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Abstract

This paper provides an exact characterisation of the zeroes of the Riemann zeta function. The charac-
terisation is based on a theorem about random vectors, which says that under some conditions, if a vector
is always in the convex hull of the conditional expectations corresponding to any two mutually exclusive

and exhaustive events, then the unconditional expectation of the random vector is equal to that vector.
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1 Introduction

In this paper, we show a characterisation of the zeroes of the Riemann zeta function (Riemann [1859],Stein and
Shakarchi [2010]). The characterisation is fairly abstract and proves a known result regarding the zero free region,
for which the prime factor characterisation of the Riemann zeta function yields proof. Our methods differ given our
expectations based characterisation and further applies also to the critical region. Hence, this may be applied to the
study of zeroes, possibly allowing us to prove propositions concerning the Riemann Hypothesis. Another result in the
paper allows us to study topological properties, suggesting observations that would be consistent with the Riemann
Hypothesis i.e. nowhere denseness of the set of zeroes. Prior propositions and dissimilar perspectives concerning this
problem may be found in Conrey [2003], Lagarias [2002], Bump et al. [2000], Platt and Trudgian [2021] and Borwein
et al. [2008]. Lastly, we find that the behaviour of the sequence {In(#n)},cz+ as studied here has a curious similarity

(though unrelated) with the study of uniform distribution of sequences (Kuipers and Niederreiter [2012]).

2 Riemann Hypothesis

We study the Riemann zeta function (Riemann [1859],Stein and Shakarchi [2010]), by defining it explicitly as a function
on a subset S C IR?, mapping into R?. Namely, we define the set S as

S={(o,t)eR*:0€(0,1);t =0} (1)

corresponding to the space of all complex numbers, whose real part is in (0,1). The space of all complex numbers is
itself, of course, identified with the space IR?. For any given s = (0,t) € R?, we interpret o as the real part and t as the

imaginary part.

We now recall some definitions about complex numbers regarding addition, multiplication and exponentiation of
complex numbers (Artin [1991],Stein and Shakarchi [2010]). Addition is defined simply as vector addition in R? i.e. if

we have points s = (0,t) and s’ = (07,¢’) in R?, then s+5s’ = (¢ + ¢/, ¢ + t’). Multiplication, as defined, incorporates the
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assimilation of the arithmetic of real numbers with i, using the fact that i2 = —1. Hence, sxs’ := (00’ — tt’,ot’ + to”).

Exponentiation, by applying Euler’s formula (Stein and Shakarchi [2010]), gives the following expression
e® := e (cos(t),sin(t)), (2)

in which ¢* € R? is the vector defined by multiplying the scalar e¢” with the vector (cos(t),sin(t)) € R?. Further,
(cos(t),sin(t)) also belongs to the unit circle in R?. By now applying this expression for exponentiation, we obtain
that for any positive integer n > 1, and s = (o, t), we have that

% = eI (cos(~t1In(n)), sin(~tIn(n))). (3)

2.1 The Riemann Hypothesis and the expectation of a random vector
The Riemann zeta function is defined as the function ¢ : S — R?,
_1)n+1

C(s)::Z(l— 1 )><(

1-s
n=1 2

e 4
Now, we think of the set of all positive integers Z* as a measurable space (Royden and Fitzpatrick [1988],Billingsley
[2008]) with the power set sigma-field i.e. (Z+,2z+). For any point s € R?, we define the measurable function X :
7" — R? and measure j; : 2Z" 5 [0,00] as

Xs(n) = (—l)"+1 [(1 - 211_5 ) % (cos(—tIn(n)),sin(—t1n(n)))|, (5)
and
ps(E)i= ) emotn() (6)
nekE
respectively.

Hence, it is apparent from the definition of X; and pg above, that ((s) = E,, [X;] and that hence C(s) # 0 if and only
if B, [Xs] # 0, denoting [E,, as the expectation operator corresponding to the measure y;, defined in this context as
follows : for any measure p, the operator [E, is defined as any linear function (Royden and Fitzpatrick [1988],Narici
and Beckenstein [2010]) E, : [ x[* — R? such that

Eu(X)= ) u({nhX(n), (7)

neZ*

if it is true that the partial sums Y " | u({n})X(n) converge for the given X € I*® x *. For a subset E C Z", the expecta-
tion over the set E is given by [E,[IgX].

We first prove a proposition that would lead to the characterisation. The proposition is about convergent infinite
series in RY. For points s,s” € R?, we define the line joining the points as < s,s” >:= {05+ (1 —0)s’ : 6 € R} and define
<s>:i=<s5,0>.

Proposition 2.1. Suppose that {x;,},-1 C RY such that there exist n,m € Z* with
Xy E< Xy > (8)

Further, suppose that ) ,cz., X, exists. Then, we have that Yy .7, x, # 0 if and only if there exists m € Z* such that

Oe<y M (X, X2 g Xn >


pathi
Highlight

pathi
Highlight

pathi
Highlight


Proof. We first prove the ”if” part of the proposition. Suppose that it is true that there exists m € IN such that 0 ¢<

T Xy L s 1 Xn > Suppose, for contradiction ) ez, X, = 0. Then, we have

Hence, 0 €< ):;”:1 Xy 2 x;, >, which is a contradiction.

(o)
n=m+1
We next prove the only if part of the proposition. Suppose that ), x;,, # 0. Define,

m:=min{m’: x,, €< Z X, >). (10)
neZ+

The condition that is given by 8 shows that m is well-defined. By definition, we have for m that

ixn Z< an>, (11)

n=1 neZ+
This also means that Y " ; x, # 0 and hence from the above conclusion, we have that }' 7>, x,, # 0 and that
m
Z Xy €< an>, (12)
neZ+ n=1
Suppose, for contradiction that 0 e< ¥ | x,,, Y > | x, >. Then, we have that } >° , x, €<} " | x,, >. This would

then mean that

m (o) m
X + X, €< Xy >, (13)
2wt ) wmes)

n=1 n=m+1 n=1
3 : m e
which contradicts 12. Hence, 0 €<} 7" x,, ¥ 070 1 %, > O
We prove the following main proposition about the function C.

Proposition 2.2. Supposes € S. Then, C(s) = 0if and only if for each subset E C Z*, we have that 0 €< By, [ X], B, [Iz+\gXs] >.

Proof. The proof follows from Proposition 2.1. O

We state an application of the above proposition. For each m € Z., define the functions C,,, : S — R? and {_,, : S —
R? as

m 1 (_1)ﬂ+1
Cmls) = ;u ) X (14)
0 1 (_1)n+1
Comls) = ZI“‘F)XT' (15)
n=m+

Hence, for each s € S, we have the vectors C,,(s) = (Cp,,1(5), Cy,2(s)) € R? and C_,,(s) = (Com,1(5),Comy2(9)) € R2. By
applying Heron’s formula (Heath [1921]), one may define the function F;,: S — R as

Fp(s) := 4(Cy2n,1 (s)+ C;,Q(S))(sz,l (s)+ szlz(s)) - (Ci,l (s)+ Cﬁllz(s)

+C2, ()4 €2, 2() = (€1 (5) = T 1(8))% = (Com 2(8) = T 2())%) (16)
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From Proposition 2.2, we have that C(s) = 0, if and only if F,,(s) = 0, for each m € Z,. Hence, since F,(s) > 0, we have
that if C(s) = 0, then s € argming g F;,(s’), for each m € Z, . Hence, if {(s) = 0, one obtains that V¢ F,,(s) = 0, for each
meZ,.

The expectation operator defined previously also leads to another characterisation of the zeroes of the Riemann zeta
function. Let 3={s € S:{(s) = 0} and M = {(X, p) € I* xI* : [E,(X) = 0}. Then, M is nowhere dense (Oxtoby [1980])
in [%° x I*°, with the topology of pointwise convergence. Further, the map f : S — [® x[* defined by f(s) = (X, us)
is continuous (Dugundji [1966]). The next proposition characterises the behaviour of the zeroes of the Riemann zeta

function on compact subsets of S.

Proposition 2.3. Let S’ C S be a compact subset of S. Suppose f(S’)NM is nowehere dense in the subspace topology generated
by f(S’). Then, S’ N3 is nowhere dense in S’. Hence, if i is a category measure on S’, it follows that (S’ N3) = 0.

Proof. By definition of f, we have that f~1(f(S’)NnM) = S’ N'3. Suppose for contradiction, S’ N3 is not nowhere dense.
Then, this means that int(cl(S’N3)) = 0. Hence, int(cl(f "1 (f(S’)NM))) = 0. Since S’ is compact, the map f|s- is an open
map from S’ to f(S’), with the subspace topology on f(S’). Hence, the set f(int(cl(f~1(f(S’) N M)))) is an open set in
f(S’). However, observe that f(int(cl(f ™! (f(S") N MN)))) € f(cl(F 71 (F(S") N M) € F(fH(el(fF(S") N M) S cl(F(S)) N

(the second inclusion follows since f is continuous). This is a contradiction, since we have that int(cl(f(S")NnM)) =0. O

The Riemann zeta function, for values ¢ > 1, is given by the infinite sum

o=y - (17)

n>1

In the next proposition, applying the perspectives presented above involving the expectations operator, we may show

a proposition previously known, for the Riemann zeta function on this domain.

Proposition 2.4. For s = (o,t) such that o > 2, we have that C(s) # 0.

Proof. Define, on the set of positive integers, the probability measure us({n}) := % and the random variable
Xs(n) = (cos(—tIn(n)),sin(—tIn(n))). Note that -
() = e (18)
P T (my

1
> 19
1+ Y s (1/m)? 49

1
—— 20
T T L (1727 20
= 1/2 (21)

for the value n = 1, and we have that X({1}) = (1,0) as In(1) = 0. Suppose, for contradiction that {(s) = 0. Then, for
the set E = {1}, we have that IE]/IS[XS] = l"s(E)]Eys [XIE]+ (1 - /AS(E))]E]AS[XS|Z+\E] =0. Let a = ps(E), x = Ey, [X;|E] and
z=E, [Xs|Z*\E]. Since a > 1/2, x =(1,0) and z = (21, 0) such that z; € [-1,1], we have that ax + (1 — a)z = 0, which is a

contradiction. O

3 Conclusion

In this paper, we proved a theorem that yields a characterisation of the zeroes of the Riemann zeta function based on
observations about zero expectation random vectors. This presents a new angle to the problem of characterising zeroes

and may offer new perspectives on the Riemann Hypothesis.


pathi
Highlight

pathi
Highlight

pathi
Highlight


References
Michael Artin. Algebra. Pearson College Division, 1991.
Patrick Billingsley. Probability and measure. John Wiley & Sons, 2008.

Peter Borwein, Stephen Choi, Brendan Rooney, and Andrea Weirathmueller. The Riemann hypothesis: a resource for the

afficionado and virtuoso alike. Springer, 2008.

Daniel Bump, Kwok-Kwong Choi, Par Kurlberg, and Jeffrey Vaaler. A local riemann hypothesis, i. Mathematische
Zeitschrift, 233(1):1-18, 2000.

J Brian Conrey. The riemann hypothesis. Notices of the AMS, 50(3):341-353, 2003.

James Dugundji. Topology. Allyn and Bacon, 5:95, 1966.

Thomas Little Heath. A history of Greek mathematics, volume 1. Clarendon Press, 1921.

Lauwerens Kuipers and Harald Niederreiter. Uniform distribution of sequences. Courier Corporation, 2012.

Jeffrey C Lagarias. An elementary problem equivalent to the riemann hypothesis. The American Mathematical Monthly,
109(6):534-543, 2002.

Lawrence Narici and Edward Beckenstein. Topological vector spaces. Chapman and Hall/CRC, 2010.
John C Oxtoby. Measure and category. Graduate texts in mathematics, 1980.

Dave Platt and Tim Trudgian. The riemann hypothesis is true up to 3- 10 12. Bulletin of the London Mathematical Society,
53(3):792-797, 2021.

Bernhard Riemann. On the number of primes less than a given magnitude. Monatsberichte der Berliner Akademie, pages
1-10, 1859.

Halsey Lawrence Royden and Patrick Fitzpatrick. Real analysis, volume 32. Macmillan New York, 1988.

Elias M Stein and Rami Shakarchi. Complex analysis, volume 2. Princeton University Press, 2010.


pathi
Highlight


