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Graph Theoretic Technique to the Global Stability Analysis of the Discrete Age
Structured SVEIR Model with Application to Ebola Virus Disease

Abstract

Discrete age structured models provide a better approach of discussing the spread
of infectious diseases with infectivity, mortality and recovery being age dependent.
Measures such as vaccination are carried out in discrete time or applied to individ-
uals in certain age-groups. Age is a clear modifier of survival probability, with very
high values of case fatalities in young children and the elderly. In the past Ebola
Virus disease (EVD) outbreaks, infections in children under 5 years was associated
with high mortality rates. In this work, a general discrete SVEIR epidemic model
with age structure is formulated. The study establishes the existence of the endemic
equilibrium and further shows that it is globally stable using the graph theoretic
approach on the method of Lyapunov functions. The model is then applied to EVD
dynamics to study the impact of vaccination on the age structured population. The
numerical simulation of the discrete age case scenario demonstrates that vaccination
of children under 5 years of age against EVD has a great impact in reducing their
susceptibility because of the active immune system as compared to the older pop-
ulation who have a poor response to vaccine immunity. For the older population,
vaccination is not very effective in reducing their susceptibility.

Keywords: Discrete, Age Structure

1 Introduction

Mathematical models are instrumental in providing guidance regarding the future pro-
jections of ongoing public health crises, and in assessing the potential impact various
intervention strategies may have towards the transmission control. Age has been con-
nected to symptom severity and mortality in several diseases like Ebola Virus Disease
(EVD) and Corona virus (COVID-19) [17]. Age is also a clear modifier of survival proba-
bility, with very high values of case fatalities in young children and the elderly. An Ebola
vaccines working group meeting of April 2019 recommended the vaccination of expectant
women, lactating women and children below 5 years [30]. The report further suggested
that manufacturers of candidate Ebola vaccines should prioritize the development of a
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strategy to generate safety, immunogenicity and efficacy data for children aged under 5
years [30].

Disease transmission models with age dependent contact rates are more realistic [10],
which makes the models with age dependent susceptibility relevant for vaccination plan-
ning [17]. Factors in an immunization program such as target groups and the number
of doses recommended can be actualized easily in an age-structured framework. Age
structure in disease models has been studied using continuous and discrete approaches
in literature and they include ordinary differential equations for discrete age groups [14]
and for continuous ages [23]. The challenge for ordinary differential equations models lies
in the high dimensionality and scale of the system. This makes the establishment of the
uniqueness and global stability of the endemic equilibrium when the effective reproduction
number is greater than one very difficult. Discrete age structured models are regarded as
nonlinear differential equations coupled on transmission networks.

Consider a given population T that can be subdivided on the basis of age into age groups
which are able to interact freely. These ages may vary say, b for under 5 years, c for
between 5 to 49 years and d for above 50 years. Consider further that the age groups
can further be subdivided into subgroups using a specified criteria. For instance, in an
epidemiological setting, these subgroups would consist of susceptibles S, vaccinated V,
exposed E, infected I, recovered R individuals. With regard to transmission dynamics of
a given infection there has to be interaction among the age groups and the subgroups
and transition among the subgroups, which is analogous to the directed oriented paths
in Graph Theory. A graph G can be drawn within age groups and between subgroups,
because of the strong connectivity, which guarantees the existence of an oriented path
between b, ¢ and d. From a given age group, a unicyclic sub-graph can be formed by
adding the infection arcs to the corresponding tree T which is equivalent to the total
population N. Therefore the total number of infections can be considered as a sum over
all the unicyclic graphs representing the interactions.

Motivated by the works of [33] and assuming the aging from one age group to another for
a short term infection, the study adapts a discrete age structured SVEIR epidemic model
to analyze EVD data from the Democratic Republic of Congo and examine the effects of
vaccination for children under 5 years. The paper is organized as follows; in section 2 the
discrete age structured SVEIR model is developed and the effective reproduction number
derived. In section 3, the global stability of the endemic equilibrium is discussed. In sec-
tion 4, a model with three age groups is developed to analyze the impact of vaccination
on the various age groups.

2  Description and Formulation of the Model

In this section, a general model is developed that subdivides the human population into
classes of susceptible S(t) , vaccinated V(t), exposed E(t), infected I(t) and recovered
R(t) with variations in respect to age. The susceptible population is recruited at the rate
A and are vaccinated at the rate «, infected individuals die as a result of infection at the
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rate 0 and recover at the rate 7, vaccinated individuals can also recover at the rate 0
and natural death occurs in all classes at the rate p. The total population is given by;

N(t) = Sk(t) + Vi(t) + Ex(t) + Lu(t) + Ri(t),k = 1,2, ....n (1)

The system of differential equations describing the dynamics of the model is as follows;

dS;, =
I = Ag— Z Bk] (g + ) Sk (2)
dV; r Vil
= oSk - Zﬁkj N et Or) Vi
dE “ S , Vil
— = Dbty Zﬁm = — (e + ) By
=1
dl
d_tk = YLk — (g + 6 + i) I,
dR
d_tk = mply + 0k Vi — e Ry,
k=1,2,....n

and takes the initial condition;
S(to) = 5(0),V(to) = V(0), E(to) = E(0), I(to) = 1(0), R(to) = R(0);to =0

where Sy, Vi, By, I, R, denote the k' population segregated in terms of age that are
susceptible, vaccinated, exposed, infected and recovered respectively.

3 Qualitative Analysis of the Model

3.1 Positivity and boundedness of Solutions

Since the model describes human population, the state variables of model (1) can be
shown to be non-negative and ultimately bounded in I'(R®). Therefore, the model is
biologically meaningful and mathematically well posed.

3.2 The Effective Reproduction Ratio and Equilibrium

Definition 3.1. The Effective reproduction number (R,) is the average number of sec-
ondary infections due to a single infectious individual introduced in a fully susceptible
population over the course of the infectious period in which vaccination is introduced as
an intervention measure. If R, <1 it means that on average, an infected individual pro-
duces less than one new infected individual while R, > 1 means each infected individual
produces more than one new infection on average.
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R, for model (2) is determined by the method of next generation matrix approach
[28] and is given by;

_ 11 (B S+ B Vi) )
Ry ( N(Nk+'7k)(#k+gk+7rk) (3)

3.3 The Endemic Equilibrium (EE)

This is a state where the disease persists in a given population.

Proposition 3.1. The endemic equilibrium E* (S}, V.5, E* I}, R}) of system (2) exists
whenever R, > 1.

Proof. To prove the existence of the endemic equilibrium, it is shown that % > 0 when-
ever R, > 1. From equation (4) of system (2);

dl
d_tk = By — (e + 0x + i) Iy (4)

but from equation (3) of system (2),

n

. (BrjSk + Bri Vi) L;
Be=D N (e + ) ©)

j=1
Therefore substituting for Ej equation (5) into equation (4) yields,

Ve (Brj Sk + B Vie) I
N (pr + k)

_(Mk+(5k+7rk)jk>0 (6)

Simplifying equation (6) using equation (3) gives;

(Ry — 1)L, > 0 (7)

Theoretically, if R, < 1 the disease dies out and if R, > 1, then the disease persists
in a given population.

3.4 Global Stability of the Endemic Equilibrium

In this section results from [15] and [25] are reviewed to study the stability analysis of
system (2).

Definition 3.2. Let B = (Skj)nxn be a real matriz. If By; are non-negative for all k and
J, then B is called a non-negative matriz. If B and F = (fij)nxn are both non-negative,
then B —F >0 if and only if Br; > fi; for all k and j.
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Definition 3.3. Let B = (Bij)nxn be a non-negative matriz. If B satisfies one of the
following properties, then B is called reducible.

(i) n=1 and B=10

(ii) n > 2, there exists a permutation matriz Q , such that; QBQT

By 0
By Bs
where B, and Bs are square matrices and QT is the transpose of matriz Q. Oth-

erwise, B is called irreducible.

Consider the linear system Bv = 0, where;

Zlﬂ Bll —321_ ........... _§n1
B _512 217&2 6% ............. —Bng
B = : 3 : : :
e i Bt

and B;; > 0. Let L = G(B) be the laplacian matrix of the directed graph G(B) associated
to matrix B. The matrix B = f8;; and B! = B,ij codes patterns of interaction and trans-
mission among groups that are built into the model. A directed graph L = G(B)(G(B*'))
whose vertex k represents the k" group, k=1,2,....,n associated to B(B') = f; (6,;]-) can
be constructed with vertices 1,2,....,n and a directed arc (k,j) from k to j, if and only if
Bkj(ﬁ,;j) > 0. Since matrix B(B') is irreducible then G(B)(G(B')) is strongly connected,
this implies that any two distinct vertices are joined by an oriented path. Biologically, any
two age groups k and j have an indirect or direct transmission route which is analogous
to the oriented path.

Lemma 3.1. [1/
If B is non-negative and irreducible, then;

(1) The spectral radius p(B) is a simple eigenvalue of B and B has a positive eigenvector
w = (wy, Wy, ....,w,) corresponding to p(B) .

(2)If B < F, then p(B) < p(F) and furthermore, if B < F and B+ F is irreducible,
then p(B) < p(F).

(3)If F is a diagonal and positive matriz, then BF' is irreducible.

Lemma 3.2. [12]
If matrix B is irreducible and n > 2, then the following properties hold.
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(1) The solution of the linear system Buv =0 is the space of dimension 1, with a basis

{(1)1,?}27 ..... ,Un)} = {(CH,CQQ,....Cnn)}
where Cy; is the cofactor of the i diagonal entry of matriz B, i =1,2,...,n.

(2) Forall 1<i<n
Cii = Z Hﬁki

TEeT;(kj)eE(T)
and Cy > 0 where T; is the set of all spanning subtrees of vertices of G(B) that are
rooted at vertex i and E(T) is the set of all arcs of directed tree T.

Proof. See [12] for the proof. O

Lemma 3.3. Let yi,yo, -+ ,yn be an n—tuple. Then VFET=Fn > /gy y,
Proof. Suppose n = 2, then there are only two terms y;,y2 so that

Y1+ Y2

9 > \VY1Y2

Y1 + Y2 > 23/Y1Y2
(y1 + v2)* > 4y19s (8)
Yt + 2y1y2 + Y > 4y1ys
i+ s — 25192 > 0
2192 — Y7 — y3 <0

Now, by induction on the number of terms, the Lemma holds. O

Proposition 3.2. Suppose B = (Bj;)nxn s irreducible and Ry > 1, and assume that;
Sk + (e + 0k)Vie — (e + %) Ex > 0 9)

then system 2 is uniformly persistent and there exists an endemic equilibrium E* and it
is globally asymptotically stable in T'(R).

Proof. Let vy, ....,v,, be a basis for system (2), Bv = 0 as defined in lemma (3.2).

Consider the following Lyapunov function;

EfinE
B

Ty A

- S*InS VEInV

I,jln[}
‘/k*

I

Computing the derivatives of F with respect to t along solutions of system (2) gives;
dF & Sy.dS Ve dV, E; dE
=Y ufa-P T -T2

dt S, V. dt B,

dt

e + Ve I\ dI,
1-k) =21 (1
e (B e L)
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7
Substituting the first four terms of system (2) into equation (10)
dF & /BkjSk‘
= ngk{( Z — (e + o) S}
Vi @;Vk j  BigSkly | o B Vil
1— k _ J 1 — Zk RIZR7T 2l (11>
+ (1= )i Z ) E)(Z EREOIE
_|._
— (e + ) i + (Mk% )1 - —){%Ek = (e + 01 + Wk)[k}}
Expanding equation (11) yields;
dr < e S;? Sy
a f LS — : 0,V — 0
o ;Uk{,uksk oSk S, + Sy + (ke + 0x)Vi' — (1 + Or) S,
* * * Vk’*QSk?
+ (e + OV — (e + 0) Vi + (e + 0)Vie + (e + 0) Vi — (s + 0) V5
k
~ BriSil; 51<;]Vk 5@52 Ig* »6kgvk] S
+ ()T
Q=R 2 Z Z
" BkiSil O B ViR SkI: B, Vil BriSi (12)
kiRt _ kjiVi Pkij kiVk B kj k
Py Z VSN T Z Z
Jj=1 j=1 ]:1
+ Z k] Z j Z kJN J)
i=1 i=1 i=1
+ B} + .
BT ot S )T — ()t TR 5 Wk)fk}
Yk Iy Vi
Factorizing equation (12) yields;
dF < S Sy I  Sil;E;
- = S — ZX _Zk 2 _
i ;“’“{“’“ - g) ]2_: "ot srm
Bk] Vil Sy I, Vil;  WiIE}
; N Sy ' VL VT By
| % Vi E; I
Sp(1 — -k 0 V; 0,) Ep(ok — Tk }
Sl = o) (e ) Vie (1 = Vk) (ke + 6k) k<Ek [k)
Using the relation 2 — S* — g—: < 0 from lemma (3.3) for all Sy > 0 and assumption (9)

gives;
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= sk I:  S;IE, "
& N Sk Sy vy I; -V LE
Equation (14) can be expressed as;
dF & Bri SiI; S S I, E; LB}
==Y ud L= G i) + (g = )~ Ingip]
dt ]; ; N Se S I By ;B )
" B Vil Se S I Vi, Vil,E:
+) - ) - g )
; N Sr Sy Ve VLE, }
dF & “~ B Sil; Si Sy I; Ef LE;
— = SERT (1= 2R Sy 4 (2L - In
al ;vk{j21 N0 = 5+ g + (5 - I*Ek] .
, 16
B I; I; Vi E} Vi.E}
L1 - 2+ ind) + (g - 2) - It
j=1 N Ij Ij Vi Ly, Vi Ek
BiSil; I, E; I.E*
<Y {Z N S
I B I'Ey,
k=1 j=1 J (17)
iﬁkjv;c J —ﬂ)—l szE*]}
Ve B V:Ey,

=1

Equation (17) can be written as;
dF &
% = ka{Ml + MQ}
k=1
where;
1= ) 7 Tr T
N g Ek ~ N W B

and

LRl féiw%‘&”f{z e
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9
‘fi—f = 0 holds if and only if; M; =0 and M, = 0.
M; = 0 implies that;
* * E 1
E, =aFE;
e (18)
Substituting equation (18) in the second equation of system 2 gives;
" B,.aVil;
Oszk — % — (,LLk + Hk)Vk (19)
j=1

Comparing equation (19) with the second equation of system (2), the two equations are
equal if and only if a = 1. Therefore Sy = S;, Vi, =V, By = Ej, Iy = I}, Ry = R, Tt
follows from Bv = 0 and Bv! = 0, that;

n n
/ /
D Bvi =Y Btk Y Brvi = > Brivi
7j=1 =1

To show that M, = 0 that is;

Zn: B Sty (ln]jEZ) n B Vi I3 (In Vi.Ey,

=0

J=1

holds. By lemma (3.2), {vi,vq,..v,} = {Ci1,Ca2, ..., Cppn}. Consequently each term in
kakj is a product of n Bij whose sub indices define transformations and are represented
by directed arcs in a unicyclic graph Q.

v, = Cp represents the sum of all rooted spanning directed subtrees T of G of vertex
k. The directed arc from a vertex k to j forms a unicyclic subgraph Q of G. Therefore
each term kakj represets the weights of a unicyclic subgraph. The double sum in M, is
considered as the sum over all arcs in the cycle of all unicyclic subgraphs.

M, = Zw(@) Z ln%

Q TeTi(kj)eE(CQ)

LB
= Zw(Q)‘ln(HTeTi(kz]’)eE(CQ)ﬁ)
Q ik

and
LE;

=1
[ E,

Urer,(kj)eE(cQ)
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Therefore; ,

B . ) Vi E: .
ln(HTeTi(kj)eE(cQ)é—E’Z) = 0. This as well applies to, ln(HTeTi(kj)eE(cQ)ﬁ) = (. Since
M; and M, = 0, it therefore follows that the only compact invariant subset of the

dF _

set where %~ = 0 is the singleton E*. By the La Salle’s invariance principle [18], E* is

globally stable in I'. Theoretically, this implies persistence of the disease in the population.
O

4 Application to Ebola Virus Disease

For the previous EVD outbreaks, children younger than 5 years accounted for 15% of all
Ebola cases and was associated with shorter incubation period, relative high risk of death
and rapid progression to death [20]. This highlights the importance of including children
not only as case contacts but also consider them for the vaccination program against
the disease. In this section, the study shows the applicability of the main theoretical
results. Moreover, effects of vaccination and age on the transmission dynamics of EVD
are discussed. Consider the system with n = 3, structured according to age under 5 years
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(group 1), above 5 -49 years (group 2) and above 50 years (group 3).:
ds c1;511
d_tl = (I-p—9)A Zﬁl 22— (i + o) Sy (20)

dV/ c1,;Vil;
d_tl = a5 — Zﬁl CAE — (m +6)V;

@ _ Z 51@;51 Z 5101]‘/1 (1 +m1)

dt

% = mE — (u+ 6 +m)L

% = mhL+6Vi — Ry

dd_% — ¢A—i%—(ﬂz+a2)&

% = 9SSy — Z ﬁ2czjv2 — (p2 + 02) V3

% _ Z 6202]52 Z 52023‘/2 (2 + 72) Es
% = yoFy — (g + 09 + m2) 15

% = moly + 0:Vo — po Ry

dd_St?’ = pA—i%—(us—F%)&a

dV- c3;V3l;
d—tg = 0435’3—Zﬁ3 873 (M3+93)‘/3

dbs 5303353 53033‘/3

yl Z Z (113 +78) B
dl

d—tg = *73E3 — (Mg + 53 + 7T3)13

dR

d_tg mgls + 03V — 3R

where [i; = Brcrj, Br is the probability of transmission between a susceptible individual
in age group k with an infected individual and c; is the average number of contacts from
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individuals in age groups j with individuals in age group k. Other parameters have the
same meaning like in the general model.

4.1 Numerical values and Analysis

Matlab software was used to illustrate the numerical results describing the theoretical
results for system (2). The parameters used in the simulation are either obtained from
literature or estimated. The parameter values have been varied to better understand the
impacts vaccination has on different age groups.

Table 1: Parameter values used in simulation

Parameters Description Range Source
N Population size 230,000 Estimated
b1 Infection rate 0.1680 x 107 Varies
B Infection rate 0.5154 x 10~ Varies
Bs Infection rate 0.2857 x 10711 Varies
0 Recovery rate foe vaccinated 0.8 Varies
T Recovery rate of the infected 0.9 Estimated
i Natural death rate 0, 1]day ™! [23]

) Disease induced death rate [0.5|day ™ 9]
a Vaccination rate 0.18(0.16-0.202) Varies
% Incubation period 1 week

5000

Recovered Individuals

o 10 20 30 40 50 80 70 B8O 90 100
Time in days

Figure 1: Graph of recoveries for age group under 5 years (R;) in absence of Vaccination
(a=0) and (a = 0.5 for ages above 5 to 49 years (Ry) and above 50 (R3))

Vaccination for children under 5 years has not been explored for the previous Ebola
outbreaks, however a Mvabea 2 dose vaccine regimen is declared safe for children from 1
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year old. Figure (1) illustrates how recoveries of children below 5 years would be in the
absence of vaccination. The previous lack of vaccination as an intervention strategy for
this age group might have been the reason for the high case fatalities as compared to other
age groups, since at the onset of the infection the clinical symptoms of EVD are similar to
those of other childhood infections. This together with the rapid disease progression are
the causes of high fatality rates. Like most other vaccines, the Ebola vaccine is designed
to spur the body into virus fighting action before an Ebola infection [29]. The aim is to
make the body produce more antibodies so that it is not caught off guard. For a non-
vaccinated individual the body’s antibody production system is not fast enough to keep
up with the spread of Ebola which in about two days after the attack, thousands of new
Ebola viruses burst from each infected cell and pour into the blood stream and speed
throughout the body causing tissues to rapture, therefore the body must be prepared
with a lot of antibodies to counteract and neutralize this reaction.

1000

81=b

200

sa=r | |

800

700

800

Susceptible Individuals

500

400 —k
o

300
10 20 30 <40 50 80 7O 80 20 100

Time in days

Figure 2: Impact of Vaccination at a = 0.5. on Susceptibles ()

Vaccination reduces the susceptibility of individuals in the age group under 5 years as
compared to those above 50, this can be observed in figure 2. This is a clear indication that
vaccinating this age group has an impact in reducing the infection rates and case fatalities.
The immunity response of children under 5 is high as compared to individuals above 50
years. An elderly individual is more susceptible to infections as compared to a newly born
who is receiving maternal antibodies with mother milk. An individuals susceptibility to
a certain infection drops significantly depending on the vaccine efficacy and age of an
individual. Vaccination as for the case of Ebola does not necessarily prevent one from
acquiring a disease but should rather be combined with other intervention measures,
especially for those above 50 years whose immunity is declining.
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Infected Individuals

s 10 1
Time in days

Figure 3: Impact of Vaccination on Infected group 1

Infected Individuals

ooooo

Figure 4: Impact of Vaccination on Infected group 2

From figure (3) and figure (4) it can be deduced that the higher the rate of vaccination
the lower the number of infections to age groups 1 and 2. This indicates that to reduce
the number of EVD infections, vaccination rate should be near perfect, i.e the target
population should be vaccinated at nearly 100%.

In figure (5), it is evident that when vaccination is done at the rate a = 0.5, the exposed
population converges to disease free equilibrium after some given time.
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80

60

40

Exposed Individuals

20

=20
o 10 20 30 <40 50 80 7O 80 20 100

Time in days

Figure 5: Impact of Vaccination to the Exposed population ages (o = 0.5)

4.2 Discussion

EVD is a disease that causes a great economic impact and has caused significant disease
mortality among children under 5 years. Following its recurrence especially in the DRC
the WHO suggests the need to include children under 5 years as case contacts. Due to
the severity of the disease among children below 5 years and development of a vaccine
that is safe for this population, it is important to consider vaccinating this age group
to reduce disease mortality. The numerical simulation of a discrete age case scenario
demonstrates that vaccination of children under 5 years against EVD has a great impact
in reducing their susceptibility because of the active immune system as compared to the
older people who may have weak immunity and therefore response to vaccine immunity
is poor. The simulation results also indicate that with effective vaccination a = 0.5 —0.9
the exposed population drop to nearly zero after some given number of days that is, they
tend to the disease free equilibrium. In the past EVD outbreaks, EVD in children under
5 years was associated with high mortality rates. This is as well demonstrated from the
obtained results and implies that children less 5 years should as well be considered for
a vaccination program in the fight against EVD. For the older generation, vaccination is
not very effective in reducing their susceptibility.
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