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The solution of fractional diffusion-reaction
equation via the Regular Perturbation Method
(RPM)

Abstract

In this paper, we implement Regular Perturbation Method (RPM) of
the Solving fractional diffusion-reaction equation, in order to determine
the exact analytical solutions of some linear fractional diffusion-reaction
equation. In general, the solving using this method allow to obtain exact
or approximate solutions. For the case of the diffusion and diffusion-
convection equations solved in this document, the solutions obtained are
exact. By comparing these solutions with those obtained by other re-
searchers using other methods for a certain value of the parameter «, we
obtain the same results.

Keywords: Linear fractional diferential equation, Regular Perturba-
tion Method, Mittag-Leffler, Caputo fractional derivative or integral.

1 Introduction

Today, the notion of fractional calculus is essential in the resolution of partial
differential equations. Indeed, several researchers have applied it to several
methods such as the method of Adomian, the Homotopy Perturbation method
(HPM), etc. However its application remains partial and fragmented. In this
document, we will attempt to apply it using the Regular Perturbations method
for solving linear fractional diffusion-convection equations. The objective of this
work is to find solutions to fractional equations using the Regular Perturbations
method for 0 < a < 1. Secondly, we will compare the solutions obtained with
the solutions resulting from another resolution method in a previous search for
a given value of a. « is defined in the problem below. Searchers such as Y.
MINOUGOU have already solved the case where o = 1 with several methods
[13].
Let be the following fractional equation (P):
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ote
u(z,0) = g(z)
(z;t) € Q=R x [0, +oo[ and u (z,t) € L (Q)
where ¢ is any function dependent only on z, and f. is a continuous function.
fe can be the right-hand member of a fractional diffusion- convection equation
for example, where ¢ is the pertubation coefficient, with 0 < ¢ < 1.

(P){ LBY) ¢ (4w, ) where 0 < a < 1;

2 Preliminaries

In this part, we will recall some very important notions that come into play
imperatively in fractional calculus. These are the notions of gamma functions,
Beta and Mitag Leffler function as well as some notions of convergence and of
solution uniqueness.

2.1 Gamma, Beta and Mittag Leffler functions

2.1.1 Definition 1 [8]

The Gamma function is a function on ]0;1[, defined by the following integral:
I'(s) = /+Ooett51dt; s € C and Re(s) > 0. Thus: I'(1) = 1;

0
I'(s) is a monotonous and strictly decreasing function for 0 < s < 1.

2.1.2 Property 1:

1
Vs >0, I'(s+ 1) = sI'(s); F(i) = /7.
VneN, T'(n+1) =n!l; with 0! = 1.

2.1.3 Definition 2 [8]
The Beta function is the function defined by:

1
Blu,v) = / (1—2)" 12071z,
0
where Re(u) > 0 and Re(v) > 0.

2.1.4 Property 2:

VYu € C ; Vv € C where Re(u) > 0 and Re(v) > 0,
Thus:
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2.1.5 Definition 3 [10]
For s € C, the Mittag-Leffler function denoted F,(s) with o > 0 is defined by:

+00 Sk
Ea = ;
(=2 T(ka + 1)
k=0
when it depends on a single parameter a.

2.1.6 Property 3:

Vs € C where Re(s) > 0, we have:
Ey(s) = e®, Ey(s) = ch(y/s) where ch denotes the hyberbolic cosine.

2.1.7 Property 4:

Vs € C where Re(s) > 0, the Mittag-Leffler function is indefinitely derivable.
We have:

k—m

s
——— with N;
T(ka + 1) with m € IN;

E™(s) = Jiok(k —1)(k—=2)...(k —m+1)
k=0

where El(lm) is the m-th derivative of E, dependent on a single parameterc.

2.1.8 Definition 4 [8]

Let considere f € L'([0,7]),T > 0. The Riemann-Liouville fractional integral
of the function f of order a € C, (Re(«) > 0) noted I, is defined by:

Inf(z,t) = I‘(IO[)/Ot(t—T)a_lf(x,T)dT;t > 0;z € R.

2.1.9 Definition 5 [3], [6], [8]

Let considere f € L*([0,7]),T > 0 a integrable function on [0,7]. The frac-
tional derivative in the sens of Riemann-Liouville of the function f of order
a € C,(Re(a) > 0) noted D, f is defined by:

1 d

Do f(w,t) = T(—a)dt

t
/ (t—7)"%f(z,7)dr;t > 0;z € R.
0

2.2 Concept of convergence and uniqueness of the solution

Let’s consider the problem (P) defined by:

(0%

P) { 9%u (z,t) = fo(t,u(z,t)) where0<a<land0<e<1;
u(z,0) = g(z)
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with its solution in the form:

+oo
u(z;t) = Z&”un(m, t),

where g(z) € C(Q).
we obtain:

+oo “+o0
Za”un(x,t) = Zs"un(z, 0) +
n=0 n=0

As f is linear, we obtain:

+oo —+oo +oo

Z&”un(x, t) = Zs”un(% 0)+ ZE"

n=0 n=0 n=0
2.2.1 Proposition [2], [8], [11],

Let’s suppose (P) is a linear diffusion-reaction equation, where u(z,t) € C(Q)

2
and f = %—h\%—i—vu € C?(Q),with Q =Rx[0;t]and 0 < 7 <t < T < +00.
x x
02 0
If3 M= sup &2’7—) ,N = sup uz, 7) and m = sup |u(z,T)| such
z,7EQN Ox z,7TEQ Oz z,7EQ
2
as: Va, 7 € Q, M <M, M < N and |u(z,7)] <m,n >0, then
Ox? Ox

—+oo

the series (Zanun (x,t)) is convergent and the solution of the equation (P)

n=0
exist and is unique.

n=0

1

I(a)

[12]

t +oo
/ (t—7)*"f(T, Zs”un(z, T))dr
0 n=0

1
I(a)

2.2.2 Proof
+oo

Let’s first show that the series Ze"un(m, t) | is absolutely convergent.
n=0

Let’s consider the associated algorithm below following the values of €™ which

permit to obtain:

1 ¢ Oug(z, T)
0. _ _ a—1 )
eV uo(z,t)] = |u(z,0) + F(a)/o (t—1) <)\ D
I Oug(x,7) Ouq (z,T)
1. N _ a-—1 ) )
et uy(z, )| = @) /s (t—1) 57 A 5
I O%uy (z,7) Ous(z,T)
2. — _ a—1 ’ ?
2 )] = |5 [ =) ( R L
v e = | L [y (P @) | ()
e up(z,t)| = ’F(a)/o (t—1) ( 92 + A 5

/ (t — 1) f (1, up (2, 7))dr.
0

+ yuo(z, 7')) dr
+yui(z, 7)

+yuz(z,7)

)
)

+ yun (z, 7')) dr

dr

dr
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AN + ym)T*
0. < (—
e’ uo(z,t) <m+ Tla+1)
M + AN + ym)T®
1. < (
et up(z, )| < Tla+1)
— 5 < (M + AN +~ym)T*
e*: ua(z,t)| < Tla+1)

e un(mat)] < (M 4+ AN + ym)T*

INa+1)
“+ o0 “+oo Ta
We have: T;)e"un(x,t) <m+ T;)E" ((M + AN + 7K)I‘(a+1)>
T\ X
< M + AN K)—/—— "
<m+ (( + AN + )F(a+1)> T;Ja
TQ
+oo (M 4+ AN +~vK)=——
I'a+1)
= Za”un(x,t) <m+ , because 0 < e < 1
= 1—e¢
+oo
As a result, the series (Zs"un(m,t)> is absolutely convergent therefore
n=0
convergent.

Let’s show now that equation (P) admits a only one solution which is written
in the form:
u(z,t) = u(x,0) + Io (f(7, u(z, 7))
where I,(f) denotes the fractional integral of f defined by:
t

I (F(ryule, 7)) = o [ (6= 0 frute, r)ir

(@) Jo
Suppose there are two distinct solutions u(z,t) and v(z,t) such that:
there is w(x,t) = u(z,t) —v(z,t) #0
Considering the following algorithms of v and v :

up(z,t) = u(z,0) + ﬁ/@ (t—r1)o 1t (/\auoéi’ﬂ + ’YUO(J?,T)) dr

t 2u X, T uUL\r, ™
ul(x,t):ﬁ/o (t — 7)1 (a 803(32’ N 1a(x’ )—l—'yul(:c,T)) dr

up 1 (x,7) Oun (2, 7)

. . -
up(x,t) = F(a)/o (t—r7) < 92 +A e + ’yun(a:,T)) dr
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(e ) = (2.0 + o5 / (t — 7)o (Af’g) () ) dr

¢ 2vo(z, T v (z, T
o) = s [ = (T AT e ) ar

82U7t—1($77') (%H(ax,f)

. N
vn(x,t) = @/0 (t—1) ( 52 + A p + ’yvn(x,r)) dr
We have:

wnfet) = w0+ s [ =10 (AT (e ) ar =0

wi (1) = ﬁ/o (t—r)o-t (3 W) NPT e, 7)) dr =0

0wy, _1(w,7) Own(z,7)

wy(x,t) = r(la)/ot(t — 7)ot ( 922 + A o +’ywn(x,7)) dr =0

Because from the conditions to the limits, it happens that

u(z,0) = g(z) = v(z,0) = w(z,0) = u(z,0) — v(z,0) =0

with ug(z,0) = u(z, 0);ve(z,0) = v(x,0) and we(x,0) = w(zx,0).

In addition, wq(z,t) is a function of w(z,0) Vt € [0, +-o00]

Where from w(z,0) = 0 = wo(z,7) = 0 V7 € [0,+00] = wo(z,t) =
0;absurd.

wi (z,t) is too a linear function of w(z,0) = wy(z,t) =0

As a result wy,(x,t) =0 = up(z,t) — v, (2, t), Y > 0.

Thus u(z,t) = v(z,t), we deduce the uniqueness of the solution of equation
(P).

3 APPLICATIONS: Resolution of fractional
diffusion-reaction linear equation [1], [4], [5],
[7], [9]

Let (P) be the problem to be studied defined by:

_ ou (x,t)
ot oa? +A oz

u (z;0) = sin (wz)

+vyu(z,t) where 0 <e K ;A >0;y>0and 0 < a <1

0%u (x,t) 0%u (z,t)
(P):

(z,t) € Q=R x [0, 400 and u (z,t) € L*(Q)
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“+o0
Finding the solution in the form: u(z,t) = Zs”un (z,t) (1)
n=0
“u (z,t 2u(x, t ¢
Let’s posing: L(u(zx,t)) = % and Ru (x;t) = 68 25;7 )_’_)\au (i )—i—

yu (z,t)
By applying L~! to the equation (P),we obtain:

u(z,t) — u(z,0) = L' Ru(x,t) with L™ = I,

+oo +oo
Which equals: Ze”un(:ﬁ, t) =u(z,0)+ IR <Z€”un(x,t)>

n=0 n=0

= 0%u xt , Ou xt
orZe un(z,t) = u(z,0)+1, (ZE"'H n( /\Z o +'yZ€ unxt)

The followmg equations are obtained successwely

e wp(x,t) = I, )\(’)uoa(xx .t +7uo(m7t)>
0%uo(x,t) Ouy (z,1)
el wuy(z,t) =1, ( e A ey yuy(,t)
0%uq (z,t) Ous(x,t)
25w =1 G+ +ua(e.))
0% us(x,t) Oug(z,t)
3. —
e’ ug(z,t) =1, ( 2 92 + A . + yus(z,t)
0%us(x,t) Ouy(z,1)
et uy(x,t) =1, ( 922 + A o + yuq(z,t)
0wy _1(x,t) Ouy (z,t)
n — . >
€ Up (2, 1) o ( 92 + A e Jr’yun(w,t)) in>1

This is equivalent to solving the following equations:
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Oug(z,t)

o0~ ,t

EO:{ ?t(f . oz Tt
uo(x,0) = sin(wx)
o 1 02 ,t 0 ,t

o] Tud)  Fun) |\ 0ul) e
up(x,0) =
0~ t 02 ,t Oua(z,t

o ] T Tl \0e@l) e
uz(z,0) =0
o 1 02 ,1 0 ,t

&3 ?t(f ) = ugx(f )+>\ u:;(j )+’YU3(33,t)
uz(z,0) =0
o ,t 0? St 0 St

gt: ?t(f ) %ﬁif )"')‘ u%(i )+W’U4($»t)
ug(z,0) =0
0%uy(x,t O up_1(z,t Ouy, (x,t

g™ at(a ) = 8;2( )+)‘ 8(1‘ )+’yun(x,t);n21
Up(z,0) =0;n > 1

Let’s solve the system & :

0%uo(z,t) | Ouo(x,t) i .
e =A B + yug(z,t)  with ug(z,0) = sin(wz)

In Caputo’s sense, the solution to this equation is in the form:

ug (x,t) — ug(x,0) = I‘(loz)/o (t — 7)Y f(1,uo(x, 7))dT

As f(ruo(z, 7)) = A2HET) Lo r) then,

Ox
1 Oug(z, T)

ug (x,t) — up(z,0) = 1_‘(0[)/0 (t— T)O‘fl()\T + yuo(x, 7))dT

+oo
uo(z,t) = Zu% (z,t)
k=0

U, (2, 1) = up(x,0) = sin(wz)

Thus : 1 /! 0 ,
T o 08 = g [ €= 0D (o)

‘We obtain after calculation:
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ug, (z,1) = sin(wz)

. 1
uo, (z,t) = (ysin(wz) + Aw cos(wm))m
2c
ug, (z,t) = (y?sin(wz) — A2w? sin(wz) + 27w cos(wx))m
o, (x,1) = (73 sin(wz) — A?w? cos(wz) — 3y\%w? sin(wz))
3o
+3wy2 )\ cos(wz
@) Ty
ug, (z,t) = (v* 51n(wm) + Mwt sin(wz) — 4IX3yw? cos(wz) — 6A2y2w? sin(wz)
. i
3
+4 vy w cos(w)) Ta 1)

We have:  wug(z,t) = Zuok (z,t)

Where from:

o (1) (y1*)? (y2*)? (Vt“)

Uo(x,t) = s1n(w$)(1 + F(a + 1) F(Qoz + 1) F(Sa + 1) F(4OZ +1
. i O L O, )

+(Awt )COS(wx))(F(a D) + 2F(2a 1) + 3F(3a +1) +4F(4a +1) +-)

. i 0 o G oty
—(Awt )281n(wx)(F(2a+1)+3F(3a+1)+6F( )+10F(5a+1)+m)

o (vt%) (7’5&)
~(wt )3Cos(wx)(+(r(3a+1) o+ " TasD) © )

‘We obtain:

Jo0 “+o0o —
e (,yta)k N k(,ytoz)k 1
ug(z,t) = Sm(wx)/;F(ka 1) + (Awt )COS(Ww)kZ:lm

Zh(k — 1) ()42 f S~k = Dk = 2)(y2%)*

—(Awt)? sin(wz)z
k=2

+... Awt)!

= ug(z,t) = sin(wz) E, (1t%) + Cos(wx)( T Eél)( )

()\wto‘)

—(Awt®)3 cos(wz) Z

2T (ko + 1) k=3

6I'(ka + 1)

EQ () + ...

)2
— sin(wz) (Au;t' ) ES (41%) — cos(wz)
We finaly obtain:

“+o00
. Qwt)?* k) o
ol ) =sinen) Y (-0 B )
“+o0
Awt®)? o)
Jrcos((,uav)I;)(fl)kWE )
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Let’s solve the system ¢! :

O%uy(x,t)  0%ug(z,t) n A@ul(ac,t)
ot - On? Oz

+ yuq(z,t) with uy(z,0) =0

In Caputo’s sense, the solution to this equation is in the form:

uy (z,t) —uy(z,0) = ﬁ/@ (t =) (1, ui(z, 7))dr

As f(r un (o, 7)) = 0?ug(z,t) Aaul(:c,T)

+ ’Y’U,l(flf, T) 7then7

Ox? . Oz )
1 0 ,t 0 ,
w @ )=un(e.0) = gros [ (e=n) (RS DT s n,

—+oo
up(z,t) = Zulk (z,t)
k=0
Thus:

{ u, (z,t) = u1(z,0) =0

I 0? t 0
UL, 44 (J,‘,t) = 7)/0 (t_ T)a—l( UOn(.Z‘7 ) +A U,ln(l‘,T) +’yu1n(a:,7'))d7'

N Ox? Oz

We obtain after calculation:

uyy(x,t) =0
ta
— 2 _
uy, (z,t) = —w sm(ww)r(a+ 0 2
t [0}
—(_9)\,3 _ 2
uy, (z,t) = (-2 w? cos(wz) — 2yw &n(wx))r(?a Y
3a
— (3024 g _3~22g _ 3 cog
U, (2,1) = (A w* sin(wz) — 3v°w? sin(wz) — 6Ayw cos(wx))r(3a+ 0
uy, (x,t) = (4X3wP cos(wz) — 4y3w? sin(wz) — 12Xy2w? cos(w)
t4a
2 4 :
+12X yw 81n(w:1:))71_‘(4a .y
“+ o0
We have:  wuy(z,t) = Z“lk (z,t)
k=0
: 2(12%) 3(yt)?
_ 21
ur (@,8) = =) sin@o) (= + Toa £ 1) T TBat 1)
4(yt*)? 5(yt)*
L A0t7) Oy L)
Fda+1) T(Ba+1)
2 6(~t*) 12(42%)? | 20(t)°
_ 312«
A ) coslwr) F o Ty ¥ TBa 1) T Tda 1) T That 1)
30(yt)*
+F(6a+ 0 +...)

10
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2 o o 3 (%) (7t%)”
+(\ wits )31n(w$)(F(3a 1) + 12F(4a +1) * 30F(5O¢ +1)

()
+60F(6a _y )
a )2
+(N3wOt4) cos(wz) ( 1 +20 0t?) + 60 Ot) +...)

I'4a+1) I'(ba+1) I'(6a+1)

(0 sinw) (5a5+ 5+ 35 ((6151) 5+

+
We obtain:
2 a fyta
up (z,t) = t*) sin(wz Zk (ko 11
Qi) +°°k<k - 1)(%@)’“ 2
T cos(ww)kz:2 Tlha 1)
()\2 4t3a ('yto‘)k_g
—1)( Y LAV AN
+——— = sin(wx Zk‘ ) T(ha 7 1)
()\3 5t40‘ (yte )k
+-————= cos(wz) Zk 1k —2)(k 3)F(ka .y
(}\4 6t5a) +0° (,.ytoz)k75
o sin(we ;)k (k- 2)(k —3)(k — 4)F(m+ 3
+
: : 2100\ [q3 (1) a ()\o‘)ta) (2) «
This gives: uy (z,t) = —(w?t)[sin(wz) Eq ’ (vt*) + ) cos(wx)Eg” (%)

wt*)? w
] - Sin(ww)%ES’) (7150‘)—cos(o.):r)(>\T

We finaly obtain:

too )2
ui(z,t) = —(Wt*) sin(wx)Z(—l)ki(AWt ) kEg%“)(w)

Pt (2k)!
too a\2k+1
210 k()‘o‘)t ) (2k+2) a
Let’s solve the system &2 :
o St 0? St 0 ,t .
Igt(j - 1;; L4 u%(f : + yug(z,t)  with uy(z,0) =0

Using the same approach of resolution as in € and e'and using the values
of u1, obtained in !, we obtain after calculation:

11

)\ toc 4
) E,gf)('yta)—i—sin(wm)i( uip ) ES)("/ta)—i-
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Uz, (2, 1) = ug, (z,t) =0

t2a
U2, (LE, t) = w4 Sln(wx)m
t3a
ug, (7,t) = (3X\w® cos(wz) + 3yw? sin(wx))m 4
. L2
s, (x,t) = (672w sin(wz) — 6A%wW0 sin(wz) 4+ 12 yw® Cos(wx))r(4a Y

Uy, (z,t) = (1073w sin(wz) — 10A*w” cos(wz) + 30A7%w cos(w)

S5a

—30A%ywS sin(wz)) NGEE)

+o0o
With wg(z,t) = Zugk (z,t) , we obtain:
k=0
| | 30) 6y
— 412a
uz (2, 8) = (W) sinwa) (5o 3y F FEat 1) T Tdat 1)
L 100t)?  15(vt%)*
I'a+1) T(6a+1)

o 3 () (%)
+(Awst3 )cOS(ww))(F@a +1) + 12F(4a +1) + 30F(5a +1)

()
0y )

4o : 6 (ryta) (’yta)z
—(X%f Vs T T G 1) T T T

—(NWTt0) cos(wac)(r(S;OJr 0 + GOF(ES’::) 0 +...)

+.)

+
We have .
2a2' Ook‘]{,‘—l ttxk—Q
uy (z,t) (CR) Sm(wx)kz ( F(k(l(jr 1;
OJ5 3a +o0 -
L 2t ) Cos(wx)kzzsk(k — 1)k — 2)1%
)\2w6t4oz ' +o00 " o
_( 5 ) sln(W$)kZ4]€(k—1)(](:—2)(]{;_3)1_%)—'—1)
A3 75 .
S 312 s Zk ~ (k= 2)(k ~ 3)(k—4)1“((7ka)+1)
This gives:

12
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210a\2 feY )2
s (2,6) = I fin(n) B2 (312) 1+ Q) o) B (71) sinuom) XL B0 (00
AWt 3 Mote 4 ’
—cos(wx)( w?)! ) E((f’)(vta)—&—sin(wx)( Oju ) E&G)('yt“)—l—...]
We finaly obtain:
(tha)Q ) too k.(/\wt“)zk' (2k+2)
= B Al VA 5/ a
’LLQ(.’E,t) Sln(wm)kgo< ) (2]{})' ('yt )
(wzto‘)2 too k(}\wta)2k+1 (2k43)
B DUN Al PR ¢ o
+ 5 cos(wa:)kgo( ) kT 1] (vt%)
Let’s solve the system &3 :
o ¢ 02 t 0 ¢
?t(f’ ) = ?gg’ )—|—)\ u%(:f, )—|—7u3(z,t) with us(z,0) =0

Using the same approach of resolution as in € and e'and using the values
of uy, obtained in €2, we obtain after calculation:

us, (z,t) = ug, (x,t) = us, (a:32 t)=0
U3, (l‘,t) = —w6 sm(wx)m \
us, (z,t) = (—4 " cos(wzx) — 4ywb sin(wx))m 5
us, (2,t) = (10A%w? sin(wz) — 1072w sin(wz) — 20Ayw? cos(wx))m
a
us, (7,1) = (200°w? cos(wz) — 2073wO sin(wz) — 60Ay2wT cos(w)
6a
2. 8.
+60\"yw Sln(ww))r(6a+ 0
+oo
We have :  wug(x,t) = Zu;;k (z,t)
k=0
o 1 4(yt%) 10(yt)?
—_ (_, 643 o
us (2, 8) = (=) sin(w) (G 5 Faa 1) T THa T 1)
20(yt*)*  35(yt)*
L2000 0t
I'6a+1) T(Ta+1)
4 (vt*) (vt)?
Y 7t4a 2
) cos@)) (G =7y 55 11 T T 6a 1)
L1008
I'(Ta+1)
. 10 (7t%) (vt)®
()2, ,845c
(—A*wbt )sm(wx)(r(5a+1) +6OF(6a+1) +210F(7a+1) +...)
(= A3u96 BT L
(=X°wt )cos(wx)(r(6a+ 0 + 140F(7a+ 0 +o)+

13
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We obtain: N
— w23 oo kb3
uz (z,t) = % sin(wx)Zk(k —1)(k — 2)%
' k=3
_ w7 4o +oo -
+% cos(wa) S k(k — 1)(k — 2)(k — 3)1%
k=4
_ 2w8 S5a +oo .
_% sin(wx)Zk(k —1(k—-2)(k-3)(k— 4)1_(‘21:0[)—’_1)
k 5
3,916 X
(=A3%t80) /\3!31t ) cos(wa Zk —1)( 2)(k—3)(k—4)(1§_5)1%
+
This gives: .
us (1) = (_w?)!7f : [sin(wa) B’ )(’Yta)-f—()\oiit) cos(wz) ESY (’Yta)—sin(wm)%

3 a\4
- cos(wx)%ﬂ(f)('yt“) + sin(wx)ME(g) () + ...]

! 4!
We finally obtain:

w223 +oo wta)2k )
i t) = S sintwn) Y () B 1)
k=0
w243 +oo Aot )2k+1 _— .
+(?ﬂ)cos(wz)kz_0(l)k(<2k_£l)!E( R (o)

Let’s solve the system ¢* :

O%ug(w,t)  0%us(x,t) n A8u4(:c,t)

5o =5 B + yuy(z,t) with ug(z,0) =0

Using the same approach of resolution as in € and e'and using the values
of us, obtained in €3, we obtain after calculation:

u4o(xvt) = Uqy (Iat) = Uq, (z7t) = U4q (JC,t) =0

ug, (7,t) = B sin(wx)%

uag (w,1) = (5w cos(wz) + 5y’ sin(wf))l%

uag (w,1) = (157w sin(wz) — 152210 sin(wx) + 30A\yw® coS(wl‘))F(&ja-FD

us, (2,t) = (357°w® sin(wz) — 35)"w 117635(6015) + 105)72w? cos(wa)
—105\%yw!® Sin(wm))m

14
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We have: uy(z,t) Zu4k z,1)

_ 4o 1 5(vt%) 15(yt*)* | 35(yt*)°
s (a,) = (Wt )sm(wx)(r(m +1) T(ha+1) TD6a+1) I(Ta+1)
70(yt)*
I'(8a+ 1) )

9450\ o 5 () (vt*)? (%)
FOE) costwi) (5 0 Ga 3 1 T T e+ D) T R e 1)

—(N2w0t%) sin(wz)(

(1) (y2*)?
TGasD 1057“7& 5t 420F(8a o+ )

+ogo) 4y

~WWHE™) coswa) (r 3y + 2050 4 1)

+

'\xfe obtain: n
()t | = ()t~
wg (2,1) = > s1n(ww)k§_4k(k — 1)k —2)(k - 3)r(/m 1)

9 5a a\k—5
+OP) o Zk ~ 1) = 2)(k - 3)(k - 922

B ()\2 IOtﬁa))

a\k—6
oAl sin(wz Zk —1)(k—2)(k—3)(k—4)(k—5) I(‘Z/za)-i- 1)

()\3 11t7a) +OO

(,ytoz)k'—7
g Cos(n) Y R(—1) (r=2) (=) (=) (5=5) (h=6) [+
k=7

‘We have:

s o) = 5 i) B )+ 5 con(o) LD () ) G B )
ME‘(;) (yt%) + sin(wx) Ouwt?)*

— cos(wx) TE(SS) () + ...]
We finally obtain: .

—w2 a\4 +oo Wt 2k ok
i, t) = (J)sm(wx);(nk (A(;k))! EEH (440
7&)2 a\4 +oo Wi 9
2P cos(wn)y_(-1)* %;j 5 LR (10
k=0

15
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From close to close, we obtain:

—w2t)P I a2k
up(z,t) = (wp't) Sin(wx)Z(—l)k()‘étk))'E((fkﬂ) (7£2)
' = ' ®
— w2t T (Awt)2k+1
+(p') cos(w:c)Z(—l)k ((2]€+)1)'E((X2k+p+1)(,yta);p >0
) k=0 :

n

Let’s posing: ¢, (z,t) = E ePuy(x,t), with: w(z,t) = lim ¢, (z,1)
0 n—-4o0o
=

The solution of the equation (Ps) is:

n _27a)\p +oo a2k
u(zw,t) = liT Z P [7( w7t?) sin(wx)Z(—l)ki(Aa;k% Eé2k+p)(’yta)
n——+0o0 =0 p =0 ( )
(_w2toz)p +oo . ()\Wta)2k+1 (2k+p+1)
I cosom) 3o (-1 G L Bt () |
| |
p: P 2k + 1)!
- sw2t°‘) =3 & (Awt>)2F 2k4D) ar
= u(z,t) = sin(wz nEIJIrlOO 2 ( ];)(71) WEQ (yt%)

- (—5w2ta) ok Q) )
eos(en) lim D\ 2 G B 00

We finaly obtain:

n Rt p 1+ i) 2k
u(e, 1) = sin(wa) grfm; (“plt);)(_l)k%m%m (’yt“))

n (—Ew2ta)p +oo . (Awt(y)Qk’-‘rl (2k-+p+1)
1 — —1)f———F, «
+ cos(wa) iTooZ_()( P! ;;o( ok e ()

Note: For oo = 1, we have: E2kHP) (yt*) = EGFTP) (1) = et

u(z,t) = e(v—ew)t sin(wz + Awt) (4)

Thus, this solution is the same as that obtain by Y. Minougou in his thesis
[13] where he used the Adomian method with a = 1.

3.1 Conclusion

The resolution of fractional equations by the Perturbation method regular is
very tedious because it requires much more vigilance in calculations. The use of

16
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the Mittag-Leffler function is essential. In the event that o = 1, the solutions
become simpler because they appeal to the exponential function. In short, the
method, although tedious, is very effective because it provides solutions to most
linear partial differential equations. However, it requires mastery of the basic
notions of numerical series. In addition, we have in perspective to apply it to
the nonlinear equations.
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