On Products of Composition and Differentiation Operators

Abstract

In this paper we consider products of composition and
differentiation operators on the Hardy space. We provide a
complete characterization of boundedness and compactness of these
operators. M. Moradi and M. Fatehi [5] obtain the explicit
condition for these operators to be Hilbert-Schmidt operators. We
have a theoretical application on the composition operators with
series of perfect symbols.
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1. Preliminaries
For D be the open unit disk in the complex plane C. The Hardy space H? is
the Hilbert space of all analytic functions f; on D such that

21
I f; 2= Ilm—j Z|f](re‘9)| df < co. (11)

It is well known that the Hardy space H2 is a reproducing kernel Hilbert space,
with the inner product

1 2w o
(.9 = 5z | Eﬁ(ele)gxew)de, a2

and with kernel functions K( )(z) = Z] (1 where n is a non-negative

)n+1’

integer and z, w; € ID. These kernel functions satisfy <f], K(n)> f.(n)(wj) for each
fi € H?. To simplify notation we write K - in case n = 0. In particular note that

% 1K, || =3 Kw,(W)) = Xj—— Let f](n) be the nth coefficient of £; in its

Maclaurin series. Moreover, we have another representation for the norm of f; on
H? as follows

I £ 17= Z Z f; ()2 < oo (13)

n=0
The space H® is the Banach space of bounded analytic functions f; on D with

I£1l,, = sup %{1f; (2)I: z € D}.

For ¢; an analytic self-map of D, the composition operator Cy, 0; Is defined
for analytic functions f; on D by . C(pj(fj) =Y. fj o @;. Itis well known that every
composition operator Cyo; is bounded on H? (see [1. Corollary 3.7]). For each
positive integer k, the operator D™ for any fi € H? is defined by the rule
D& () = ij(k). This operator is called the differentiation operator of order k.
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For convenience, we use the notation D when k = 1. The differentiation operators
D) are unbounded on H?, whereas Ohno [9] found a characterization for Cs, D
and DCy o, 10 be bounded and compact on H2. The study of operators Cy oD and
DCy . was initially addressed by Hibschweiler, Portnoy, and Ohno (see [8] and
[9]) and has been noticed by many researchers ([3],[4], and [10]). [5] be
considering a slightly broader class of these operators.

M. Moradi and M. Fatehi [5] showed explicit improvement raised condition
for the composition and differential operators.

Massimo Sorella, Riccardo Tione [6] showed the four-state problem and
convex integration for linear differential operators is flexible.

Naoki Hamada, Naoto Shida, and Naohito Tomita [7] showed the bilinear
pseudo-differential operators are determined in the framework of Besov spaces that
improve boundedness of the operators

For each positive integer n, we write Dy o 10 denote the operator on H?

given by the rule 3D, , (f;) = X C,,D™(f;) = ij(n) o ¢;. The main results

provide complete characterizations of the boundedness and compactness of
operators DZ(pj,n on H? (Theorems 2.1 and 2.2). In addition, we characterize the

Hilbert-Schmidt operators Dy . n ON H? (Theorem 3.3). [5] use some ideas which

are found in [9].
For ¢; be an analytic self-map of D. The Nevanlinna counting function

Ny ; 0f @ is defined by

ZN¢j(Wj): z ng(%) w; € D\ {;(0)} (1.4)

@j(z)=w;
and ZN¢j(<pj(O)) = oo. Note that ZNq;j(Wj) = 0 when w; is not in ¢;(ID). For

each f; € H?, by using change of variables formula and Littlewood-Paley Identity,
the norm of ); Cq,jfj is determined as follows:

, 2
D00 12 =Y 15O +2 [ D15 (w) Ny, (w)dA(w;), (1)
D
where dA is the normalized area measure on D (see [1. Theorem 2.31]). Moreover,

to obtain the lower bound estimate on | Dy, || we need the following well known

lemma as follows (see [1. p. 137]):
Suppose that ¢; is an analytic self-map of D and f; is analytic in . Assume

that A is any disk not containing {fj‘1(<pj(0))} and centered at a. Then

D oy (@) < 57 [ 3y (1)) o), (16)

where |A| is the normalized area measure of A.

2. Boundedness and Compactness of Dy .

Here we show under some specific conditions well mentioned useable ways
of finding bounded operators.
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We determine which of these operators Dy o;n are bounded and compact

(see [5]).

Theorem 2.1. Let ¢; be an analytic self-map of D and n be a positive integer. The
operator Dy, . is bounded on H? if and only if

D Ny, (w) =0 (1) log W/whIP™)  (jwy| > 1) @y
Proof. Suppose that Dy, , is bounded on H?. Let f;(z) = I;?((Z”) “fll /'1’1 for
A € D. By (1.5), we see that

> 1100,
2
> Dy, il

_ 2
. <n!,1n./1 — |,1|2>
Pj

1- /Tz)n+1

. n|,1n |,1|2 (n + 1)!/Tn+1\/1_7|/1|2 2

B z (1- /1(p (0))n+1 2] z 1- ,ij)n+2 N(Pj(Wj)dA(Wj)
2(( + 1)!)2|/1|2n+2(1 _ Mlz)

= j z - |1 _,TW_|2n+4 N '(Wj)dA(Wj)- (2.1)

Substitute w; = ¥ a; (u;) = Z ’ back into (2.1) and using [11. Theorem 7.26]
to obtain
2
> 110l
> f D 2((n + YA — 141%)

11— 2a 2 (w )|2n+4
1— |/1|

Ny, (@r(w)) I (w)[ daqwy).  (22)

14121
(1—iuj)2’

Since 1 — Z/la,l(u]) = Z and Yo,(w) =%
1 — Aa,; back into (2.2), we see that

> 110,

by substituting a; and

2 1! yi 2n+2 1 1 2n
jz ((n+ )) ||/{|2)2J+1 am Ny, (al(uj)) dA(w) . (2.3)

Because )’ |1 — Aujl =  for any u; € D/2, we get from (2.3) that

2((n + 1)1?|a|*n+2
z "D<pj,n"2 = j}D z 22::(1 — Az Ny, (a,l(uj)) dA(w).  (2.4)

There exists r < 1 such that for each 4 with r < |A] < 1,) alll((p] (0)) ¢ /2

because ¥|a; " (¢;(0)| =X |a¢j(0)(/1)| and ¥ @, (o) is an automorphism of D.
By (1.6) and (2.4), we have




2((n + DY
z "D<pj,n"2 = 2 (1 — [A[2)2nH1 j@ z No, (a,l(uj)) dA(u))
2

_2((+ HY2apm D Ny, (@2(0))

— 22n(1 — |A]?)2n+1 4

_ ((Tl + 1)!)2|/1|2n+2

T 22n+1(1 — |A[2)2nHt z prj(’D (25)
for each A with r < |A| < 1. Since Dy, » is bounded, there exists a constant
number M so that

. ((n + 1)1)?|A]"+2
\im ) e =y Ve @) S M. 26)

We know that log (1/]A]) is comparable to 1 — |A] as [1] = 1™. Note that
. ((n + 1)H2|A[*"*2
|!{I|r_r>]1 22n+1(1 _ |/1|2)2n+1 N(pj()l)
_ i 5+ DDA <Iog (1/I/1I))2”+1 Ny, (1)
- 1A|>1 22n+1(1 + |1])2n+1 1— 1] (log (1/]A]))?n+1
((n+ 1)) Ny, (4)
> ——— |lim : :
26n+412l-1 £La (log (1/]4]))*n+1
By (2.6) and (2.7), we can see that
N5, (4) = 0([log (1/]1AD1*™) (12] - 1). 27)
Conversely, suppose that for some R with 0 < R < 1, there exists a constant M
satisfying

2.7)

sup z N, (w))/Tlog (L/|w; )™+ < M.

R<|Wj|<1
Let f; be an arbitrary function in H?. It follows from (1.5) that

2
> 1Dg,nf

= 1o 2 [ 35,y e

_ | 2
= | (0;(0))|
2
+2) <LD [P wy)| N, wy)da(w).
2
+ j@\m | fj("+1)(wj)| N(pj(wj)dA(wj)). (2.8)
First we estimate the first and the second terms in the right-hand of (2.8). Observe
that
zf_(n)(z) _ z <f- K(")> _ jann! e—lneﬁ(ele)d_e
J J'z 0 (1 — e—iez)n+1 21
and hence



z |f(n)(z)| ~@1- |Z|)n+1j Z|f1(ele)| o = 1—|z |)n+1z Il £ Il (2.9)

for any z € D. It follows from (2.9) that
n nhll £l
20| < Y e (210)

Moreover, we can see that

DR = ) | E8) = ("Tl))nLZZMf,u (2.11)

for any z € . Therefore by (2.11), we see that

LDZ |f.(n+1)( j)|2N (Wj)dA(Wj)

(n+1)!
<(1" R)n+2> z I f; 112 fR N, (w)dA(w))

Since ¥ Il @ I = | X ¢;(0)]* + 2 [, Ny, (w;)dA(w;) by (1.5), we obtain
1
jD D Ny w)dAw) =2 (Lo IP= ;@) <1 (212)
From (2.11) and (2.12), we see that

2 (n +1)! 2
f DD w)] Wy udAm) < (g ) DNAIE (213)
RD g (1-R)
Now we estimate the third term in the right-hand of (2.8). We have

j]D)\R]D) z |fj(n+1)(wj)|2 Ny, (w;)dA(w;)
Ny, (w;)

(n+1) n+1
jD\RDZV (wy)]” (tog (/w1 o ey 1A

Nij(Wj) (n+1) 2 n+1
= acio (Iog(1/|wj|))2n+1fD\RD 57 )| Clog /wy ) dA(w)

R<|wj|<1

+1 2 n+1
<M j@\m z £+ (wy)|” (tog (171w 1) 27+ *dA(w;). (2.14)
Let f;(2) = Xm=0 2 afnzm. We get
j z | fj("“)(wj)|2 (log (1/w;])) 2"+ dA(w,)
D\RD



< z z m?(m —1)*...(m — n)zla{,ll2 j@\m |(wj)m-(n+1>|2(|og L/ |w; )2 T dA(w))

m=n+1

IA

m=n+1

z z m2(m — 1)2 ... (m — n)?|aJ,|” j |(w)™ @+ (log (1/]w; 1))+ 1 dA(w;)

2” o m=(r+1) d
— z sz(m—l)2 .(m —n)?|al,| f f motn (log (1/1))*™**rydr; —

m=n+1

Z Zmz(m ~ 12 (m—n)?ad,|

m=n+1

IA

1
j (rj)z(m—(n+1))(|og (1/1‘]))2n+121‘]d1‘] (2.15)
0

Now substitute t; = r and u; = log (1/t;) to obtain

1
j z(T‘]-)Z(m_(n+1))(|Og(1/1‘j))2n+1 ZT‘dT‘j
0
2n+1

— fo 1 D () (% log (1/tj)) dt;

— (1/2)2n+1j z e—uj(m—n)u]_2n+1duj. (2.16)
0
By substituting x; = (m — n)u; back into (2.16), we have

(1/2)2n+1 jooo z e—uj(m—n)u]_2n+1duj

1 (0 0]
_ § —x..2n+1
- 22n+1(m _ n)2n+zjo e xxj " dxj
r2n + 2)

= 22n+1(m — n)2n+2' (217)
By (2.14), (2.15), (2.16) and (2.17), we can see that
2
| D 0| M, y)aa ()
D\RD
= [(2n + 2)

< 2 1)2 AR
<M m*(m—1)*..(m—n) |am| 22n+1 (1 — p)2n+2

m=n+1

(2n+1)I m?(m—-1)2%.(m—-n+1)? . 2
Z )= ah)

T o2n+1 _ 2n
2 m= n+1 (m n)
(2n +1)!
=M 22n+1 z Z|am|
m=n+1



ZZL)'Z AR (218)

m?(m-1)>?..(m—-n+1)>?

where A is a constant so that < A for each m = n + 1 (note

(m-n)2n
2 _ 1 2
that the function f,(x;) = L 1() (;‘;n ™D s bounded on [n + 1, +0)). Then

(2.8), (2.10), (2.13) and (2.18) show that Dy o iIs bounded. We have the
following (see [5])
Theorem 2.2. Let ¢; be an analytic self-map of D and n be a positive integer. The
operator Dy o;mn is compact on H? if and only if
D Ny w) =0 ) (llog WIw,DE™)  (wjl>1).  (219)
Proof. Let h,,(z) = —w for a sequence {1,,} in D so that |1,,,] > 1 as m —
. Then h,, = 0 weakly as m — oo by [1 Theorem 2.17]. First suppose that
D, o, IS cOMpact. Hence Y. ||D(,,j,nhm|| — 0as m — oo. Therefore (2.5) shows that
n+ 1)! 2 ) 2n+2
lim (( M)Al N, (L) =0
m—oo 22n+1(1 _ |/1m|2)2n+1 Pj
Since log (1/]A,,]) is comparable to 1 — |A,,,| as m — oo, the result follows.
Conversely, suppose that (2.19) holds. Let € > 0. Then there exists R,0 <
R < 1, such that

sup z N, (w))/Tlog (L/]w;)T"*! < e (2.20)

R<|Wj|<1

Let {(f])m} be any bounded sequence in HZ. By using the idea which was stated in

the proof of [1. Proposition 3.11], we can see that {(f])m} is @ normal family and

there exists a subsequence {(fj)m } which converges to some function f; € H?
k

uniformly on all compact subsets of D. Let (gj)mk = (ff)mk — f; for each positive

integer k. Note that {(gj)m } is a bounded sequence in H? which converges to 0
k
uniformly on all compact subsets of D. By (2.8), we obtain

z ||D(pj’n(gj)mk||2
2 1 2
= >[N0 0| +2 jR ) Y @) )| Ny, (wydacw)

(n+1) 2
+2j z |(gj)m (Wj)| Nrpj(Wj)dA(Wj)- (2.21)
D\RD k
By [2. Theorem 2.1, p. 151], we can choose k. so that
(n)
z |(97), (0;0))| < Ve (2.22)

and Z|(gj)$+1)| <+e on RD whenever k > k.. Substituting f;(z) =z into
k
(1.5), we see that



_IRD z |(gj)£::1)(wj)|2 Ny, (Wj)dA(w;) <€ jRD z Ny, (w;j)dA(w))

€
<5 (1o, IP=19;O1F)  (223)
for k > k.. On the other hand by (2.20) and the same idea as stated in the proof of
(2.14) and (2.18), we see that

| D)l Ny, )
D\RD

Nij(Wj)
< sup 2n+1
R<|wj|<1 [log (1/]w;D]

fD\RD |(91)f:: 1)(Wj)|2 [log (1/|w; )]+ dA(w;)
<ce (o), |1 (2.24)

where C is a constant. Hence we conclude that }; ||D(,,j,n(gj)m || converges to zero
k

as k —» oo by (2.21), (2.22) , (2.23) and (2.24) and so D, , is compact.

The preceding theorems lead to characterizations of all bounded and
compact operators Dy, when ¢; is a univalent self-map (see [5]).
Corollary 2.3. Let ¢; be a univalent self-map of D and n be a positive integer.
Then the following hold.
(i) D5, ;n i bounded on H? if and only if

= |wl
su z < 00 2.25
e |<p,(w,)|)2n+1 (2:29)
(ii) Dy o;mn is compact on H? if and only |f
Z Z —wl (2.26)
IWJIH1 - prj(wj)l)zn+1

Proof. Since Y ¢; is univalent, we can see that N, ](w]) = log (1/]z|), where
®;(z) = wj. We observe that
Ny, (w)) —log (|z])
[log (1/ IW,I)]Z"+1 (—log (lg;(2) D)=+
Moreover, we know that log (1/]z|) is comparable to 1—|z| as |z] - 1".
Furthermore |z| = 1 as |@(2)| = 1. Therefore the results follow immediately from

Theorems 2.1 and 2.2
3. Hilbert-Schmidt Operator Dy o;mn

We begin with a few easy observations that help us in the proof of Theorem

(2.27)

3.3.

By showing some needable tools of Hilbert-Schmidt operator, its norm and
bound, by considering some Lemmas.

In the proof of the following lemma, we assume that 0° = 1 (see [5]).



Lemma 3.1. Let n be a positive integer and a;, > 0 for each 0 < k < n. Then for
0 < x <1, the following statements hold.

al xk Y Ya
(a) Zk 0 Z (1- x];n+k+1 = (1_;:)2n+];'

(b) There exists a positive number 8/ such that ¥#_, > a

J k
akx

_x)n+k+1 - Z (1 x)2n+1

Proof. (a) We can see that

Z Z "o Tagxk(l—x
(1 _ x)n+k+1 (1 _ x)2n+1

Since0<x < 1 and al > 0, we conclude that ¥7_oalx*(1 — x)" ¥ < ¥°_ al.

Hence the conclusion follows.
(b) We have

(1 — x)2m+1 z z g ak;Cn+k+1 z z Xk - x)r* >0

Since Y1, Za{( "(1 x)"k is a contlnuous function on [0,1], there exists a

positive number B/ such that ¥7_, ¥ alx*(1 — x)"* = B/. Hence the result
follows. We have the following (see [5])
Lemma 3.2. Let n be a positive integer. Then

)n—k

(n + k)! x¥

Z [m(m—1)..(m—n+1)Px™" = (n')2 = (kN)?(n = k) (1 — x)n+H+

for O <x<l.
Proof. See [10, Lemma 1] and the general Leibniz rule.
A Hilbert-Schmidt operator on a separable Hilbert space H is a bounded

operator A with finite Hilbert-Schmidt norm || A llys= (Z;‘{’zlllAenllz)llz, where
{e,,} is an orthonormal basis of H. These definitions are independent of the choice
of the basis (see [1. Theorem 3.23]). Now we have the following (see [5])

Theorem 3.3. Let Dy, ., be a bounded operator on H?. Then Dyp.m is a

HilbertSchmidt operator on H? if and only if

e

—|o; (re‘9)|
Proof. Suppose that (3.1) holds. Lemmas 3.1- 3.2- and [11. Theorem 1.27] imply
that

i z 1Dy, nz™| = i zu’m(m —1)..(m—n+1)e" |
m=0

(e0)

=2 'r'fl%f D Im(m=1)...am—n -+ )" (1;e) "o



= lim z an Z|m(m 1)..(m—n+1)e"" "(rie “9)| de

r—1

r—>1 27

(nH2(n + k)! |(p.(rele)|2k
= 'rlﬂﬂf z z (kN2 (n — k)! ( J i9)|2)n+k+1

—Ilm—j z Im(m—-1)..(m - n+ 1)@ "(rie “9)| de

— |(pj(re

(32)

2n+1!
|<p,(re‘9)| )
—EZ,;Z(M:;I (note that the interchange of limit and summation is
justified by [1 Corollary 2.23] and using Lebesgue's Monotone Convergence

Theorem with counting measure). It follows that Y72, 3: Dy, n2™|| < o0 and so
Dy pin is a Hilbert-Schmidt operator on H? by [1 Theorem 3.23].

Conversely, suppose that Dy o is a Hilbert-Schmidt operator on H?. We
infer from [1, Theorem 3.23] that

Z Y 10,07 < o (33)

On the other hand, by the proof of (3.2) and Lemma 3.1 there exists a positive
number g; such that

S S 19y,
m=0
“ima [ Z(Zliiﬁﬁigi i o

|<Pj(7”€i9)|
> [im 2—] z
r-1 2T |<p](re“9)|

Hence the result follows from (3.3) and (3.4).
4. Conclusion

A theoretical approaches of the composition operators with series of
chasuble symbols has boundedness, compactness and has a differential operator
with an explicit characterization on the Hardy spaces. A full estimates of the
Hilbert-Schmidt operator are classified and verified.
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i9)|2k

2)n+k+1
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