Hyers-Ulam-Rassias stability of a general septic
functional equation

Abstract. In this paper, we investigate the stability of the following general septic functional

equation
8

S G0 f(a + (i — 4)y) = 0

i=0
which is a generalization of many functional equations such as the additive functional equation,
the quadratic functional equation, the cubic functional equation, the quartic functional equation,
the quintic functional equation, and the sextic functional equation. The equation is analysed from
the perspective of Hyers-Ulam-Rassias stability.

AMS Subject Classification: 39B82; 39B52.
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1 Introduction

It is well known that the study on the stability of functional equations began as an attempt
to solve Ulam’s question in [28] about the stability of the group homomorphisms. As a
partial answer to this question, Hyers [7] solved the stability of the Cauchy functional
equation in the following year. Since then, many mathematicians have generalized Hyers’
results by showing the stability of various kind of functional equations, see [2, 5, 6, 8, 14,
26]. Today the term "Hyers-Ulam-Rassias stability’ refers to the generalization introduced
by Rassias [26].

Throughout this paper, V', X, and Y are a real vector space, a real normed space,
and a real Banach space, respectively. For a mapping f from V to Y, we consider the
functional equation

k

D kCi(—1)F f(z +iy) =0, (1.1)

i=0
where k = 2,3,4,5,6,7,8. Observe that a solution mapping f : V — Y of (1.1) is
a "generalized polynomial mapping of degree at most 7”7 in the sense of J. Baker in
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[1]. So the functional equation (1.1) is called a Jensen, a general quadratic, a general
cubic, a general quartic, a general quintic, a general sextic, and a general septic functional
equation, for k = 2,3,4,5,6,7,8, respectively. Also each solution mapping of (1.1), for
k=2,3,4,5,6,7,8, is called as a Jensen, a general quadratic, a general cubic, a general
quartic, a general quintic, a general sextic, and a general septic mapping, respectively.

Recall, the stability problems for the functional equation (1.1) were studied in many
ways. In the case of a Jensen functional equation, K.-W. Jun et al. [18] showed the
stability result. The stability of a general quadratic function equation was obtained by
Y. H. Lee [13], Y. H. Lee et al. [20], and S. S. Jin et al. [9]. On the other hand, the
stability of a general cubic function equation was studied by Y. H. Lee [12, 17], S. M. Jun
et al. [11], and Y. H. Lee et al. [25, 21], and the stability of the general quartic function
equation are discussed in Y. H. Lee [15] and Y. H. Lee et al. [19, 21, 22, 23, 24]. Moreover,
the stability of a general quintic functional equation has been studied by S. S. Jin et al.
[10], and the stability of the general sextic function equation has been obtained by Y. H.
Lee [16], I. S, Chang et al. [3], and J. Roh et al. [27].

In this article, we investigate the stability of the following general septic functional
equation

8
Df(z,y) ==Y sCi(—1)* " f(z + (i — 4)y) = 0 (1.2)
i=0
in the sense of Hyers-Ulam-Rassias. Prior to this paper, in [4], I. S, Chang et al. used the

method of Gavruta to prove the stability of a general septic functional equation, i.e., if
the function f : V — Y satisfies the inequality

I1Df(z, )|l < ¢(x,y)

where a function ¢ : V2 — [0, 00) satisfies the condition

Y 12879 (27 27) < oo,
=0

for all z,y € V, then there exists a unique general septic mapping F' near the function f.
On the other hand, in this paper, we use Theorem 2.2 to improve the stability result of the
general septic functional equation. Precisely, for a real number § > 0 and a non-negative
real number p #£ 1,2,3,4,5,6,7, let f: X — Y satisfy

1D f (2, y)ll < ([l ]” + [ly![*)

for all x,y € X, then it is proved that there exists a unique septic mapping F, i.e.,
DF(z,y) =0 for all z,y € X, such that F(0) = 0 and

1f(2) = f(0) = F2)]| < epf]]|”

for all x € X, where the constant €, depends only on p, see (2.14).
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2 Stability of a general septic functional equation

]?eﬁnition 2.1 For a given mapping f : V. — Y, we define the mappings Df : V2 =Y,
fa fm fea Ff; AfV—)Y as

8

Df(x,y) ==Y sCi(=1)*"f(zx+ (i — 4)y),

=0
f@) = F(0), fo(a) = LB IR oy o f@ S

f(z):
2
I'f(x) :=Df,(8x,2x) + 8D fo(6x,2x) + 36D fo(4x, 2x) + 120D f, (2, 2x)
+ 160D f,(4z, x) + 1280D f,(3z, x) + 4032D fo (22, x) + 5376 D fo(z, ),

Af(x) :=Df.(4z, ) + 8D f.(3x,x) + 36D f.(2x,x) + 120D f.(x, z) + 123D f.(0, )

forallz,y e V.

Theorem 2.2 For f:V =Y, let us define f1, fa, f3, fa, f5, f6, f7:V =Y as follows;

folz) 1 1 1
fe(x) 1 1
1 1
o= B 5wl LS |
f:(8x) 83 328 1283 o(4z) 16° 647
1 fox) 1 1 .
fe(z) 1
1
f3($) ::M 222 ﬁogiii 33222 1122882 ) f4(l’) ::M 4 f€(2x) 64 )
23 fZ(S:z) 328 1283 £ fe(4x) 642
]- 1 fo(x) 1 1 1 f(l‘)
1 e
)= g g TOD e | R@ = gp| 416 fe) |
23 g3 fZ(&L‘) 1283 £ 16° fe(4x)
111 fola)
102 8 32 f(21)
Fl@) = g7 1 92 s2 392 f(42)
23 8% 323 f,(8z)

for all x € V', where

1 1 1 1

1 1 1
23 83 323 1283 47 167 64
Then
7
f@) = folx) + feolz) =) _ filx) (2.1)

forallz e V.
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4

Proof. It can be noted that M # 0 and M’ # 0. The uniqueness of solution (stated in
Cramer’s rule) implies that the family {fi(z), fs(z), fs(z), fz(z)} is the only solution to
the system of non-homogeneous linear equations

fi(x) + f3(x) + f5(x) + fr(z) = fo(x)
2f1(x) + 8f3(z) + 32f5(x) + 128 f7(z) = fo(27)
22 f1(z) + 8% f3(x) 4 322 f5(x) 4+ 1282 fr(x) = fo(4x)
23 f1 () + 83 f3(x) + 323 f5(w) + 1283 fr () = f,(82)

for all x € V. Similarly, we have fe(x) = fao(x) + fa(z) + fo(x) for all x € V. O

By laborious computation we can get the following equalities;

Lf(x) = fo(162) = 170fo(82) + 5712fo(4x) — 43520fo(2) + 65536, ().
Af(x) = [fe(8x) — 84f(4x) + 1344 fc(2z) — 4096 fc(),
and
(o) = 32768 folx) — 5376 foggé; (;r 168f,(42) = fo(82) 2.2)
) = L024fe(x) - 8;) éfg(zoc) t fe(dz) 2.3)
foa) = 5192 folx) — 4416 fo(lz%g 162f,(42) = fo(82) (2.4)
fiz) = - 256 fe(x) — 685J;%(2m> + fe(4:v), (2.5)
) = 2048 fol) — 1296 fo(ggcl)g 138f,(42) = fo(82) (26)
folz) = 64 fe(x) — 2%;(0295) + fe(d2) (2.7)
frlz) = — 512fo(z) — 336]%%)1 5+2 812fo(4x) — fo(82) (2.8)
as well as
fr(@) - f71(22§ - _18F5]7E()9(4x5)60 (2.12)
for all z € V.

Now, the stability of the general septic functional equation (1.2) is computed.
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Theorem 2.3 Let p # 1,2,3,4,5,6,7 be a non-negative real number, and let 6 > 0.
Suppose that f : X — Y satisfies

1D (2, y)ll < ([l ]l” + [lyl[*) (2.13)

for all x,y € X, then there exists a unique mapping F such that F(0) =0, DF(z,y) =0
for allxz,y € X, and

1F() - Pla)| <—2olell?  Kolzl  _ K'0jz|}” K0||z|?
K/ p K p K/ p
alEdl ozl 0|z .10

69120 - [32 — 2¢| ' 2880 - [64 — 2¢| ' 1451520 - |2P — 128

for all x € X, where K and K' are constants given by K := (47’ +8-3P 4+ 36-2° + 408)
and K' := (8p +8-6P 4196 - 4P + 1280 - 3P 4 4317 - 2P + 16224).

Proof. Notice that f(0) =0, Df(z,y) = Df(x,y), and
1D fola, )l 1D Fe(z, )l < 0(z [P + [ly[|)
for all z,y € X, by (2.13). Then, together with the definitions of I'f and Af, we get

ITfo(2)|| =||Dfo(8%,22) + 8D f,(62,22) + 36D f,(4z, 2x) + 120D f,(2z, 2x)
+ 160D f,(4z, x) + 1280D f,(3x, x) + 4032D f,(2x, x) + 5376D f,(z, x|
<(87 4+ 2P +8- 67 + 8- 2P + 36 - 47 + 36 - 2P + 240 - 2P + 160 - 47
+ 160 + 1280 - 37 + 1280 + 4032 - 2P + 4032 + 10752) 6| P

< K'0||=|/, (2.15)
|Afe(z)|| =||Dfe(4z, z) + 8D fe(3z, 2) + 36D fo (22, ) + 120D fo(z, ) + 123D fo (0, 2)||
< K0||z|P (2.16)

for all z € X. The theorem can be proved in seven steps in the following manner:

Step 1. For p # 1, there exists a mapping F) : X — Y satisfying F(V(0) = 0,
DFM(z,y) =0 for all z,y € X, and

K0 |z|[”

- _ @ < i

for all z € X.
(1) If 0 < p < 1, then it follows from (2.9) we obtain that

nAm—l [ £ g £ (9i+1
> (fl(ziw)_fl(%lx))

1=n

A@m) T
n 2n+m

n+m—1 s ; n+m—1 ;

I'fo(2'x) K'02'P| z||P
< — I < _ 2.18
= ; 45360 - 2i|| = ; 45360 - 2i (2.18)
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6

for all x € X and n,m € NU{0}. So {%} is a Cauchy sequence for all x € X. Since
Y is complete, it converges and we can define a mapping F() : X — Y by

F(l)(x) ;= lim L(gnx)

n—o00 an

for all x € X. Moreover, letting n = 0 and passing the limit m — oo in (2.18), the
following inequality is obtained

I1(0) - FO )] < et

for all x € X, and, together with (2.2), it holds that

) Dfl( x,2™y) 32768Df0 (2", 2™y)
DF®) = lim
5376Dﬁ(2”*1x,2”+1y)_+ 168D f, (272, 2712)) Df2"+3:c2n+3
22680 - 2 22680 - 2n 22680 - 2"
< mn<www 9" | 5376 20"+ 1P 4 168 - ﬂwwm+zm%3) OCll]” + [ly]1*)
~ n—oo 22680 - 27
=0
for all z,y € X.
(2) If p > 1, then it follows from (2.9) and (2.15) that
‘ 2nf1 (2fnx) _ 2n+mf1 (2fnfmm)H — Z (21f1(2*1x) _ 21+1f1(27171x) H
NN Errhe e | SN 2K
i 45360 - ;é; 22680 - 20+ 1P

for all z € X and n,m € NU {0}. So {2"f1(2 "z)} is a Cauchy sequence for all z € X.
Since Y is complete, the sequence converges and we can define a mapping F() : X — Y
by N
FM(z) := lim 2"f1(27"x)
n—oo

for all x € X. Moreover, letting n = 0 and passing the limit m — oo in (2.19), the
following inequality is obtained

P K'0|=||”

| f1(z) — ( )”_W

for all x € X, and, using (2.2), we have

IDFD (@, y)| = lim 2"
n—oo

z)fd2—"x,2—"yﬂ‘5;1nn on (
n—oo

N 5376D f, (27" x, 27" y) N
22680

32768Df0 (27"x,27"y)
22680
168Df0(27n+21.’ 27n+2y) Dfo —n+3, L2 n+3
22680 22680

: - - - - 29 ({|[” + [ly[1*)
<1 ) . QNP .9 np+p 1 .9 np+2p ) np+3p
< lim (32768 + 5376 + 168 + ) 52630

=0
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for all z,y € X.

Step 2. For p # 2, there exists a mapping F?) : X — Y satisfying F®(0) = 0,
DF®(z,y) =0 for all z,y € X, and

K0]x|”

f. _ @ < 7
for all x € X.
(1) If p < 2, then it follows from (2.9) and (2.16) that
f2(2"3:) - f2(2n+ml.) ”‘*‘zm:—l f2(2i:v) - f2(2i+1x)
4n gn+m - P 40 4i+1
n+m—1 7 ey n+m—1 ;
Afe(2'x) Ko2'P| x| P
< — I < —_— 2.21
- ; 2880 - 4% || — ; 2880 - 4* ( )

for all z € X and n,m € NU{0}. So {%} is a Cauchy sequence for all z € X. Since

Y is complete, it converges and we can define a mapping F 2. X 5Y by

F(Q)(x) := lim fg(Q"x)

n—o00 4n

for all x € X. Moreover, letting n = 0 and passing the limit m — oo in (2.21), the
following inequality is obtained

. K0|jz]?
B Ale)) < i
for all z € X, and by (2.3) it holds that
.|| Dfa(2"z,2"y)
(2 - =z e e J)
IDES (@, y)]| = lim "
N 1024Dfe(2"x,2"y) 80D [ (2" 1, 2" ly)  Dfe(2" 2z, 2"2y)
~ oo 720 - 4n 720 - 47 720 - 47
0 P P
< lim (1024.2"P+80.2(n+1)p+2(n+2)p) (=" + llyll?)
n—o0 720 - 47
=0
for all z,y € X.
(2) If p > 2, then it follows from (2.9) and (2.16) that
‘ 4nf2(2—nx) _ 4n+mf2(2—n—mm)H — Z <4Zf2(2_zl') _ 4z+1f2(2—z—1$)) H
T[4 A (27 ) "*il LRGP o g
I 2880 T 72020 0p '
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8

for all z € X and n,m € NU {0}. So {4"f»(2~"z)} is a Cauchy sequence for all z € X.
Since Y is complete, it converges and we can define a mapping F@.XxX 5y by

FO(z):= lim 4" f,(2 ")

n—oo

for all z € X. Moreover, letting n = 0 and passing the limit m — oo in (2.22), the
following inequality is obtained

= 0|«
o)~ FO@I < 10

and

) — lim 47
[DF (2, y)|| = lim 4

Dfa(27"a,27"y)|

1024D (2", 27"y) _ 80Dfe (27" 1w, 27" y) | Dfe(27"42w, 272y ”

= lim 4"
720 720 720

n—oo

479(||z||P P
< lim (1024277 4 80 - 27"PHP 4 27"PHP) (11" + lly)
i 720

=0

for all z,y € X.

Step 3. For p # 3, there exists a mapping F®) : X — Y satisfying F(3)(0) = 0,
DF®)(z,y) =0 for all z,y € X, and

; K'0|||P
—FO () < — " 2.2
e e (223
for all z € X.
(1) If p < 3, then it follows from (2.10) and (2.15) that
5 5 n+m—1 5 . ~ :
f32rx)  fz(2" )| i f3(2'x) 327 )
]n gn+m - P i gi+1
n+m—1 7 o n+m—1 i
L'f,(2'x) K'92%||x||P
< — I < _— 2.24
- ; 138240 - 8* || — Ez: 138240 - 8¢ (2.24)

for all x € X and n,m € NU{0}. Then {%} is a Cauchy sequence for all z € X.

Since Y is complete, it converges and we can define a mapping FO . X Y by

FO(z) = ILm f:”(:nm)

for all x € X. Moreover, letting n = 0 and passing the limit m — oo in (2.24), the
following inequality is obtained

K'0|z||?

1Fa(@) = FO@ < a5t o)
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for all x € X, and by (2.4) it holds that

ng(Q":L‘, 2"y)

8192D f,(2"x, 2"
IDF®(x,y)] = lim :@w f<$ﬂ

8n 17280 - 8™
4416 D f, (2", 27 1y) 162D f, (272, 2712y) Df, (273, 27t3y)
17280 - 8n 17280 - 87 17280 - 8™
OCl=[1” + llyl*)
< 1 2.9 1 4416 .2(ntDp 4 169 . 9(n+2)p 2(n+3)p> ZAE TSI
s (819 4410 10 * 17280 - 8"
=0
for all z,y € X.
(2) If p > 3, then it follows from (2.10) and (2.15) that
‘ 8" f3(27"x) — 8n+mf3(2_n_mw)H = > (8Zf3(2_zfﬂ) - 81+1f3(2_1_1$)> H
n+m—1 8i+1Ffo(2_i_1$) n+m—1 SZKIGHQZHP

<

(2.25)

- Z 17280 - 2(+1)p

138240

i=n

for all z € X and n,m € NU{0}. So {8"f3(2 ")} is a Cauchy sequence for all z € X.
Since Y is complete, the sequence converges and we can define a mapping F®) : X — Y
by
F®) () := lim 8" f3(27"x)
n—oo
for all x € X. Moreover, letting n = 0 and passing the limit m — oo in (2.25), the

following inequality is obtained

K0 |z|”

173(2) = FO@I < Fr0 — )

for all x € X, and by (2.4) it holds that

|DF® (2, y)|| = lim 8"
n—oo

N 192D f, (2 "z, 27"
Df3(2*"x,2*”y)‘ = lim 8"( 8192Dfo(2 "z, y)H

n—oo 17280
N 4416D f, (27" g, 271y N 162D f,(2-"+2x, 2" +2y) Df, (2735, 2773y
17280 17280 17280
8”0 p p
< lim (8192-27" 44416 - 27 "PTP 4 162 27"V 4 7P HIP) (=" + flyl*)
n—eo 17280
=0

for all z,y € X.

Step 4. For p # 4, there exists a mapping FW : X — Y satisfying F(4)(0) = 0,
DF®(z,y) =0 for all z,y € X, and

KO||”

f _ @ < 7R
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10
for all z € X.

(1) If p < 4, then it follows from (2.10) and (2.16) that

n+m—1 7 i P ;
_ f1(2'x)  fa(2 )
| Z ( 16¢ 16i+1 )

for all x € X and n,m € NU{0}. So {%} is a Cauchy sequence for all x € X. Since

Y is complete, it converges and we can define a mapping F® : X — Y by

f2'a)  fa@ma)

16m 16ntm :
=N
n+m—1 7 o n+m—1 i
Afo (2" Ko2%||x|P
<y Afe(Z2) || 3 K02z | (2.97)
22 |19216 - 167 2. 9216 - 16°

F(4)(a:) = lim 7‘]?4(2”%)

for all z € X. Moreover, letting n = 0 and passing the limit m — oo in (2.27), the
following inequality is obtained

KO|][”

| fa(z) — FO ()| < 576(16 — 27)

for all x € X, and by (2.5) it holds that

IDFO(z,y)| = tim ’Df4<2 2 y>H

n—00 16™
i 256D f(2"x, 2™y) L 68D fe(2n e 20 1y) D (2722, 272y)
= lim || — —
n—co 576 - 16m 576 - 167 576 - 167

Ollz[l” + llylI)

< i <2 . Qnp . 9(n+1)p 2(n+2)p>
< lim (256 + 68 + 576 167

n—oo

=0
for all z,y € X.

(2) If p > 4, then it follows from (2.10) and (2.16) that

n+m—1
H16nf~4<2_nx) _ 16n+mf4(2—n—mx) H — Z <167,f4(2—1x) _ 16i+1f~4<2—i—1x>> H
n+m—1 ; = i n+m—1 ;
167HIAf (27 1) K016 z|P
< _— .
- Z;L 9216 - z; 576 - 2(i+1)p (2.28)

for all z € X and n,m € NU {0}. So {16"f4(2 "z)} is a Cauchy sequence for all z € X.
Since Y is complete, it converges and we can define a mapping F® : X — Y by

FW(z) = lim 16" fa(27"x)
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11

for all z € X. Moreover, letting n = 0 and passing the limit m — oo in (2.28), the
following inequality is obtained

K0||”

| fa(z) — FW ()] < 576(2 — 16)

for all x € X, and by (2.5) it holds that

IDF® (&,y)] = lim 16"
n—oo

Df4(27":c, 27"y)H

= lim 16"

n—o0

256D f.(2 "z, 27 "y) N 68D fo (27" 1z, 27" y)  Df (27" 2z, 27" H2y)
576 576 576

: - . . 16™0(||=||” + ||lyl[?)
<1 9 .9—np .9 np+p 2) np+2p
< lim_ (256 +68 + ) 576
=0

for all z,y € X.

Step 5. For p # 5, there exists a mapping F®) : X — Y satisfying F(5)(0) = 0,
DF®)(z,y) =0 for all z,y € X, and

; K'0|x|”
_r® < 2.29
IFs(o) - PO < gl (2.29)
for all z,y € X.
(1) If p < 5, then it follows from (2.11) and (2.15) that
fs2na)  f@ra) | ”*i”:l f5(2'z)  f5(271a)
32n 3an+m — 392t 392i+1
n+m—1 7 roi n+m—1 i
L'f,(2'z) K'627||z|]P
< — 7 || < T — 2.30
- Z 2211840 - 32¢ || — ; 2211840 - 32¢ ( )

for all x € X and n,m € NU{0}. Then {%} is a Cauchy sequence for all z € X.

Since Y is complete, it converges and we can define a mapping F® : X — Y by

F(S)(x) := lim f5(2"x)

n—oo 32N

for all x € X. Moreover, letting n = 0 and passing the limit m — oo in (2.30), the
following inequality is obtained

K'0|z||?

PN () S Ll —
1 f5(x) — FO ()| < 69120(32 — 27)


JSS
하이라이트


JSS
하이라이트



12

for all x € X, and by (2.6) it holds that

Df5(2"x,2"y) 2048D f, (2", 2™y)
(5) _ 5
IDE (@, y)ll = lim 32n H n60 (H 69120 - 327
1296D f, (2" 1z, 27t 1y) 138D f, (272, 2712y) Df, (273, 273y)
69120 - 32n 69120 - 32n 69120 - 32n
: Pt ylP
<1 (2 48 - 2P 4 1996 . 2(nt1p 4 138 . 9(n+2)p 2(n+3)p) OCllz]l” + llyll*)
S Hm (2048 - 27+ 1296 138 * 69120 - 32"
=0
for all z,y € X.
(2) If p > 5, then it follows from (2.11) and (2.15) that
B B n+m—1 o A
H32”f5(2—":c)—32"+mf5(2—"—mx)H = > (32@f5(2—@x) 3211 fy (27! ))H
n+m—1 ; = i n+m—1 ;
320K f, (27 1) 320K'0)|z||P
< — 2.31
- Z; 2211840 - Z;Z 69120 - 20+1)p (231)

for all z € X and n,m € NU{0}. So {32"f5(2"z)} is a Cauchy sequence for all = € X.
Since Y is complete, it converges and we can define a mapping F® : X — Y by

FO)(z) := lim 32" f5(27"x)
n—o0
for all x € X. Moreover, letting n = 0 and passing the limit m — oo in (2.31), the
following inequality is obtained

K0 |z|”

Hff)(x) ( ) < m

for all x € X, and, using (2.6), we have

IDF®) (2, y)] = lim 32"
n—oo

Dfs(2 "z, 27y)|| < lim 32n< '2048Dfo(2‘ 2,2 y)H

=00 69120
N 1296 D f, (2771, 277y N 138D f, (2722, 271 2y) N Df, (273, 973y
69120 69120 69120

3270(||z||? P
< lim (2048 27" 4 1296 - 27 "PHP 4 138 . 272y 9wt (lll” + ly[I”)
oo 69120

=0

for all z,y € X.

Step 6. For p # 6, there exists a mapping F© : X — Y satisfying F(©(0) = 0,
DF®)(z,y) =0 for all z,y € X, and

KO||”

F(z) — F©) |l | N
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for all z,y € X.
(1) If p < 6, then it follows from (2.11) and (2.16) that

n+m—1 7 roi
B f6(2z) f6 22+1
| > (B feta)

Jo(2'a)  Fo(2ma)

64" 64ntm .
i=n
n+m—1 5 ; n+m—1 ;
Afo (2" K270\ x||P
— 184320 - 64 Pt 184320 - 64°

for all x € X and n,m € NU{0}. So {%} is a Cauchy sequence for all x € X. Since

Y is complete, it converges and we can define a mapping F(®) : X — Y by

F(G)(a:) = lim 7‘]?6(2”%)

for all z € X. Moreover, letting n = 0 and passing the limit m — oo in (2.33), the
following inequality is obtained

KO||”

1fo(@) = FO@I < Seg0066 )

for all x € X, and by (2.7) it holds that

IDF©) (2, )] = lim H’WWH

n—+00 64n
~ i 642 fe(2"z,2"y)  53T6D fo(2" 1z, 27Hy) | 168D fo(2nH2g 202y
n—oo || 2880 - 647 2880 - 647 2880 - 647
. P+ lyl”)
< np (n+1)p (n+2)p ) (H‘T”
< Hm (64 27202 2 2880 - 641

=0
for all z,y € X.

(2) If p > 6, then it follows from (2.11) and (2.16) that

n+m—1

H64” fe(27 ") — 64™t™ f6(2—"—mx)H = > (64i fe(27x) — 64+ f6(2—"—1x)> H
n+m—1 ; x i n+m—1 ;
64 IAf (27 ) 64' K0 |
< _— .
= ZZ:Z 184320 = ; 9380 - 26+ 1 (2:34)

for all z € X and n,m € NU {0}. So {64"fs(2 "x)} is a Cauchy sequence for all z € X.
Since Y is complete, it converges and we can define a mapping F(®) : X — Y by

FO (z) .= lim 64" fe(27 ")


JSS
하이라이트


JSS
하이라이트


JSS
하이라이트



14

for all z € X. Moreover, letting n = 0 and passing the limit m — oo in (2.34), the
following inequality is obtained

PN (6) KO||z|[?
| fo(x) — F ($)||§—2880(2p_64)

for all x € X, and by (2.7) it holds that

HDF(G)(x )H = lim 64"

Df6(2_"m, 2_”y)H

)64D fo(27m2,27My) — 20D f (27" e, 27 y) 4 Df. (2720, 27 2y) H
640 p p

S lim (64 . 2777,]3 + 20 - 2fnp+p 4 2fnp+2p) (”‘TH + HyH )

n—00 2880
=0

for all z,y € X.

Step 7. For p # 7, there exists a mapping F(7 : X — Y satisfying F((0) = 0,
DF(7)(x,y) =0 for all z,y € X, and

M) ()| < ——olzl”
= 1451520 - |128 — 27|

1f7() -

for all x € X.

(1) If p < 7, then it follows from (2.12) and (2.15) that

B "%‘1 fr(2'2)  f2(211a)
- 1280 128i+1

i=n

fr(2rx)  fr(2vPma)
128" 128n+m

n+m—1

3

1=n

T f,(2ix)
185794560 - 128

n+m— i
K021z |P
Z 121”9 36)
£~ 185794560 - 1281

for all x € X and n,m € NU{0}. So {f71(22;f)} becomes a Cauchy sequence for all x € X.

Since Y is complete, it converges, and hence we can define a mapping FO. X Y by

(7) o f7(2nw)
Fre) = lim o

for all x € X. Moreover, letting n = 0 and passing the limit m — oo in (2.36), the
following inequality is obtained

| < — KOlel”
= 1451520(128 — 2¢)

If7(z) = FO(x)
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for all x € X, and, using (2.8), we have

Df7(2”x,2”y)H i | 512D f, (2", 2"y)

128" =00 65536 - 128"

336D f, (271w, 27 y) 42D f, (2722, 27 2y)  Df, (273, 2nt3y)
65536 - 128" B 65536 - 128" 65536 - 128" H

) _
IDF (,y)|| = lim |

Oll=” + llyl")

< lim (512 .9np 4 336 . 2(ntlp 4 g9 . 9(nt+2)p o 2(n+3)p> 65536 198"

n—o0

=0
for all z,y € X.

(2) If p > 7, then it follows from (2.12) and (2.15) that

H128”f7(2‘”m) _ 19gntm f7(2—”—mx)H -

n+m—1 H

3y (12877(2—1‘:5) - 128i+1f7(2—i—1x))

i=n
n+m—1

<

i=n

128D f (2-i-1g) || "R

185794560

Z 128°K'0]|x||P
— 4~ 1451520 - 2(i+1p

(2.37)

for all z € X and n,m € NU{0}. So {128" f;(2"z)} is a Cauchy sequence for all z € X.
Since Y is complete, it converges and we can define a mapping F(7) : X — Y by

FO(z) := lim 128" f7(27"x)

n—oo

for all x € X. Moreover, letting n = 0 and passing the limit m — oo in (2.37), the
following inequality is obtained
|« KOl

~ 1451520(2P — 128)

| f7(2) = FO(x)
for all x € X, and, using (2.8), we have

—512D f, (2 "2, 27 "y)

|IDFD(z,y)|| = lim 128"
n—oo

Df‘7(2—"x,2—"y)‘ — lim 128"

=00 2835 - 512
336Dfo(2_n+1113, 2—n+1y) B 42Df0(2_n+21‘, 2—n+2y) Dfo(2_n+3l‘, 2—n+3y)
2835 - 512 2835 - 8 2835 - 512
. - - - - 12876([|z[” + [lylI”))
< lim (512-27" 4336 -27"PTP 4 42. 7P 4 9= npHdp
< Jim ( + + * ) 1451520
=0

for all z,y € X.

Now, using the functions FV, F@) ... F() . X — YV of Stepl, Step 2, ..., and Step 7,
respectively, we put
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for all z € X. Since ||f(z) — F(z)|| < Zzzl | fi(z) — FO(z)]|| for all z € X, together with
(2.17), (2.20), (2.23), (2.26), (2.29), (2.32), (2.35), the property (2.14) is obtained. It is
obvious that -
DF(xz,y) =Y  DF%(z,y) =0
i=1
for all z,y € X. Finally, to prove the uniqueness of F', let G : X — Y be another mapping,
which satisfies the property (2.14), G(0) = 0, and DG(z,y) = 0 for all z,y € X. And let
G1,Ga, -+ ,G7: X = Y be defined as in Definition 2.1. Since DG, (z,y) = DG (x,y) =0

for all z,y € X,
DGQ(I’,Z/):O, Z:172a >7

for all z,y € X, Additionally, by (2.14) with the definitions of the odd function and the
even function of Definition 2.1, we get

Ife(@) = Ge(@)ll, [|fe(z) = Ge(@)]| < NO||l? (2.38)
for all x € X, where
K’ K K’ K
= + + +
22680 -12—2r|  720-]4—2P|  17280-|8 — 2P| = 576 - |16 — 2P|
K’ K K’

Tt 69120 32— 27 T 288064 — 27| | 1451520 |27 — 128]"

It is notable that I'G(z) = AG(z) = 0 for all z € X by (2.9)-(2.12), it can be proved that
Gi(2z) = 2'Gy(z), i =1,2,--- ,7, for all x € X. Particularly, they hold that

GQ(ZE) = 22G2 (g) — e = 4”G2 (2%) (2.39)
G3(2"x) = 23G3 (2" ) = - -+ = 8"G3(x) (2.40)

for all z € X and n € N. Now, it can be noted that, in the case of 2 < p < 3, we have

| i () -6 ()]

1024 4n
2” 720

A" f (%) — Ga(x)

v (3)-ren(;

80-4"| » [ 2x 2z 4r 4x 4
T | <2> -G <2> 720 <2> G <2> H
< . 9P py___ ~ D
< (1024 + 80 - 2P + 4 )720'2@1\70]]95” ,
and
f3(2"z) _ || era)  Ga(2ma)
< [|B1920o(2"2) — Go(2"2))|| | ||4416(/o(2"H ) — Go(2"a))
- 17280 - 8" 17280 - 8"
N 162(f0(2”+2 )—G (2n+2 f (2n+31,) —Go(2n+3m))
17280 - 87 17280 - 8"
2"P NG| x||P
< (8192 +4416-2P +162.2%° 4237 | =_—_"""1
B ( " - * ) 172808
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for all x € X and all positive integers n. Taking the limit in the above inequalities as
n — oo, we obtain

Ga(z) = lim Zlnf2 <2£n> = F(z)(x), Gs(xz) = lim ﬁ)’(;:m = F(?’)(m)

n—o0

for all z € X. Also, in the same way, it can be shown that G;(z) = FO(x),i=1,4,5,6,7,
for all z € X. Therefore, it can be shown that G(x) = F(x) for all z € X in the case of
2 < p < 3. Similarly, the uniqueness of F' can be proved in other cases of p. O

3 Conclusion

In this work, we have investigated the stability of the following general septic functional

equation
8

D(z,y) = 3 sCil~1)*" (e + (i — 4)y) = 0,

i=0
from the perspective of Hyers-Ulam-Rassias stability. Precisely, for a non-negative real
number p # 1,2,3,4,5,6,7 and a real number 6 > 0, if the mapping f : X — Y satisfies

IDf (@, y)ll < Ol ll” + [lyl”)

for all x,y € X, then there exists a unique septic mapping F, i.e., DF(z,y) = 0 for all
x,y € X, such that F(0) =0 and

1f(z) = £(0) = F(2)]| < epb]]]”

for all x € X, where the constant €, depends only on p. To prove it, we use the mappings
f1, fo, f3, fa, f5, fe, fr: X — Y which are defined in Theorem 2.2, such that

for all z € X. And then, it is possible to construct the septic mappings FO Fp@ ... p@).

X — Y satisfying F)(0) = 0 and
I fi(z) — £:(0) — FO(@)|| < eipblal?,

for all z € X, where : =1,2,---,7 and ¢; 5, depends only on ¢ and p. Then, putting

7
F(z):=)_ FO(z)
=1

for all x € X, we have shown that F' is the unique solution of the general septic functional
equation D(z,y) = 0 such that ||f(z) — f(0) — F(x)|| < €,0|z|P for all x € X, where

€p = Zi:O €i,p-
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