(U) =V is closed set in (Y, p). Therefore ftvy=U
is Q,‘t’g—closed set.

O
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