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APPROPRIATE DESCRIPTION OF PROBABILITY DISTRIBUTION OF
PROSTRATE SPECIFIC ANTIGEN (PSA): AN AID TO EARLY DETECTION OF
PROSTRATE CANCER

Abstract

Prostrate cancer has been observed to be a worrisome ailment among adult males.across the
globe over some decades. Just like any other ailment, its early detection and treatment gives the
patient a better chance of survival. Measuring the Prostrate specific antigen (PSA) of the patients
at specified intervals is one of the techniques of detecting the onset of prostrate cancer. This
paper attempts to obtain the most appropriate probability distribution of prostrate specific
antigens (PSA) that gives the best estimates of the parameters: of the distribution. The age
specific probabilities of patients with PSA>4.0ng/ml were calculated. The results show that the
most appropriate distribution among the distributions fitted is the Burr distribution. The
probability of observing a PSA greater than 4.0 ng/ml in adult males above the age of 45 years
was seen to be moderately high (0.68) with an.average PSA 0f 18.665 ng/ml. The results also
show that PSA of 60.0 ng/ml and above were exceptional cases that require urgent attention. It
was observed that men whose ages are between 60 and.80 years have higher chances of having
PSA values greater 4.0ng/ml with men between 60 and 75 years having the highest chances.
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1. Introduction

One of the characteristics of living.things is growth. [1] defined growth as the division and
enlargement of cells. Gene is responsible for the control of the growth of this cell. When these
genes are affected by .some factors which disturb its proper functioning, it loses control to
regulate cell growth and therefore allows cells to grow awkwardly which endangers its
surrounding. This mutation of genes, regulating cell proliferation is called CANCER [2].

[3] defined cancer as a group of diseases that causes cells in the body to change and grow out of
control, in other words, a growth disorder of cells. It starts when an apparently normal cell grows
uncontrollably and invasively, resulting to a cluster of cells (lump) called tumour, mostly move
or metastases to distance site [2]. Cancer is named after the part of the body where the tumour
originated, for instance prostate cancer, breast cancer, etc.

According to [4], National Cancer Institute (NCI) defined Prostate cancer as the cancer formed
in the tissues of the prostate. In human being, the prostate gland which is about the size of a golf
ball and spongy in texture is located at the base of the bladder, and it holds the fusion of the
ejaculatory duct with the urethra from the urinary bladder [2]. It secretes an alkaline fluid in the
semen that neutralises the acids in the female reproductive system, [1]. The most common type
of prostate cancer is Adenocarcinomas. Other types include Small Cell Carcinomas,



Neuroendocrine tumors, Transitional Cell Carcinomas and Sarcomas (American Cancer
Society).

Some other risk factors that predispose a male child to suffer from prostate cancer during his life
time include: excessive drinking of alcohol, smoking, heredity, genetic changes, occupation,
obesity, prostatitis, vasectomy [5]. It has been hypothesized that androgenic hormones play a role
in its pathogenesis due to the fact that men with 5-alpha reductase deficiency do not develop
prostate cancer [6].

The world is saddened with the rising incidence of Prostate Cancer. An estimated 913000 men
were diagnosed of Prostate Cancer worldwide in 2008 and developed countries had more than
two-third of these cases [7]. In Nigeria, Prostate Cancer was the most common cancer among
men with about 21.7 percent from Ibadan Cancer Registry (IBCR) report and 28 percent from
Abuja Cancer Registry (ABCR) report [8].

There are different tests available for early detection of prostate cancer. These include: Prostate
Specific Antigen (PSA) test, Digital Rectal Examination (DRE) test:and Tissue Biopsy. PSA was
discovered in the late 1970s and was introduced as a serum test in.1980 after it was demonstrated
to be related positively to the presence of prostate cancer [9]. PSA is a 34kDa glycoprotein
enzyme produced by the columnar and ductal prostatic epithelial cells of the prostate tissue
which liquidizes the semen. It consists of 240 amino acid residues and 4 sugar chains, and its
half-life in Blood is relatively long, spanning 2.2 — 3.2 days [10]. It circulates at low levels in the
Blood stream where it can be measured. Elevated levels.can occur in men with benign prostatic
hypertrophy (BPH), prostatitis, urinary tract infection; prostatic infarction and prostate cancer. It
has also been observed that, its increase may occur after prostate biopsy, aggressive digital rectal
examination (DRE), ejaculation, -urethral catheterization, physical exercise and other kind of
stimulation [11].

The high plasmatic levels of this PSA (PSA > 4 ng/mL) is used as a biomarker in diagnosing,
staging and monitoring prostate cancer patients [6]. In 1986, the US Food and Drug
Administration approved its use for monitoring men with prostate cancer. Ever since then, serum
PSA with clinical symptoms, digital rectal examination (DRE) and sometimes ultrasound
examination has become the mast ways for screening men of prostate cancer [9]. This threshold
of 4.0 ng/ml was recommended as the level at which a man should undergo prostate biopsy,
though it has a probability of 25% that a man having a PSA of 4.0 ng/ml has prostate cancer
[12]. It.is also worthy of note that PSA of a healthy elderly male with no evidence of prostate
cancer increases by 3.2% annually [13].

The digital rectal examination (DRE) involves the doctor placing a gloved and lubricated finger
inside the rectum of his patient and feels for lumps or abnormal firmness in the prostate gland.
However, men without cancer have also shown an elevated level of PSA. Tissue biopsy seems to
be more effective for diagnosis and confirmation of the presence of prostate cancer. It involves
the removal of a small tissue from the suspected affected region of the disease (prostate) as a
sample for further examination about the suspected disease [14]. It is worthy of note that early
detection of prostate cancer increases the chance of effective treatment.



The effects of biological and medical variables, occasioned by random factors have prolonged
the anticipated solution to prostate cancer, thereby creating more room for research. When events
or factors are random, it is known that deterministic approaches to their studies yield less
accurate results and lack predictive power. This drawback can be circumvented by undertaking
probabilistic approaches to their study. Although, there are great research works on clinical
practises, pathology, diagnosis and management of prostate cancer via its biomarker, the serum
PSA level, some of these research works used descriptive statistics such as tables and chats to
undertake their studies. Others applied statistical tools such as logistic regression, correlation and
ratio for the relationship between PSA and other biological factors. However, research works
that describe the probability distribution of PSA of prostate cancer patients remain uncommon.
Nonetheless, understanding the appropriate probability distribution of PSA will facilitate its
prediction and early dictation of prostate cancer. When the probability distribution of PSA is
known, the probability that a man with a given PSA level has prostrate cancer.can be calculated.

2. Literature Review

Prostate — Specific Antigen (PSA) has been used for prostate cancer detection since 1994 [12]
opined that since the last two decades, the usage of PSA has revolutionized abilities to diagnose,
treat and manage prostate cancer patients which led to.a substantial reduction in the proportion of
men suffering from the metastatic of this disease and also accounted for about 32.5% reduction
in the Age — adjusted prostate cancer mortality rate through 2003.

[15] observed that prostate cancer has a prevalence 0f 1046 per 100, 000 in men over the age of
40 years in Lagos. They observed that the contributing factors include: gaps in awareness and
perception of susceptibility to prostate cancer, and low level of screening which were due to age,
educational level, and income of these men:

[10] observed that “higher levels of PSA were associated with a higher probability of diagnosing
prostate cancer”. Accordingto him, needle biopsies detect prostate cancer in 20% — 30% of cases
with PSA level of 4.1 — 10.0ng/ml and 30% — 50% or more of cases higher than 10.0ng/ml. He
recommended that all cases showing PSA levels of 4.1ng/ml or more be referred to specialist
urologist as well as those showing PSA levels of 4.0ng/ml or less for positive findings on digital
rectal examination (DRE).

[2016] showed that the use of free/total PSA ratio in patients with PSA levels of 4 — 10 ng/ml
enhances the.specificity of PSA screening and decreases the number of unnecessary biopsies.

[17] evaluated the free to total PSA ratio to distinguish between the Benign Prostate Hyperplasia
(BPH). and prostate cancer patients in and around SRM University and found that though they
were diagnosed as BPH and as cancer, using PSA determination, the free to total PSA ratio were
decreased significantly in cancer patients than BPH. They suggested that PSA should be used
more appropriately to distinguish between BPH and prostate cancer and to detect cancer of the
prostate at an early stage.

[18] performed a linear regression to analyse a relationship between PSA fluctuation and other
factors such as Age, PSA, PSA density (PSAD) and prostate volume, and found out that PSA
level was significantly correlated with PSA fluctuation.



[9] used Bayes probability rule to calculate age and serum prostate — specific antigen (PSA) and
specific positive predictive values (PPVs) for prostate cancer. According to him, the PPV was
the conditional probability of having prostate cancer, given a value of PSA and a particular Age
group. He found out that Bayes PPV suggested that in younger men, cut off points defining an
elevated PSA level should be raised rather than lowered as could be seen from the three Aged
groups (50 — 59, 60 — 69, and 70 — 79 years).

3. METHODOLOGY

The methods employed in this study are: (i) using histogram and probability plots to identify the
probability distributions similar to the empirical distribution; (ii) comparison of the empirical
cumulative density function with theoretical cumulative density functionof seme. identified
probability distribution functions with similar shapes and (iii) test of goodness of fit of the
empirical data using Kolmogorov —Smirnov (K-S) test.

3.1 Data Collection

The data used for this study are secondary data, collected from unpublished record of one
hundred and two (102) patients’ case files from Jone’s. Medical Centre, Owerri; a specialist
hospital for the treatment and management of Prostate Cancer. The variable of interest was the
Prostate-Specific Antigen (PSA in ng/ml) of the patients.

3.2 Empirical Cumulative Distribution Function (ECDF)

Let a given random sample of size n be x;,x;,..;x, and let x(y) < x(p) <+ < x(y)be the
ordered statistics. Suppose that the distribution of X"is F(x), then, the empirical cumulative
distribution function (ECDF) is Fy(x).as defined by {19]:

F.(x)=P(X <x) (3.1)
P(X <x) = Xing X (3.2)
where,

X;= number of observations less than or equal to x.
n= total number of observations.
3.3 Determination of Age Specific Probabilities

Age specific probabilities are helpful in determining the age group in which an abnormal
condition has a higher chance of occurring.

Let X denote the event that a patient’s PSA is greater than 4.0.

Let Z, denote the number of PSA>4.0 ng/ml in age group i;

Let n be the total number of PSA>4.0ng/ml in the sample; then, the probability that
PSA>4.0ng/ml in age group i is given by



P(X >4.0)= %
(3.3
3.4 Kolmogorov — Smirnov Test

According to [19], Kolmogorov — Smirnov test statistic is based on measuring the vertical
difference between the empirical cumulative distribution function of the sampled data F,(x) and
the hypothesised theoretical probability distribution F(x).

Let,

D,=d,(X, ... X,)=sup[F,(x) - F(x)] (3.4)

—00<X<0

The test statistic is given as,

K, =~/nsup[F, (x) = F, (x)], (3.5)

—00<X<00

where, F,(x) is the theoretical probability distribution stated under the null hypothesis.

3.4.1 Test of Hypothesis

The following set of hypotheses is tested:

Ho: The PSA data fit the stated probability distribution.

H;: The PSA data do not fit the stated probability distribution.

3.4.2 Decision rule:

The null hypothesis Hp would berejected if p—value is less than 0.05 at 5% level of significance,
otherwise the null hypothesis would not be rejected. Among the theoretical distributions, the
distribution with the highest p—value would be considered the most appropriate distribution that
fits the PSA data. On the other hand, reject H, if and only if K > K, , where, K __ is the

tabulated value of Kelmogorov-Smirnov statistic.

l-a?

3.4.3 Burr Distribution

Let X be a positive random variable having Burr distribution, the probability density function is
given by [20]:

kex* T+ x°) " x>0 (3.6)
where k and c are shape parameters.

According to [20], the maximum likelihood estimators of k and c¢ can be obtained by solving the
following equations numerically,



Kse——mm (3.7
> In(+x7)
and
n n n n xig In(x;)
T+Zi:1ln(xi)— _—+1 ZH 2 =0 (3.8)
c > I+ x 1+ x°

3.4.4 Gamma Distribution

Suppose X;,X,,..., X, are random sample of size n from a population that. is a Gamma
distribution, the probability density function (PDF) is defined by [21] and [22] as:

X

e, x>0, 8>0 (3.9)

a-1

X

pI(a)

f(x|a,pB)=

Where:
a = shape parameter;
B = scale parameter.

The maximum likelihood estimators of o and- S are as.given in [22]:

" oy X
a=—c; e (3.10)
nZi=1 X; In(x;) - Zi:l 5 Zi:lln(xi)

'é = niz[nzrﬂ X In 4 N Zin=1 Xi Z::lln Xi] (3'11)

3.4.5 Weibull Distribution

Considering-the Weibull probability density function (pdf) given by [23] and [24]:
g1 (x\P
fx(x)=£[5j eU L a>0,8>0 x>0 (3.12)
a\ &

where £ is the shape parameter and « is the scale parameter.

Thus, the maximum likelihood estimators of the scale and shape parameters of a Weibull
distribution are given as in [25]:

a’ = %Zi”zle (3.13)



Py

where n is the sample size.

12X 0g(x) 1

log(x;) (3.14)

4. Applicatiom

In this section, PSA data from adult males between the ages of 45 and 95 years collected were
described and fitted to probability distributions. Kolmogorov - Smirnov goodness of fit test was
used to identify the best probability distribution suitable for the PSA data. Description and
analysis of the data were done with the help of Statistical Package for Social Sciences Version
20.0 (SPSS 20.0) and MATLAB R2016a.

Table 1: Data on Prostate Specific—Antigen (PSA in ng/ml) of 102 Patients

6.7 5.2 0.4 5.5 9.9 4.7 13.8 12.3 53.2 21.
3.5 4.2 0.5 4.1 5.9 5.5 10.9 0.1 0.2 50.0
120.0 |40.8 8.6 12.5 37.2 3.6 2.0 50.3 6.7 145
5.7 5.1 4.0 11 0.2 10.3 10.9 5.0 7.4 15.6
0.1 7.2 5.3 174 1.9 2.1 78 0.5 8 3.5
0.2 88.2 16.2 0.4 14.3 20.2 13.0 12.4 4.0 6.0
37.0 7.8 20.0 145 10.4 5.3 9.3 3.0 35.0 3.5
3.8 32.3 36.7 1.5 35.0 32.2 36.2 1.0 4.9 18.0
44.7 8.0 0.1 63.5 4.6 1150 |07 118.0 |80.2 0.1
12.4 22.7 0.2 16.7 7.9 10.0 83.0 0.4 8.8 25.0
10.0 40.4

Source: Unpublished Record of Jone’s Medical Centre, Owerri, Imo State, Nigeria
4.1 Description and.Estimation of the Parameters of the PSA Data

In this section the PSA data are described graphically and the parameters of the distribution
estimated.

Table 2: Description of the Data on the PSA of the Patients

N :\n/llnlmu Maximum | Mean Variance Skewness
Statistic Statistic Statistic Statistic Statistic Statistic Etr?or
PSA 102 0.1000 120.00 18.6647 673.009 2.331 0.239

Table 2 shows that the minimum and maximum values of PSA recorded from the patients were
0.1ng/ml and 120ng/ml respectively with an approximate mean PSA value of 18.66ng/ml and
variance of 673.01ng/ml. [6] opined that a PSA > 4.0ng/ml is a biomarker for diagnosing,
staging and monitoring prostate cancer patients. [10] stated that a higher level of PSA was




associated with a higher chance of prostate cancer with a needle biopsy detecting prostate cancer
in 30% to 50% or more cases higher than 10.0ng/ml. Thus, this average level of PSA 18.66ng/ml
in table 2 suggests a high risk of prostate cancer.

The coefficient of skewness of 2.331 shows that the distribution is positively skewed;. a
distribution whose coefficient of skewness is greater than zero is positively skewed, while
coefficient of skewness of less than zero is negatively skewed distribution [19]. This implies that
the PSA values are not evenly clustered around their mean value; but rather, majority of the
values are less than the mean value.

Fig. 1: Graphical representation of the PSA Data
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Figure 1.shows that men whose PSA values are within the range, 0.0ng/ml < PSA < 10.0 ng/ml
are 55 in number, followed by 20 men whose PSA are within the range, 10.0ng/ml < PSA <
20.0ng/ml. The histogram also shows that PSA above 60ng/ml are exceptional and rare cases.
The histogram depicts the positive skewed nature of the PSA data.

Fig. 2: Graphical Representation of the Fit of Some Probability distributions to the PSA
Data
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Gamma distribution.
4.2 Test of Hypothesis on the PSA 'Data

The estimates of the parameters for the hypothesized probability distributions as well as
Kolmogorov = Smirnov test are given in table 3 below:

Table 3: Parameter Estimates and Kolmogorov — Smirnov Test from the PSA Data



- Log- Kolmogorov — Smirnov Test
Er.otj"’.‘g"t'f[y Parameters Likelihood
Istribution Estimate H P KSSTAT
T = 0.736557
Burr -389.925 0 0.4002 | 0.0870
a = 31.1091
a =0.6164
Gamma A -390.839 0 0.3675 | 0.0894
p = 30.279
a =15.1348
Weibull —-389.937 0 0.3959 | 0.0873
S = 0.7229

The “p” column in the Kolmogorov— Smirnov Test of Table 3. shows that p-values for all the
distributions are greater than 0.05, suggesting that we do not have enough evidence to reject the
null hypothesis (Ho) which stated that PSA fits all the hypothesized probability distributions.

Although all the hypothesized distributions could describe the PSA data well, the distribution
with the shortest Kolmogorov — Smirnov distance D, (KSSTAT) is the Burr distribution with
KSSTAT =0.0870 and is followed by Weibull distribution (KSSTAT = 0.0873). This implies
that the maximum vertical difference between the empirical cumulative distribution function of
the PSA and Burr distribution is 8.7% and 8.73% for Weibull distribution. Therefore, the Burr
distribution with probability density function described in (3.6) is the most appropriate
distribution for the PSA data. Thus, using equation 3.2, the probability that a patient whose PSA
is more than 4.0ng/ml will.be at risk and diagnosed of prostate cancer is given as:P(x > 4) =
1-F(x <4)P(x >4) = 0.68.

Fig. 3: Graphical Representation of the Fit of the Burr distribution with the Empirical
Distribution of the PSA
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Fig. 3 shows that the Burr distribution is a very good fit to the empirical distribution of the PSA
data.lt can also be observed that the Burr distribution may give slightly different cumulative
densities when the PSA values fall between 20.0ng/ml and 40.0ng/ml.

4.3 Calculation of the Age Specific Probabilities

The PSA values greater than 4.0ng/ml were classified according to the ages of the patients whose
PSA readings were taken. The age specific probabilities were calculated using (3.3). The results
are given in Table 4.

Table 4: Age Specific Probabilities
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Age group PSA>4.0 P, (X)
45<y <50 0 0

50 <y <55 5 0.068
55<y <60 7 0.095
60 <y <65 12 0.162
65<y <70 16 0.216
70<y<75 14 0.189
75<y<80 10 0.135
80<y<85 6 0.081
85<y <90 3 0.041
90<y<95 0 0
95<y <100 1 0.014
Total 74

The results in Table 4 show that men between the ages of 60 and 80 years have higher chances of
having their PSA readings increased above 4,0ng/ml. Men between 65 and 70 years of age were
observed to have the highest chances of having their PSA values increased beyond 4.0ng/ml.

5. Conclusion

In this research, sample data consisting of Prostate Specific Antigen (PSA) of 102 patients were
collected from patients’ folders in a specialist hospital on Prostrate cancer. The data consisted of
the PSA readings of patients who were diagnosed of prostrate cancer and those not diagnosed of
prostrate cancer. Analyses of the data show that the average PSA of patients is 18.66ng/ml with a
standard deviation of 25.94 and coefficient of skewness of 2.331. A test of hypothesis was
carried out using Kolmogorov — Smirnov goodness of fit test. The purpose was to identify the
most appropriate distribution that fitted the PSA data. The Burr, Gamma and Weibull
distributions were fitted to the data. These distributions were chosen based on their closeness to
the frequency curve of the empirical data. The results obtained show that the Burr distribution is
the best distribution for the PSA data among the three distributions fitted to the data.
Furthermore, the probability that a patient whose PSA is greater than 4.0ng/ml was calculated.
This gave an approximate probability of 0.68, which indicates a higher chance of having the
prostrate cancer. The PSA readings of the patients whose PSA values were greater than
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4.0ng/ml were then grouped according to the ages of the patients and the age specific
probabilities calculated. The results obtained show that men between the ages of 65 and 70 years
have the highest chances of having their PSA readings increased beyond 4.0ng/ml.
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