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Introduction

In this paper, we study a generalisation of the Caginalp phase field system based on a two-temperature theory and
the usual Fourier law. It is presented as follows :

1o}

8—?—Au+f(u)=go—A<p, (0.1)
Op dp _ Ou

u = ¢ = 0 on J, 0.3)
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This model is derived from the Caginalp phase-field system

ou

S = Bu+ flu) =6, 0.5)
o0 ou
S A=, (0.6)

where 6 is the difference between the absolute temperature and the equilibrium melting temperature, u the phase-field
or order parameter and f the derivative function of a double-well potential F'. The system (0.5)-(0.6) was introduced
in [8] to describe the phase transition phenomena in materials. Many works have been done on this model (see [1],
[2], [6], [71, [12], [13], [14], [19], [20], [21], [22], [23],[28], [39] and [40],). The equations (0.5)-(0.6) are obtained by
using the total Ginzburg-Landau free energy and the enthalpy of the system. Indeed, the total Ginzburg-Landau free
energy is defined as follows:

U(u,0) = / <1Vu|2 + F(u) — uf — 192) dz, 0.7)
o \2 2

where € is the domain occupied by the system. It is assumed to be a bounded domain of R”, n < 3 with smooth
boundary 0f2. To obtain the evolution equation of the order parameter u, i.e. the equation (0.5), it is sufficient to

calculate :
ou

where §,, stands for the variational derivative with respect to u. To describe the state of such a system, we define the
physical quantity called enthalpy. It is a thermodynamic potential that consists of the internal energy of the system
(related to its temperature and momentum) and the work of the forces acting on its boundary. In our case, the enthalpy
is given as follows:

H=u+0. (0.9)
In addition, we have the energy equation
OH
v = —divg, (0.10)

where ¢ is the heat flux. Assuming finally the classical Fourier law for heat conduction, which defines the heat flux as
q= -V, 0.11)

we obtain (0.6).

It is important to point out that the use of Fourier’s law in the model is a questionable choice. Indeed, Fourier’s
law leads to the propagation of heat at an infinite speed (see, for example, [15]). Several alternatives to Fourier’s law
have been explored. We can mention for example the Maxwell-Cattaneo law or laws from thermomechanics (see, for
example, [4], [24], [25], [26], [27], [29], [30], [33], [34], [35], [36] and [37]).

Moreover, with the appearance of non-simple materials, a different approach to thermal conduction was proposed
in the 1960s (see [9], [10] and [11]). Indeed, in this type of material, two temperatures intervene in the definition of
the entropy: the conduction temperature 6, influencing the contribution of thermal conduction, and the thermodynamic
temperature , appearing in the heat input part. In general, if in stationary models these two temperatures coincide
in the absence of heat input, this is not the case in evolutionary models where they are generally different (see, for
example, [16]). In this work, we make the hypothesis of being in a non-simple material. The two temperatures are
then linked as follows (see [17], [18]):

0=p—Ap. (0.12)

The paper is organized as follows in section 1, we give the existence and uniqueness of the solutions. In section
2, we address the question of the asysmptotic behaviour of the solutions, especially with the existence of attractors.
Finally, in the last section, we present some numerical simulations.
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In this article, the letters ¢, ¢/, ¢/, and sometimes ¢’/ denote constants which may change from one line to another.

Similarly, ||.||, will denote the norm L and (., .) the usual scalar product L?. We will denote by ||.|| x the norm in the
Banach space X. Finally, when there is no possible confusion, we will note ||.|| instead of ||.||5.

1 Well-Posedness of the model

In this section we show the existence and uniqueness conditions of the solutions of our model. To do this, we will
first make a number of assumptions.

Assumptions
—cg < F(s) < f(s)s+c1, co,c1 >0,s€R, and F(s) z/ f(r)dr, (1.1)
0
/()| <ca(sP+1), ca,p>1, s€ER, (1.2)
f'>—c3, c3>0. (1.3)

1.1 Existence

Theorem 1.1. Let T > 0 be given. We assume that ug € Hg(Q), o € H*(Q) N HF(Q) and F(ug) < +oo.
Then, under assumptions (1.1)-(1.2), the problem (0.1)-(0.4) admits at least one solution denoted (u,p) such as
u € L®(Ry; HHQ)), ¢ € L®(R4; H2(Q) N HL(Q)), %7; € L%((0,T) x Q) and %—f € L?(0,T; Hi(Q)).

Proof. We simply perform formal calculations to obtain a priori estimates. The rigorous justification of these estimates
can be obtained by the Galerkin scheme (see [19], [20] and [38] for more details).
Multiplying (0.1) by %7; and integrating over {2, we have

1d 1% ||2+2/F()d + 8“2—/( A)@d (1.4)
2at\" " o e at| ~ S\ e '
Multiplying (0.2) by ¢ — A, we have, integrating through (2
1d
57 (el +21Vel*+]Apl?
2dt
5 (1.5)
w
Il + 180l == [ (0 - Ap) 5 da.
Q
Summing up (1.4) and (1.5), we get
ld 2 2 2
3 7 IVull®+2 QF(U)derIIwII +2[Ve
aull? (1.6)
F1ael?) + |G|+ 17el? + har? =o.
Now, multplying (0.1) by u and integrating through €2, one has
1d 9 9
——Jul*+ IVul|* + [ flwudz= [ wpdz+ | VuVedz. (1.7
Applying Cauchy-Schwarz’s, Poincare’s and Young’s inequalities, we obtain
[ wode < lullie]
Q
< | Vull[Vell (1.8)

1
< ZIVull? + ¢l Vel
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and

/Q VuVpdz < |Vul||Vel|

1 (1.9)
< IVul® + el vel*.
Collecting (1.7)-(1.9) and in view of (1.1), we arrive at
1d
= Nl + IIVUII2 +/ F(u) dz < cl|Vol* + c1|Q. (1.10)
2.dt Q
Multiplying (0.2) by  and integrating through €2, we get
dy 2 du Oy
2,
— — —dx. 1.11
saver e |5 ¥ =~ L5 % .1
Cauchy-Schwarz’s and Young’s inequalities yield
1 d , 110 oo’
= — = 1.12
sVl + 3|5+ |va| <25 (.12
Summing (1.6), (1.10) and (1.12), where € > 0 is as small as we need, we then get
dE
" +e||w||2+2s / Flu)dz +2| Vel + 2| Ag|?
9 (1.13)
u \ ¥ 2
— — <2 2ec1|Q
+ H 5 + H 9t Hv(% < 2ec||Vg||* + 2ec1|9,
where
By = eflul® + [[Vul® + 2/Q F(u)dz + [[ol” + 3] Vel* + | Ag]* (1.14)
satifies
By > c([lullry o) + 1912 0)- (1.15)
Now, choosing € > 0 such that 1 — ec > 0, we are led to an inequality of the form
dE; oul|? dy 2
— +ckE == <. 1.16
I +c 1+H3t +c ot Hé(ﬂ)_c ( )
An application of Gronwall’s Lemma completes the proof. O

1.2 Uniqueness

Theorem 1.2. We then have under conditions of Theorem 1.1 that the problem (0.1)-(0.4) possesses a unique solution
(u, ) with the above regularity.

Remark 1.3. In the case where the dimension n is equal to 3, we will assume that p = 1 in (1.2).

Proof. We suppose the existence of two solutions (u1, ¢1) and (usg, p2) to problem (0.1)-(0.3) associated to initial
conditions (uo1,@o1) and (ug2, poz2), respectively. Setting u = uy — ug, ¢ = @1 — Y2, Uy = U1 — Up2 and
©o0 = Y01 — Po2- We then have that the couple (u, @) solves the following problem

0
81; Au+ flur) — fluz) = ¢ — Agp, (1.17)
O Op _ Ou
ot S TAY T o (1.18)
ulaa = ¢laa =0, (1.19)
ult=0 = uo, Pli=0 = o (1.20)
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Multiplying (1.17) by 7 and integrating over {2, we have

ou
s i |2 [ () - ) e
Q (1.21)
= —Ap | —d
I
Multiplying (1.18) by ¢ — A, we have, integrating over 2
1d 2 2 2 2 2
3z \el” +20Vell” + [Ael” | + [Vell” + [|Ag]
1.22
(GO
Q ot
Summing (1.21) and (1.22), one obtains
dE ou
P o[ 2 1w+ 18012) = -2 [ () - st e, (123
where
= [Vul® + el + 2[Vel* + | Ap|. (1.24)
Now, considering (1.2), and applying Holder’s inequality for p = 1, when n = 3, we can write
ou ou
/ (f(ul) — f(uQ)>8tdx < c/ (Juo|® + 1) |u| | = | dz
Q Q
oull? (1.25)
U
Vel + DIl + | 5
ot
Finally, collecting (1.23)-(1.25), we are led to
dEQ ou 4
< p . .
7 ’ 2l = c([[Vuz||™ + 1) Es (1.26)
In particular,
dEs
—~2 <cE 1.27
dt CL2 ( )
and an application of the Gronwall’s Lemma completes the proof. O
2 Asymptotic behaviour of solutions
In this section we particularly make the following assumption:
f(0)=0. 2.1
Dissipativity properties of the system
Remark 2.1. It follows from theorems 1.1 and 1.2 that we can define the family solving operators
S(t):® — @
(2.2)

(w0, o) > (u(t), ¢(t)), t=>0,

where ® = H}(Q) x H?(Q) N HE () and (u, @) is the unique solution to the problem (0.1)-(0.4). Besides, this family
of solving operators forms a contnuous semigroup i.e. S(0) = Id and S(t + 7) = S(t) o S(7), Vt,7 > 0.
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Theorem 2.2. Under the assumptions of Theorems 1.1 and 1.2, the semigroup S(t) is dissipative on ®. In other
words, the semigroup S(t) has a bounded absorbing set B in ®.

Proof. By Multiplying equation (0.1) by 7+ and integrating over {2, we obtain

/ /Au—dx—k/f dm—/g(tp—Ag@)gtdI (2.3)

So

/Au— dm—/VuV—dx 2.4)
Moreover
ou 2
/QV w2 dz th/ |[Vul® de. (2.5)
In the same way,
d
— | F — 2.
& | P o= [ )5 de 2.6)
The equalities (2.4), (2.5) and (2.6) transform equality (2.3) into
ou
2 2 ou
/| |* dz +2dt/|Vu| dx—|—dt/F /(<p A(p)at dz. 2.7

By Multiplying equation (0.2) by (¢ — A¢) and integrating over {2, we get

1d
—— </ \<p|2dx+2/ |V<p|2do:+/ |Aga|2dx) +/ |V90|2d:17+/ |Ag0|2dz:f/(g07A<p)@d9:. (2.8)
2dt \ Jo o o Q Q Q ot

Summing up the equalities (2.7) and (2.8), we have

M (/ |<p|2da:+2/|V<p|2dx+/|A<p|2da:+2/ Fu)d ) /| |2dac—|—/ |Vg0|2da:+/ IAG[2 dz =0,

2.9
Also, multiplying (0.1) by u then integrating through {2, we obtain
Zdt/ |ul? daz—i—/ |Vu\2dm+/ flu udm—/(go Ap)udz. (2.10)
So
F(u) < f(u)u+cy. (2.11)
Then (2.10) becomes
2 o / lu|? d + / \Vu|? da + / F(u)dz — c1]Q] < / (¢ — Ap)udz. (2.12)
In addition, we have
— Ap)udr = udx + | VeVudz. (2.13)
¥ 2 ¥ 12
Q Q Q

In the following, by applying the Cauchy-Schwaz inequality, we obtain

fio-somaes (forae)” (fueae) o ([wopan)’ (fmwas)

1 1
< JIVulP + el Vel + IVl + ¢ |Vl
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Hence (2.12) gives

1
M/ |u|2dx+/ |Vu|2dx+/ F(u)de — ] < 3 |[Vul? + | Vel 2.15)

3l + 5 1vul? + [ Fuyds < eVl + el 216
Q

Similarly, multiplying (0.2) by %—f, gives

2dt/|w|2d +/\—\2d +/|v :—/ g?%fdx 2.17)

Yet,
| G o de <IN < 51517 + 5151 @.18)

Thus
a1Vl + 12+ v g < 0 2.19)

For small enough € > 0, we sum (2.9), €(2.16) and (2.19), we get

1d ou
% (efIIUII2 HIVull® + llel® + 3 Vel® + [Ag]* + 2/ F(u) dﬂ«") + 157 1P + 1Vl + Ael+
" (2.20)
€ U
3 Vel + 6/QF(u) dx + *II ||2 + HV ||2 < CellVol® + ercl] + 557117
Let’s put
By=¢ <||u||2 +Vul® + lel® + 3 Vel + |ae]* + 2/9F(u) dx) 2.21)
Then (2.20) becomes
1dE; 9
S e (12 4 IV iy ) < @l @22)
From (2.22), we derive that
1@+CE < c1elQ] (2.23)
2 dt = '
By multiplying (2.23) by e**, we obtain From (2.22), we derive that
d
a(Elef“) < 2c1¢|Qe! (2.24)
Then, we integrate (2.24) on [0, ¢], we have the following result
E\(t) < B (0)e Kt 4+ C (2.25)
Let ug and ¢o € B(0, R), then
Ei(t) < u(R)e Xt 1 C (2.26)
Let p such that
w(R)e X+ C<p (2.27)
From (2.27), we derive that
1 uR)
to = 1 2.28
o = maz(0 % n(p_c)) (2.28)
O

J
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2.1 Regularity

Theorem 2.3. Under conditions of Theorem].1 and assuming that (1.3) and (2.1) hold true. Thenu € L?(0,T; H*(Q)),
T>0.

Proof. Multiplying this time (0.1) by —Aw and integrating over €2, we get

2dt||Vu||2+||Au||2 /f |vu|2dx_/vuwdx+/AuA<pdx (2.29)

and Cauchy-Schwarz’s inequality yields taking into account (1.3)
3 dtIIV ull> + [ Au|? < IVl + (Ve + |Ag]?). (2.30)

Summing (1.16) and 6(2.30), where § > 0 is small enough and then choosing ¢ such that ¢ — dc’, ¢ — §c”, we arrive
at an inequality of the type

2

FE3
- 2 4 cEs+ || Aul? + H H H o <, (2.31)
where
Es = By + 6| Vul? (2.32)
enjoys similar estimate as E;. It clearly appears from (2.31) that u € L2(0,T; H*(Q2)). O

Theorem 2.4. We suppose that (1.1) and (2.1) hold true and that p = 1 in (1.2) when n = 3. Then, the solution (u, ©)
to problem (0.1)-(0.4) has the following regularity u € L= (R.; H*(2) N H}(Q)), ¢ € L>®(Ry; H3(Q) N H (),
%‘ € L*(0,T; H} () and %f € L2(0,T; H2(2) N HY(Q)), provived that (ug, po) € H?(Q) N HL(Q) x H3(2) N
H} () and F(ug) < +oo.

Proof. The proof leans on Gronwall’s lemma. Indeed, thanks to (1.16), we observe that
t+r
/ |Au(s)||? ds < a(r), Yt > tg, r > 0, (2.33)
t

for (ug, po) € B, where B C H?(Q) N H} () is a bounded set and t is such that t > ¢, implies S(¢)B C Bo, By
being the bounded and absorbing set obtained in the theorem 1.1. It appears always from theorem 1.1 that

u € LRy ; HY(Q)). (2.34)

We also have from theorem 2.4 that
u € L*(0,T; H*(Q)), T > 0. (2.35)

In the other hand, multiplying (0.1) by —A% and (0.2) by A?¢, we have, integrating over )

2
0
2dt||A ull? + H +/f/(u)VuV6—;Ld;v

@ 5 5 (2.36)

U U

and o

2 2
33 (18I + VA1) + VAl = = [ apaTr, @37
respectively.
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Now, the sum of (2.36) and (2.37) yields

2

1d ou
3 (180l + 1AGIP + [986lP) + 9al? + |9 52
5 (2.38)
/V@V—dm—/f’(u)VuV—u da.
Q ot
Thanks to (1.2) and Holder’s inequality
/f'(u)VuV% d:cgc/(|u|2p+1)|vu| v 2| 4y
Q ot Q
L sul? (2.39)
< elllfh oyl + 1+ 3 [ 751 |
as a result
1d dul?
——(||Aul]® + || Ap|? A Al + = ||V=
5 18Ul + Al + [ VAIE) + [VAGIE + 5 [V 0
< ellull g (lulfrzy + 1) + ¢Vl
Adding (2.31) and (2.40), one gets
dE4
|2 vl 2] + %] < ety v @
where
Ey = Es + || Au|® + | Ag|* + [ VAg]® (2.42)
enjoys
B> cllfulfeqay + el + | Pl de). .43
Multiplying, finally, (0.2) by — 8 £, we have, integrating over 2
8@ 3@
Apl|* + 5% 2.44
saplaet+ w52 + |a%e / dr Q.44
and Cauchy-Schwarz’s inequality implies
d dy 2 Op 2 oul?
—[|Ap]? = AZN < || V= 2.45
riid +HV8t +H a| =V (249

Summing up (2.41) and 1(2.45), with > 0 small enough, we then get a similar inequality as (2.41) (choosing n < 1)

dE5 oul|® dp 2
w5 75 ] 1%
) ) (2.46)
Oy Oy i nAp
+| A + ot SCHUHHI(Q)(E5+1)3
where
Es = Ey +n||Ap|? (2.47)

satisfies similar estimates as F4. An application of Gronwall’s lemma to (2.46) and in view of (2.34) and (2.35), we
then have
u € L=(0,T; H*(Q) N H(Q)), VT > 0. (2.48)
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It follows from (2.40) that
t+r
/ IV A(s)|[2ds < o(r), ¥t > to +1- (2.49)
t
Setting y = F5 and g = c’||u||jff1 (@ Ve deduce from (2.46) that iy < gy + g, t > to + r and it is clear in view of

previous estimates that y and g satisty assumptions of the uniform Gronwall lemma (see [18]), for ¢ > ¢y + r, which
yields

t+r
/ Es(s)ds <ec, t>tg+r, (2.50)
t
that is to say
u € L™ ((tg + 7, +00); H*(Q) N Hy(Q)). (2.51)
Analogously, we prove that ¢ € L>(R,; H2(Q) N H(2)). Finally, from (2.46), we draw that
0 0
a—? € L2(0,T; HL(Q)) and a—f € L2(0,T; H2(Q) N HA(Q)), (2.52)
which completes the proof. O

Remark 2.5. The theorem 2.4 states that we can thus define the semigroup S(t) on the more regular space ®, =
H2(Q)NHE () x H3(Q)NHE (). Furthermore, the latter possesses a bounded absorbing set By in ®1 i.e. VB C ®;
(bounded), 3t = t1(B) such that t > t1 implies S(t)B C B;.

2.2 Global attractor

The global attractor is, by definition, the smallest compact (for inclusion) set of the phase space which is invariant
by the semigroup S(t), t > 0, and attracting all bounded sets of the initial data when ¢ tends to infinity. It thus appears
to be a good object for describing the asymptotic behaviour of our dynamical system.

Theorem 2.6. Under conditions of theorem 1.2 and taking into account (1.2)-(2.1). Then the semigroup S(t) defined
onto HE (Q) x H?(Q) possesses the global attractor denoted A which is bounded in H*(Q) x H3(Q).

Remark 2.7. The absence of a regularising effect of the initial data related to the term A%—f will lead us to decompose
the semigroup into a sum of two families of operators, the first family tending towards 0 when t tends to infinity and
the second family being asymptotically compact in the sense of Kuratowski’s noncompactness measure.

Proof. The proof is based on a decomposition argument (see for example [18] and [29]). Indeed, the key idea is to split
the semigroup S(¢), t > 0, into the sum of two operators families: S(t) = S (t) + S2(t), where operators S (t) go to
zero as ¢ tends to infinity while operators Sa(t) are compact, in a sense that we will clarify later. This corresponds to
the following solution decomposition: (u, ) = (u?, p?) 4 (u, ¢°), where (u?, %) and (u®, ¢°) solve, respectively

d
aé'it —Auf =" = Mgt 2.53)
N g oud
e A @54)
u? = % = 00n 09, (2.55)
ud|t=0 = Up, <,0d|t:0 = o (2.56)
and
8uc C C C
0p° Op° ou’
A A= 2.
ot ot N ot (2.58)
u® = ¢° = 0 on 99, (2.59)
u’li=o = 0, ¢°|4=0 = 0. (2.60)

10
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We consider the problem (2.53)-(2.56). Repeating estimates that led us to (1.4)-(1.16) and, noting that f = 0, in that
case, we have an inequality of the form

dE, oud ||? 2 Dt
456 | Eg+c (H Y H 7

dt ot

where Eg = e|ud||? + [[Vud||? + ||¢?]|> + 3||[Ve?||? + [|Ap?||? satisfies Eg > c(||ud||fqé(m + 032 0)- Asa
result, the Gronwall’s lemma yields

2
) <0, (2.61)

el

() 0y + 1Oy < e luollZgs oy + leol3r2 - (2.62)

We can see that Sy (ug, @) = (u?(t), p%(t)) tends to zero when ¢ goes to infinity.
Now, we consider the problem (2.57)-(2.60), and repeating estimates that led in turn to (1.16), then to (2.38), we

have, in particular

dE7 < | f () V%, (2.63)

where E7 = e[Ju’||* + || Vue||” + [ Auc||? + [ ¢ ||2 +3[IVell® + |Ag°]2 + [VARS|? enjoys E7 > c(||u]| 32y +
¢35 () Thanks to Cauchy-Schwarz’s inequality and assumption (1.2), with p = 1, when the space dimension is
n = 3, we write

"(w)Vudz| < c/(|u\2p +1)|Vu|dz
(2.64)
< e(llull %, ) + DIVl
It clearly appears from (2.31) that
I (W) VullZ2 07020 < QT luoll g2 o) + llvolla2()), (2.65)
where () is a monotone function independent of initial data. Collecting (2.63)-(2.65), we deduce that
w72y + 15O lrs @) < QUL luoll 2oy + llvoll a2()), ¢ € [0, 7. (2.66)

Consequently, the operator S (t)(uo, o) = (u°(t), ©°(t)) is asymptotically compact in the sense of the Kuratowski
measure of noncompactness (see [18] and [32]). We then conclude from (2.62) and (2.66) the existence of compact
attracting set, which achieves the proof. O

Remark 2.8. The global attractor is, by definition, the smallest set (for the inclusion) compact of the phase space
which is invariant by the semigroup S(t), t > 0, and attracts all bounded sets of initial data when the time t goes to
infinity. It thus appears as a good object for the description of the asymptotic behavior of our dynamical system. For
more details on the subject, we can see for example [18].

3 Numerical simulations

In this section, we will present the discretization of the problem which will lead us to obtain a semi-implicit first
order scheme. The discretization in space is based on finite elements Py, i.e. piecewise continuous linear functions.

3.1 Resolution scheme

Let € be a convex domain of R = 1, 2 and 7y, the uniform triangulation of 2. We define by
Vi = {vh € C%(Q);vn,, €Pi(m),V7 € Th} the conformal subspace of finite elements of H'(Q). The discretized
problem is then : for (ug p, Po,n) € Vi, X Vi, find (up, ¢n) € Vi X V4, such that

(8“h,w) (D) + (Fun), ) = (6 1) — (D), Vo6 € Vi G.1)

(5.0) - (a5 0) - @ow) == (Grv) v (2)

up(0) = uo,n, P1(0) = do,n- (3.3)

11
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Let (¢r); << be a basis of the space V. We write the unknowns in this basis and obtain up(t) = SN ()i,
Sn(t) = iy ¢i(t)pi- Let's put

(M)ij = (wis5), (R)ij = (Vi,Vp;), V1 <i, j <N (3.4)
and
uy (t) $1(1) (f (un); 1)
U(t) = : , (1) = : , Fr(U) = : . (3.5)
un(t) o (t) (f(un), en)

Setting ¢ = ¢;, j =1,..., N in (3.1)-(3.2) and using (3.4), (3.5), we obtain the following system with two equations
and two unknowns

Ma%it) + RU(t) + F(U) = M®(t) + RD(t) (3.6)
oD(t)  _0D(t) 1 0)
M= = + R = + RO(1) = —M—5 = 3.7)

We note by (U"*1, ®"+1) and by (U™, ®") the approximate values at time ¢ = ¢"+! and ¢ = ¢" respectively. Taking
into account its notations, the solution scheme of the problem is obtained by applying an Euler scheme to (3.6)-(3.7)

Un+1 —-yn
MT + RU™ + B, (U™ = M@™ ! + RO (3.8)
q)n-‘rl —on (I)n—i-l —_on U7z+1 —-yn
M 5 +R 5 + RO = —MT, (3.9)
where 4t is time step. The solution of (3.8)-(3.9) can be written in the following matrix form
1 1
(EM + RU™ — B, (U™ — (M + R)®" T = S MU” (3.10)
1 1 1 1
aMU"“ + (E(M + R) + R)Oo" ! = EMU” + E(M + R)®". (3.11)
By setting
ynti (éM +R) —(M + R)
W—(q)nH)’A—[ M (XM +R)+R
1 ypun — Fh(UnJrl)
— ot
and ¥ ( LM + Ryom + MU™ )

the system (3.10)-(3.11) can be written in the following form AW = V.
3.2 Numerical Results

In this section, we take Q@ = (0,1), 6t = 1/N, N € N*, 2, = kdét, k =0,..., N and

Vi, = {vh € C([0, 1]); 04 (0) = va (1), vn, is affine Yk =0,...,N — 1}

Tp Tyl

the conforming P! finite element space. The presence of the term Fj h(U"H) in the system (3.10)-(3.11) is the raison
of its nonlinearity. For its resolution, we used a Newton algorithm. For numerical tests, we used the cubic nonlinear

term f(s) = 0.83[s®> — (0.5)2s] and the logarithmic one f(s) = —2kos + ki ln(1 i s) with (ko, k1) = (In(6),1).

1-s
The Caginalp phase-field model that we use for numericals tests is
O aBut f(u) =6 A (3.12)
0¢ 0¢ _ Ou
o - ATl —bAg = - (3.13)
u(0) = ug, ¢(0) = ¢o. (3.14)

12
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In the following tests, we will vary the coefficients, c, a and b. The initial values are u(x,0) = 0.1 sin(27x) cos(mz)
and ¢(z,0) = 0.9 cos(27mz) sin(7x).

0.25 — ; 0.35
ozl i 0.3f
0.25f
015}
0.2t
01t
015t
S 0.05f 1 =
0.1Ff
0
0.05F
0.05 :
0
0.1p 1 -005f v Y
-0.15 — : 01— :
-3 25 2 3 25 2
X X

Figure 2: Logarithmic case witha =a =0 =1

In figures 1-4, we show the influence of the parameters «, a and b.
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0.6

04— : ! 0.4

Figure 3: Logarithmic case witha = 0.75, a = b =1

The results of tests 1-4, show that all solutions tend towards the null solution both in the polynomial and logarithmic
case when the time becomes large.

0.4 L - ! -0.2

Figure 4: Cubic case witha = 0.75, a =b =1

For the rest of the tests, we change the two initial conditions and opt for a hyperbolic tangent profile. Thus we

- 0. —-0.2
define ug g(z) = 0.1 tanh(L\/gg)) and ¢g g(z) = 0.9 tanh(xi\/%g)). We are inspired here by the tests made by

Bail et al in [5]. Indeed, ug(z) = tanh(%) is a good approximation of the solution of the Allen-Cahn equation in the

stationary case given by —u"(z) + u®(z) — u(x) = 0 associated with neumann boundary conditions in the interval
[—L, L] with L large. It is thus interesting for us despite the fact that our boundary conditions are of the Dirichlet type

14
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to do this test.

o4r

03

02

o1f

0

01k

0.2

03f

-0.4

051

-0.6

]
/N
—

0 01 02 03 04 05 06 07 08 09 1
X

o4r

02

0.2

-0.4

0.6

0.8

-1

BRI

0 01 02 03 04 05 06 07 08 09 1
X

Figure 5: Logarithmic case with 5 = 0.000001, a = b =1

0.4r

0.2

-0.41

-0.6

-0.8

067
R
\_/ 04F
\/ v
g 02t f—0 -
==
R
—] e ——
/_\1 0 Eﬁ
— A
A 02f |
—
04f
L
-0.6
. , 08 . ,
0 05 1 0 05 1

Figure 6: Cubic case with § = 0.000001, a =b =1

The figures 5-6 show quasi-stationary solutions. These solutions as in the previous tests tend towards the null

solution when the time becomes large.

Remark 3.1. Numerical results have been obtained both for a potential with polynomial growth and within the frame-
work of a logarithmic potential. For the mathematical analysis of this initial and boundary value problem in the case
of a potential of logarithmic type see [3].
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