APPLICATION OF THE TRAPEZ-METHOD TO THE CALCULATION OF
COUPLING MATRICES BETWEEN UNIAXIAL GUIDE MODES

Abstract

In this paper, we determine the different possible couplings at the discontinuities of the two circular
and rectangular waveguides using the trapez-method. The development of the normal modes of the
fields allows us to obtain the amplitude of the fields of the transverse electric (TE) and magnetic (TM)
modes. The calculation of the coupling integrals allows us to obtain the coupling matrices and to
verify if the coupling is possible or not between the modes of these two waveguides.
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[.  Introduction

Since decades, the theoretical and practical demonstrations of James Clerk-Maxwell,-Heinrich Hertz
and John Lord Rayleigh developed in the years 1864 allowed the development of the first microwave
systems. Multiple applications in the military and telecommunication fields have seen the day. The
differential and integral forms of Maxwell's equations have.continued to expand the horizon to a vast
field of applications. A century later, as technological developments:abounded, the advent of
telecommunications made the elaboration of particular selutions to these equations even more
urgent. The knowledge of the behavior of waves in guides is essential to make the transmission of
high frequency signals more efficient [1-3].

Many methods have been used to model discontinuities in waveguides. These methods can be
classified into two types: analytical methods, they.are the oldest and date back to the 50s and 60s.
Among these methods, we can mention the conformal transformation methods which have allowed
the characterization of planar structures in the/static and quasi-static cases [4-5], the variational
techniques of Collin [5] and the numerical methods which can be divided into two families: the
differential methods, based on the discretization in space of the Helmholtz equation and the integral
methods [6, 7, 8, 9] which allow the determination of the distribution of currents or electric fields on
the surfaces of discontinuities of the structure. The validity of these methods depends on the
frequency domain, the accuracy required and the approach adopted.

At the level of literature, several researchers have worked on progressive transitions rectangular
waveguides between an empty guide and a microstrip line as well as filters in waveguides loaded
with dielectric'over their entire height, sometimes using one of these methods [1],[10-12]. These
transitions present.a delicate question related to the study of the convergence of these parameters
as a function of the number of accessible modes.

To palliate this problem, we are interested in the calculation of the different possible couplings at the
discontinuities of two circular and rectangular guides using the Trapez-method.

In order to set up a library of coupling matrices at the transition level of these two guides for
applications in instrumentation or telecommunications equipment, we will conduct a study on the
calculation of coupling integrals. It consists in determining the coupling matrices between two
circular and rectangular waveguides by the trapez- method. This method applies with good accuracy
to uniaxial discontinuities without thickness in the direction of propagation.

II. Theory



[I.1 rectangular waveguide

The homogeneous rectangular waveguide is a guide structure with a single conductor in the form of
a hollow tube of rectangular section, the hollow part of which is filled with dielectric. Thus, Figure 1
shows the geometry of a rectangular waveguide of width a and height b filled with a homogeneous

dielectric with constant permittivity € and permeability u [5].
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Figure 1: Right section of the rectangular waveguide
F; obeys the following Helmholtz equation

ViF(x,v,2) + K*F(x,v,2)=0 (1)
Where F(x,y,z) is one of the components of the electric or magnetic field.

A solution of this equation is:

The components of the electric and magnetic fields of the modes T'£,,,,

for the electric field.
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The components of the electric and magnetic fields of the modes TM,,,,

for the electric field:
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[1.2 circular cylindrical waveguides

The circular waveguide is a hollow metal cylinder of radius al (Figure 2). It is represented in the
cylindrical coordinate system where the axis (0z) is always defined as the propagation direction [5].
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Figure 2: circular cylindrical waveguides

In a circular cylindrical waveguide of radius a, the generating functions ;. and , for the Hand E
modes are solutions of the following equation:

18 (.34 ik S - -
(Tﬂr)+rﬂr+-ﬂﬂz G0l =0, i=he (6)
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Where k2 = T'2+ k7 and; = 0 at r=a for Emodes, and % = D at r=a for H modes [5].
A solution of this equation is:
Components of the TM mode fields
For TM modes, the longitudinal component Hz is zero and E,=0.
Let's put
E.(r,8) =FE,(ny#e~7£=
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for.the electric field:
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for the magnetic field:
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Components of the TE mode fields

For TE modes, the longitudinal component of the electric field is zero (£; = 0), and H=0 [5].

Let's put

H,(r,8) = F,(r,8)e iF=

for the electric field:

( B J"-(Ei'.“’x .

Erin=—J = e cus(d) g~z
NE ?"_L[Xin:'\:lxi?{—l

Iz Eiad -:&Hu} _ ©)
Egip=j |-————2—sin(g) e 778z
V7 o (xl) 132

. Ez1n=0

for the magnetic field:
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X,. and X, are values of the roots of the TM and TE modes of the first kind Bessel functions
defined forn=1,2;3,...
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the propagation constant B1n defined by :
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[1.3 Trapez-method

This is one of the methods of graphic origin used when the primitive of the function f is not easy to
calculate or requires tedious calculations. This method allows to calculate an approximate numerical

value of J": Flx)éx [13-14].

It consists in dividing the integration interval [a, b] by n small intervals [x,x+1] for k varying from 0
ton, withx, —a and x,— b , and in replacing the function f to be integrated in each interval by
the straight line passing through the points (xg, flx;)) and (xgsq, Flxgs-)) [13-14]. Thus, in a
general way, we have [13-14]:

[ f)dr=3r21  (13)

Where
I, = j Fladda ¥ (ageq— xk}(f(x:c} +2f(xk+j})

In the case where the n small intervals are of equal length, then whatever

0=k=n—1,x,=a+kh fork=01.2,.... n; where h = ? is the‘length of n equal intervals.
The approximate value of the integral is:

1822 f(a) + 2822 f (a +  Z2) + £ (0] 09)

[ll. Results and Discussion:

[11.1 Coupling integral between the two waveguides

To study the interactions between propagation modes in waveguides, we are interested in the
calculations of the coupling integrals between TE-TE, TE-TM, TM-TE, and TM-TM modes.

a) Junction between a larger circular guide and a smaller rectangular guide

For this discontinuity, we will consider the cross-section of the rectangular guide smaller than that of
the cylindrical.guide. In this case, the Laplacian depends on the x and y components. Figure 3 shows
this junction.

Figure 3 : Junction between a circular and a rectangular guide whose the surface of the rectangle
being inferior than that of the circle.

- Coupling between TM-TM mode



In this coupling, we will perform a crossing between the electric field of the TM modes propagating in
the guide (1) with the magnetic field of the TM modes propagating in the guide (2). Thus, the
calculation expression is as follows:
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By applying the trapez-method in matlab and assigning arbitrary values to the ‘numbers of small
intervals n, and n,, we obtain by numerical simulation, the following matrix after convergence

n, =70 andn, =60 :

03781 0.0463 -—-0.0368 —0.0235 0.0419 0.0060

0.0376 0.1826 0.0313 —0.0712 0.0139 0.0178
- _ 10-3;| —0-1353 00452  0.0834  0.0049 =0.0366 =0.0041

0.014> -0.1847 0.0131 01217 —-0.0235 -—0.0322
0.05639 -0.0232 -—-0.0477 002539 00296 00065

—0.0249 0.2123 —0.0105 "—0.1255  0.0282 0.0547
- Coupling between TE-TE mode

It is a crossing between the electric field propagating.in-the guide (1) in TE mode and the magnetic
field propagating in the guide (2) in TE mode.

(TE— bt = e
MTE-TE) _ J‘J‘ Erln % Hr ds
e

ds = dxdy, 0=x=a e 0=y =h

~0.0582 0.1877 —0.0173 —0.0043 —0.0017 00065
00266 —02300 —0.0060 03291 —0.0526 —0.0642
yTE-TE) _ {g-3;| 00612 —0.0555 —0.0138 0.0919 —00173 00076 ‘
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0.056 -01619 0.0132 0.1970 —0.0332 —0.0535
- Coupling between TM-TE mode

It is a crossing of the electric field of the TM modes propagating in the guide (1) with the magnetic
field of the T E modes propagating in the guide (2). We have :
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- Coupling between TE-TM mode

It is a crossing between the electric field of the T E modes propagating in the guide (1) with the
magnetic field of the TM modes propagating in the guide (2). The calculation expression is :
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These matrices show that at the junction between two circular and rectangular guides, the coupling
between TM-TM, T E-T E, TM-T E and TE-TM mode fields are possible, the electric fields of the TM
and TE modes and the magnetic fields of the TE and. TM modes propagate at the separation surface
of these two guides

b) Junction between a smaller circular guide and'a larger rectangular guide

This is to consider that the area of the rectangular guide is greater than that of the cylindrical guide
figure 4. In this case, the Laplacian depends on the r and 6 components. Figure 4 illustrates this
junction.
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Figure 4 ::Junction between a circular and a rectangular guide whose the surface of the rectangle
being greater than that of the circle.

- Coupling between TM-TE mode

It is a crossing of the electric field of the TM modes propagating in the guide (1) with the magnetic
field of the T E modes propagating in the guide (2). The calculation expression is:
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Since the cross-sectional area of the rectangular guide is larger than that of the cylindrical guide, the
Laplacian depends on the components r and 6.

—00354 0 00551 0 —0.0569 0

—01234 0 01791 0 —0.0942 0
yTM-TE) _ 1g-3;| 00767 0 —0.1297 0 01398 0
—0.0114 0 00231 0 00283 O
—0.064 0 01307 0 -0.1505 0
00383 0 00418 0 00684 O

- Coupling between TE-TM mode

Itis a cross between the electric field of the T E modes propagating in the guide (1) and the magnetic
field of the TM modes propagating in the guide (2). The calculation‘expression is

0 0 0 0 0 0
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Coupling between TM-TM mode

In this coupling, we will perform a crossing between the electric field of the TM modes propagating in
the guide (1) and the magnetic-field of the TM modes propagating in the guide (2). Thus the
calculation expression is as follows :

0 0 0 0 0 D
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- _ Coupling between TE-TE mode

In this coupling,:we will perform a crossing between the electric field of the TE modes propagating in
the guide (1).and the magnetic field of the TE modes propagating in the guide (2). Thus the
calculation.expression is as follows :

0 0 0 0 0 o
—0.024 0 00060 0O -0.0019 0
yas- _ ;[ 00001 0 0 0 0 0
00212 0 —0.01a0 0 0.0062 0
-0.0001 © 0 0 0 0
-0.0128 0 00217 0 -0.0115 0/

These matrices show that at the junction between two circular and rectangular guides, the coupling
between TE-TM, TM-TE and T E-TE modes are possible, the fields propagate partially at the
separation surface of the two guides.



Conclusion

In this paper, we have calculated the coupling integrals between the waveguide modes. The obtained
results give us an idea of the different possible couplings during the propagation of the fields at the
discontinuity surface. We can thus retain that for the various transitions carried out, all the modes
can couple, which characterizes the total propagation of the fields for the first case considered, and
the partial propagation of the fields for the second case considered at the surface of separation of its
two waveguides.
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