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On Products of Composition and Differentiation Operators 
 

 
 

Abstract 
In this paper we consider products of composition and 
differentiation operators on the Hardy space. We provide a 
complete characterization of boundedness and compactness of these 
operators. M. Moradi and M. Fatehi [5] obtain the explicit 
condition for these operators to be Hilbert-Schmidt operators. We 
have a theoretical application on the composition operators with 
series of perfect symbols. 
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1. Preliminaries  
For ॰ be the open unit disk in the complex plane ℂ. The Hardy space ܪଶ is 

the Hilbert space of all analytic functions ௝݂ on ॰ such that 

∥ ௝݂ ∥ଶ= lim
௥→ଵ

 
1

ߨ2
න  
ଶగ

଴
෍ห ௝݂൫݁ݎ௜ఏ൯ห

ଶ
ߠ݀

௝

< ∞.																										(1.1) 

It is well known that the Hardy space ܪଶ is a reproducing kernel Hilbert space, 
with the inner product 

⟨ ௝݂ ,݃௝⟩ =
1

ߨ2
න  
ଶగ

଴
෍ ௝݂൫݁௜ఏ൯݃ఫ(݁పఏ)തതതതതതതതതത݀ߠ
௝

,																													(1.2) 

and with kernel functions ܭ௪ೕ
(௡)(ݖ) = ∑ ௡!௭೙

(ଵି௪‾ ೕ௭)೙శభ௝ , where ݊ is a non-negative 

integer and ݓ,ݖ௝ ∈ ॰. These kernel functions satisfy ർ ௝݂ ௪ೕܭ,
(௡)඀ = ௝݂

(௡)(ݓ௝) for each 

௝݂ ∈ ݊ ௪௝ in caseܭ ଶ. To simplify notation we writeܪ = 0. In particular note that 

∑ ∥∥௪ೕܭ∥∥
ଶ

௝ = ∑ ௝(௝ݓ)௪ೕܭ = ∑ ଵ
ଵି|௪ೕ|మ௝ . Let ݂̂௝(݊) be the ݊th coefficient of ௝݂ in its 

Maclaurin series. Moreover, we have another representation for the norm of ௝݂ on 
 ଶ as followsܪ

∥ ௝݂ ∥ଶ= ෍  
ஶ

௡ୀ଴

෍ |݂̂௝(݊)|ଶ

௝

< ∞.																																				(1.3) 

The space ܪஶ is the Banach space of bounded analytic functions ௝݂ on ॰ with 
ฮ ௝݂ฮஶ = sup∑{| ௝݂(ݖ)|: ݖ ∈ ॰}. 

For ߮௝ an analytic self-map of ॰, the composition operator ܥ∑ఝೕ is defined 
for analytic functions ௝݂ on ॰ by ∑ܥఝೕ( ௝݂) = ∑ ௝݂ ∘ ߮௝. It is well known that every 
composition operator ܥ∑ఝೕ is bounded on ܪଶ (see [1. Corollary 3.7]). For each 
positive integer ݇, the operator ܦ(௞) for any ௝݂ ∈  ଶ is defined by the ruleܪ
(௞)ܦ ∑( ௝݂) = ∑ ௝݂

(௞). This operator is called the differentiation operator of order ݇. 
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For convenience, we use the notation ܦ when ݇ = 1. The differentiation operators 
 ܦఝೕ∑ܥ ଶ, whereas Ohno [9] found a characterization forܪ are unbounded on (௞)ܦ
and ܥܦ∑ఝೕ to be bounded and compact on ܪଶ. The study of operators ܥ∑ఝೕܦ and 
 ఝೕ was initially addressed by Hibschweiler, Portnoy, and Ohno (see [8] and∑ܥܦ
[9]) and has been noticed by many researchers ([3],[4], and [10]). [5] be 
considering a slightly broader class of these operators.  

M. Moradi and M. Fatehi [5] showed explicit improvement raised condition 
for the composition and differential operators. 

Massimo Sorella, Riccardo Tione [6] showed the four-state problem and 
convex integration for linear differential operators is flexible. 

Naoki Hamada, Naoto Shida, and Naohito Tomita [7] showed the bilinear 
pseudo-differential operators are determined in the framework of Besov spaces that 
improve boundedness of the operators 

For each positive integer ݊, we write ܦ∑ఝೕ,௡ to denote the operator on ܪଶ 

given by the rule ∑ܦఝೕ,௡ ( ௝݂) = ܦఝೕܥ∑
(௡)൫ ௝݂൯ = ∑ ௝݂

(௡) ∘ ߮௝. The main results 
provide complete characterizations of the boundedness and compactness of 
operators ܦ∑ఝೕ,௡ on ܪଶ (Theorems 2.1 and 2.2). In addition, we characterize the 
Hilbert-Schmidt operators ܦ∑ఝೕ,௡ on ܪଶ (Theorem 3.3). [5] use some ideas which 
are found in [9]. 

For ߮௝ be an analytic self-map of ॰. The Nevanlinna counting function 
ܰ∑ఝೕ of ߮௝ is defined by 

෍ܰఝೕ(ݓ௝) = ෍  
ఝೕ(௭)ୀ௪ೕ

෍ log ൬
1

൰|ݖ| ௝ݓ									 ∈ ॰ ∖ ൛߮௝(0)ൟ													(1.4) 

and ∑ܰఝೕ(߮௝(0)) = ∞. Note that ∑ܰఝೕ(ݓ௝) = 0 when ݓ௝ is not in ߮௝(॰). For 
each ௝݂ ∈  ,ଶ, by using change of variables formula and Littlewood-Paley Identityܪ
the norm of ∑ܥఝೕ ௝݂ is determined as follows: 

෍ ∥ ௝݂ ∘ ߮௝ ∥ଶ = ෍ | ௝݂(߮௝(0))|ଶ + 2න  
॰
෍ห ௝݂ᇱ൫ݓ௝൯ห

ଶ
ܰఝೕ൫ݓ௝൯݀ܣ൫ݓ௝൯ ,				(1.5) 

where ݀ܣ is the normalized area measure on ॰ (see [1. Theorem 2.31]). Moreover, 
to obtain the lower bound estimate on ∥∥ܦ∑ఝೕ,௡∥∥ we need the following well known 
lemma as follows (see [1. p. 137]): 

Suppose that ߮௝ is an analytic self-map of ॰ and ௝݂ is analytic in ॰. Assume 
that Δ is any disk not containing ൛ ௝݂

ିଵ(߮௝(0))ൟ and centered at ܽ. Then 

෍ܰఝೕ( ௝݂(ܽ)) ≤
1

|Δ|න ୼
෍ܰఝೕ ቀ ௝݂൫ݓ௝൯ቁ ௝൯ݓ൫ܣ݀ ,																									(1.6) 

where |Δ| is the normalized area measure of Δ. 
 
2. Boundedness and Compactness of ܦ∑ఝೕ,௡ 

Here we show under some specific conditions well mentioned useable ways 
of finding bounded operators. 



3 

We determine which of these operators ܦ∑ఝೕ,௡ are bounded and compact 
(see [5]). 
Theorem 2.1. Let ߮௝ be an analytic self-map of ॰ and ݊ be a positive integer. The 
operator ܦ∑ఝೕ,௡ is bounded on ܪଶ if and only if 

෍ܰఝೕ൫ݓ௝൯ = ܱ ቀ[෍ log	(1/|ݓ௝|)]ଶ௡ାଵቁ 					൫หݓ௝ห → 1൯.												(2.1)′ 

Proof. Suppose that ܦ∑ఝೕ,௡ is bounded on ܪଶ. Let ௝݂(ݖ) = ௄ഊ(௭)
∥∥௄ഊ∥∥

= ඥଵି|ఒ|మ

ଵିఒ‾௭
 for 

ߣ ∈ ॰. By  (1.5), we see that 
෍∥∥ܦఝೕ,௡∥∥

ଶ
 

	≥ ෍∥∥ܦఝೕ,௡ ௝݂∥∥
ଶ

	= ෍
∥∥
ఝೕܥ∥∥ ൭

݊! ௡ඥ1‾ߣ − ଶ|ߣ|

(1 − ௡ାଵ(ݖ‾ߣ
൱
∥∥
∥∥
ଶ

	= ෍อ
݊! ௡ඥ1‾ߣ − ଶ|ߣ|

(1 − ௝(0))௡ାଵ߮‾ߣ
อ
ଶ

+ 2න  
॰
 ෍ อ

(݊ + 1)! ௡ାଵඥ1‾ߣ − ଶ|ߣ|

(1 − ௝)௡ାଶݓ‾ߣ
อ
ଶ

ܰఝೕ(ݓ௝)݀ܣ(ݓ௝)

	≥ න  
॰
 ෍

2((݊ + 1)!)ଶ|ߣ|ଶ௡ାଶ(1 − (ଶ|ߣ|
|1 − ௝|ଶ௡ାସݓ‾ߣ

ܰఝೕ൫ݓ௝൯݀ܣ൫ݓ௝൯ .																															(2.1)

 

Substitute ݓ௝ = (௝ݑ)ఒߙ∑ = ∑ ఒି௨ೕ
ଵିఒ‾௨ೕ

 back into (2.1) and using [11. Theorem 7.26] 

to obtain 
෍∥∥ܦఝೕ,௡∥∥

ଶ

≥ න  
॰
෍

2((݊ + 1)!)ଶ|ߣ|ଶ௡ାଶ(1 − (ଶ|ߣ|

ห1 − ௝൯หݑఒ൫ߙ‾ߣ
ଶ௡ାସ ܰఝೕ ቀߙఒ൫ݑ௝൯ቁ หߙఒ

ᇱ൫ݑ௝൯ห
ଶ
 (2.2)					.(௝ݑ)ܣ݀

Since 1 − (௝ݑ)ఒߙ‾ߣ∑ = ∑ ଵି|ఒ|మ

ଵିఒ‾௨ೕ
 and ∑ߙఒ

ᇱ(ݑ௝) = ∑ |ఒ|మିଵ
(ଵିఒ‾௨ೕ)మ

, by substituting ߙఒ
ᇱ  and 

1 −  ఒ back into (2.2), we see thatߙ‾ߣ
෍∥∥ܦఝೕ,௡∥∥

ଶ

≥ න  
॰
෍

2((݊ + 1)!)ଶ|ߣ|ଶ௡ାଶ|1 − ௝|ଶ௡ݑ‾ߣ

(1 − ଶ)ଶ௡ାଵ|ߣ| ܰఝೕ ቀߙఒ൫ݑ௝൯ቁ (௝ݑ)ܣ݀ . (2.3) 

Because ∑ |1 − |௝ݑ‾ߣ ≥ ଵ
ଶ
 for any ݑ௝ ∈ ॰/2, we get from (2.3) that 

෍∥∥ܦఝೕ,௡∥∥
ଶ
≥ න  

॰
ଶ

෍
2((݊ + 1)!)ଶ|ߣ|ଶ௡ାଶ

2ଶ௡(1 − ଶ)ଶ௡ାଵ|ߣ| ఝܰೕ ቀߙఒ൫ݑ௝൯ቁ  (2.4)								.(௝ݑ)ܣ݀

There exists ݎ < 1 such that for each ߣ with ݎ < |ߣ| < ఒߙ∑,1
ିଵ(߮௝(0)) ∉ ॰/2 

because ∑หߙఒ
ିଵ(߮௝(0))ห = ∑ ቚߙఝೕ(଴)(ߣ)ቚ and ∑ߙఝೕ(଴) is an automorphism of ॰. 

By  (1.6) and (2.4), we have 
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෍∥∥ܦఝೕ,௡∥∥
ଶ

	≥
2((݊ + 1)!)ଶ|ߣ|ଶ௡ାଶ

2ଶ௡(1 − ଶ)ଶ௡ାଵ|ߣ| න  
॰
ଶ

 ෍ܰఝೕ ቀߙఒ൫ݑ௝൯ቁ (௝ݑ)ܣ݀

	≥
2((݊ + 1)!)ଶ|ߣ|ଶ௡ାଶ

2ଶ௡(1 − ଶ)ଶ௡ାଵ|ߣ| ⋅෍
ܰఝೕ(ߙఒ(0))

4

	=
((݊ + 1)!)ଶ|ߣ|ଶ௡ାଶ

2ଶ௡ାଵ(1 − (2.5)																																	(ߣ)ଶ)ଶ௡ାଵ෍ܰఝೕ|ߣ|

 

for each ߣ with ݎ < |ߣ| < 1. Since ܦ∑ఝೕ,௡ is bounded, there exists a constant 
number ܯ so that 

lim
|ఒ|→ଵ

 ෍
((݊ + 1)!)ଶ|ߣ|ଶ௡ାଶ

2ଶ௡ାଵ(1 − (ߣ)ଶ)ଶ௡ାଵܰఝೕ|ߣ| ≤  (2.6)																									.ܯ

We know that log	(1/|ߣ|) is comparable to 1 − |ߣ| as |ߣ| → 1ି. Note that 

	 lim
|ఒ|→ଵ

 ෍
((݊ + 1)!)ଶ|ߣ|ଶ௡ାଶ

2ଶ௡ାଵ(1 − (ߣ)ଶ)ଶ௡ାଵܰఝೕ|ߣ|

	= lim
|ఒ|→ଵ

 ෍
((݊ + 1)!)ଶ|ߣ|ଶ௡ାଶ

2ଶ௡ାଵ(1 + ଶ௡ାଵ(|ߣ|
൬

log	(1/|ߣ|)
1 − |ߣ|

൰
ଶ௡ାଵ ܰఝೕ(ߣ)

(log	(1/|ߣ|))ଶ௡ାଵ

	≥
((݊ + 1)!)ଶ

2଺௡ାସ
lim

|ఒ|→ଵ
 ෍

ఝܰೕ(ߣ)
(log	(1/|ߣ|))ଶ௡ାଵ

.																																																(2.7)

 

By (2.6) and (2.7), we can see that 
ܰ∑ఝೕ(ߣ) = ܱ([log	(1/|ߣ|)]ଶ௡ାଵ)	(|ߣ| → 1).																								(2.7)′ 

Conversely, suppose that for some ܴ with 0 < ܴ < 1, there exists a constant ܯ 
satisfying 

sup
ோழ|௪ೕ|ழଵ

 ෍ܰఝೕ(ݓ௝)/[log	(1/|ݓ௝|)]ଶ௡ାଵ ≤  .ܯ

Let ௝݂ be an arbitrary function in ܪଶ. It follows from  (1.5) that 

෍∥∥ܦఝೕ,௡ ௝݂∥∥
ଶ
 

	= ෍ቚ ௝݂
(௡)(߮௝(0))ቚ

ଶ
+ 2න  

॰
 ෍ ቚ ௝݂

(௡ାଵ)(ݓ)௝ቚ
ଶ

ఝܰೕ(ݓ௝)݀ܣ(ݓ௝)

	= ቚ ௝݂
(௡)(߮௝(0))ቚ

ଶ

	+2෍ቆන  
ோ॰
  ቚ ௝݂

(௡ାଵ)൫ݓ௝൯ቚ
ଶ
ܰఝೕ(ݓ௝)݀ܣ(ݓ௝) .

 

+න  
॰∖ோ॰

  ቚ ௝݂
(௡ାଵ)൫ݓ௝൯ቚ

ଶ
ܰఝೕ(ݓ௝)݀ܣ(ݓ௝)ቇ .																																														(2.8) 

First we estimate the first and the second terms in the right-hand of (2.8). Observe 
that 

෍ ௝݂
(௡)(ݖ) = ෍ർ ௝݂ ௭ܭ,

(௡)඀ = න  
ଶగ

଴
෍

݊! ݁ି௜௡ఏ ௝݂൫݁௜ఏ൯
(1 − ݁ି௜ఏݖ)௡ାଵ

ߠ݀
ߨ2

 

and hence 
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෍ቚ ௝݂
(௡)(ݖ)ቚ ≤

݊!
(1 − ௡ାଵ(|ݖ|

න  
ଶగ

଴
෍ห ௝݂൫݁௜ఏ൯ห

ߠ݀
ߨ2

≤
݊!

(1 − ௡ାଵ(|ݖ|
෍ ∥ ௝݂ ∥	(2.9) 

for any ݖ ∈ ॰. It follows from (2.9) that 

෍ቚ ௝݂
(௡)(߮௝(0))ቚ ≤ ෍

݊! ∥ ௝݂ ∥
(1 − |߮௝(0)|)௡ାଵ

.																													(2.10) 

Moreover, we can see that 

෍ቚ ௝݂
(௡ାଵ)(ݖ)ቚ = ෍ቚർ ௝݂ ௭ܭ,

(௡ାଵ)඀ቚ =
(݊ + 1)!

(1 − ௡ାଶ(|ݖ|
෍ ∥ ௝݂ ∥											(2.11) 

for any ݖ ∈ ॰. Therefore by (2.11), we see that 

න  
ோ॰

෍ቚ ௝݂
(௡ାଵ)൫ݓ௝൯ቚ

ଶ
ܰఝೕ(ݓ௝)݀ܣ(ݓ௝)

≤ ቆ
(݊ + 1)!

(1 − ܴ)௡ାଶ
ቇ
ଶ

෍ ∥ ௝݂ ∥ଶ න  
ோ॰

ܰఝೕ(ݓ௝)݀ܣ(ݓ௝). 

Since ∑ ∥ ߮௝ ∥ଶ = |∑߮௝(0)|ଶ + 2∫ ܰఝೕ(ݓ௝)݀ܣ(ݓ௝)॰   by  (1.5), we obtain 

න  
॰
෍ܰఝೕ(ݓ௝)݀ܣ(ݓ௝) =

1
2
෍൫∥ ߮௝ ∥ଶ− |߮௝(0)|ଶ൯ < 1.															(2.12) 

From (2.11) and (2.12), we see that 

න  
ோ॰

෍ቚ ௝݂
(௡ାଵ)൫ݓ௝൯ቚ

ଶ
ܰఝೕ(ݓ௝)݀ܣ(ݓ௝) ≤ ቆ

(݊ + 1)!
(1 − ܴ)௡ାଶ

ቇ
ଶ

෍ ∥ ௝݂ ∥ଶ .						(2.13) 

Now we estimate the third term in the right-hand of (2.8). We have 

න  
॰∖ோ॰

 ෍ ቚ ௝݂
(௡ାଵ)൫ݓ௝൯ቚ

ଶ
ܰఝೕ(ݓ௝)݀ܣ(ݓ௝) 

	= න  
॰∖ோ॰

 ෍ ቚ ௝݂
(௡ାଵ)൫ݓ௝൯ቚ

ଶ
(log	(1/|ݓ௝|))ଶ௡ାଵ

ఝܰೕ൫ݓ௝൯
(log	(1/|ݓ௝|))ଶ௡ାଵ

(௝ݓ)ܣ݀

	≤ sup
ோழห௪ೕหழଵ

 ෍
ܰఝೕ൫ݓ௝൯

(log	(1/|ݓ௝|))ଶ௡ାଵ
න  
॰∖ோ॰

  ቚ ௝݂
(௡ାଵ)൫ݓ௝൯ቚ

ଶ
(log	(1/|ݓ௝|))ଶ௡ାଵ݀ܣ(ݓ௝)

	≤ නܯ  
॰∖ோ॰

 ෍ ቚ ௝݂
(௡ାଵ)൫ݓ௝൯ቚ

ଶ
(log	(1/|ݓ௝|))ଶ௡ାଵ݀ܣ(ݓ௝).																															(2.14)

 

Let ௝݂(ݖ) = ∑ ∑ܽ௠
௝ ௠ஶݖ

௠ୀ଴ . We get 

න  
॰∖ோ॰

 ෍ ቚ ௝݂
(௡ାଵ)൫ݓ௝൯ቚ

ଶ
(log	(1/|ݓ௝|))ଶ௡ାଵ݀ܣ(ݓ௝) 
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	≤ ෍  
ஶ

௠ୀ௡ାଵ

 ෍݉ଶ(݉− 1)ଶ … (݉− ݊)ଶหܽ௠
௝ ห

ଶ
න  
॰∖ோ॰

  ห(ݓ௝)௠ି(௡ାଵ)ห
ଶ

(log	(1/|ݓ௝|))ଶ௡ାଵ݀ܣ(ݓ௝)

	≤ ෍  
ஶ

௠ୀ௡ାଵ

 ෍݉ଶ(݉− 1)ଶ … (݉− ݊)ଶหܽ௠
௝ ห

ଶ
න  
॰
  ห(ݓ௝)௠ି(௡ାଵ)ห

ଶ
(log	(1/|ݓ௝|))ଶ௡ାଵ݀ܣ(ݓ௝)

	= ෍  
ஶ

௠ୀ௡ାଵ

 ෍݉ଶ(݉ − 1)ଶ … (݉ − ݊)ଶหܽ௠
௝ ห

ଶ
න  
ଵ

଴
 න  

ଶగ

଴
  หݎ௝݁௜ఏห

ଶ(௠ି(௡ାଵ))
(log	(1/ݎ௝))ଶ௡ାଵݎ௝݀ݎ௝

ߠ݀
ߨ

	≤ ෍  
ஶ

௠ୀ௡ାଵ

 ෍݉ଶ(݉− 1)ଶ … (݉− ݊)ଶหܽ௠
௝ ห

ଶ
	

න  
ଵ

଴
 (2.15)																				௝.ݎ௝݀ݎଶ௡ାଵ2((௝ݎ/1)	log)ଶ൫௠ି(௡ାଵ)൯(௝ݎ) 

Now substitute ݐ௝ = ௝ݑ ௝ଶ andݎ = log	(1/ݐ௝) to obtain 

න  
ଵ

଴
 ෍(ݎ௝)ଶ൫௠ି(௡ାଵ)൯(log൫1 ⁄௝ݎ ൯)ଶ௡ାଵ	2ݎ݀ݎ௝ 

	= න  
ଵ

଴
 ෍ ௝ݐ

൫௠ି(௡ାଵ)൯ ൬
1
2

log	(1/ݐ௝)൰
ଶ௡ାଵ

௝ݐ݀

	= (1/2)ଶ௡ାଵන  
ஶ

଴
 ෍݁ି௨ೕ(௠ି௡)ݑ௝ଶ௡ାଵ݀ݑ௝ .																											(2.16)

 

By substituting ݔ௝ = (݉ −  ௝ back into (2.16), we haveݑ(݊

(1/2)ଶ௡ାଵන  
ஶ

଴
 ෍݁ି௨ೕ(௠ି௡)ݑ௝ଶ௡ାଵ݀ݑ௝ 

	=
1

2ଶ௡ାଵ(݉ − ݊)ଶ௡ାଶ
න  
ஶ

଴
 ෍݁ି௫ݔ௝ଶ௡ାଵ݀ݔ௝

	=
Γ(2݊ + 2)

2ଶ௡ାଵ(݉ − ݊)ଶ௡ାଶ
.																																										(2.17)

 

By (2.14), (2.15), (2.16) and (2.17), we can see that 

න  
॰∖ோ॰

෍ ቚ ௝݂
(௡ାଵ)൫ݓ௝൯ቚ

ଶ
ܰఝೕ൫ݓ௝൯݀ܣ൫ݓ௝൯ 

≤ ܯ ෍  
ஶ

௠ୀ௡ାଵ

 ෍݉ଶ(݉− 1)ଶ … (݉− ݊)ଶหܽ௠
௝ ห

ଶ Γ(2݊ + 2)
2ଶ௡ାଵ(݉ − ݊)ଶ௡ାଶ

 

																													= ܯ
(2݊ + 1)!

2ଶ௡ାଵ
෍  
ஶ

௠ୀ௡ାଵ

 ෍
݉ଶ(݉ − 1)ଶ … (݉ − ݊ + 1)ଶ

(݉ − ݊)ଶ௡
หܽ௠

௝ ห
ଶ
 

																													≤ ߣܯ
(2݊ + 1)!

2ଶ௡ାଵ
෍  
ஶ

௠ୀ௡ାଵ

 ෍หܽ௠
௝ ห

ଶ
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≤ ߣܯ
(2݊ + 1)!

2ଶ௡ାଵ
෍ ∥ ௝݂ ∥ଶ ,																																																										(2.18) 

where ߣ is a constant so that ௠
మ(௠ିଵ)మ…(௠ି௡ାଵ)మ

(௠ି௡)మ೙
≤ ݉ for each ߣ ≥ ݊ + 1 (note 

that the function ௝݂(ݔ௝) =
௫ೕ
మ(௫ିଵ)మ…(௫ೕି௡ାଵ)మ

(௫ି௡)మ೙
 is bounded on [݊ + 1, +∞)). Then 

(2.8), (2.10), (2.13) and (2.18) show that ܦ∑ఝೕ,௡ is bounded. We have the 
following (see [5]) 
Theorem 2.2. Let ߮௝ be an analytic self-map of ॰ and ݊ be a positive integer. The 
operator ܦ∑ఝೕ,௡ is compact on ܪଶ if and only if 

෍ܰఝೕ(ݓ௝) = 								ଶ௡ାଵ൯[(|௝ݓ|/1)	log]෍൫݋ |௝ݓ|)	 → 1).														(2.19) 

Proof. Let ℎ௠(ݖ) = ඥଵି|ఒ೘|మ

ଵିఒ‾೘௭
 for a sequence {ߣ௠} in ॰ so that |ߣ௠| → 1 as ݉ →

∞. Then ℎ௠ → 0 weakly as ݉ → ∞ by [1 Theorem 2.17]. First suppose that 
∥∥ఝೕ,௡ℎ௠ܦ∥∥∑ ఝೕ,௡ is compact. Hence∑ܦ → 0 as ݉ → ∞. Therefore (2.5) shows that 

lim
௠→ஶ

 ෍
((݊ + 1)!)ଶ|ߣ௠|ଶ௡ାଶ

2ଶ௡ାଵ(1 − ௠|ଶ)ଶ௡ାଵܰఝೕߣ|
(௠ߣ) = 0. 

Since log	(1/|ߣ௠|) is comparable to 1 − ݉ ௠| asߣ| → ∞, the result follows. 
Conversely, suppose that (2.19) holds. Let ߳ > 0. Then there exists ܴ, 0 <

ܴ < 1, such that 
sup

ோழ|௪ೕ|ழଵ
෍ ܰఝೕ(ݓ௝)/[log	(1/|ݓ௝|)]ଶ௡ାଵ < ߳.																										(2.20) 

Let ቄ൫ ௝݂൯௠ቅ be any bounded sequence in ܪଶ. By using the idea which was stated in 

the proof of [1. Proposition 3.11], we can see that ቄ൫ ௝݂൯௠ቅ is a normal family and 

there exists a subsequence ቄ൫ ௝݂൯௠ೖ
ቅ which converges to some function ௝݂ ∈  ଶܪ

uniformly on all compact subsets of ॰. Let ൫݃௝൯௠ೖ
= ൫ ௝݂൯௠ೖ

− ௝݂ for each positive 

integer ݇. Note that ቄ൫݃௝൯௠ೖ
ቅ is a bounded sequence in ܪଶ which converges to 0 

uniformly on all compact subsets of ॰. By (2.8), we obtain 

෍∥∥
∥∥ఝೕ,௡൫݃௝൯௠ೖܦ∥

∥ଶ 

	= ෍ቚ൫݃௝൯௠ೖ

(௡)
(߮௝(0))ቚ

ଶ
+ 2න  

ோ॰
 ෍ ቚ൫݃௝൯௠ೖ

(௡ାଵ)
൫ݓ௝൯ቚ

ଶ
ܰఝೕ(ݓ௝)݀ܣ(ݓ௝)

	+2න  
॰∖ோ॰

 ෍ ቚ൫݃௝൯௠ೖ

(௡ାଵ)
൫ݓ௝൯ቚ

ଶ
ܰఝೕ(ݓ௝)݀ܣ(ݓ௝).																																		(2.21)

 

By [2. Theorem 2.1, p. 151], we can choose ݇ఢ so that 
෍ቚ൫݃௝൯௠ೖ

(௡)
(߮௝(0))ቚ < √߳																																									(2.22) 

and ∑ ቚ൫݃௝൯௠ೖ

(௡ାଵ)
ቚ < √߳ on ܴ॰ whenever ݇ > ݇ఢ. Substituting ௝݂(ݖ) =   into ݖ

(1.5), we see that 
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න  
ோ॰
 ෍ ቚ൫݃௝൯௠ೖ

(௡ାଵ)
൫ݓ௝൯ቚ

ଶ
ܰఝೕ(ݓ௝)݀ܣ(ݓ௝) 	≤ ߳න  

ோ॰
 ෍ܰఝೕ(ݓ௝)݀ܣ(ݓ௝)

	≤
߳
2
෍൫∥ ߮௝ ∥ଶ− |߮௝(0)|ଶ൯					(2.23)

 

for ݇ > ݇ఢ. On the other hand by (2.20) and the same idea as stated in the proof of 
(2.14) and (2.18), we see that 

න  
॰∖ோ॰

 ෍ห൫݃௝൯(ݓ)ห
ଶ
ܰఝೕ(ݓ௝)݀ܣ(ݓ௝) 

≤ sup
ோழห௪ೕหழଵ

 ෍
ܰఝೕ൫ݓ௝൯

[log	(1/|ݓ௝|)]ଶ௡ାଵ
 

																																																						න  
॰∖ோ॰

  ቚ൫݃௝൯௠ೖ

(௡ାଵ)
൫ݓ௝൯ቚ

ଶ
[log	(1/|ݓ௝|)]ଶ௡ାଵ݀ܣ(ݓ௝) 

≤ ∥∥෍߳ܥ
∥൫݃௝൯௠ೖ∥∥

∥ ,																																																										(2.24) 

where ܥ is a constant. Hence we conclude that ∑∥∥
∥∥ఝೕ,௡൫݃௝൯௠ೖܦ∥

∥ converges to zero 
as ݇ → ∞ by (2.21), (2.22) , (2.23) and (2.24) and so ܦఝ,௡ is compact. 

The preceding theorems lead to characterizations of all bounded and 
compact operators ܦఝೕ,௡ when ߮௝ is a univalent self-map (see [5]). 
Corollary 2.3. Let ߮௝ be a univalent self-map of ॰ and ݊ be a positive integer. 
Then the following hold. 
(i) ܦ∑ఝೕ,௡ is bounded on ܪଶ if and only if 

sup
௪ೕ∈॰

 ෍
1 − |௝ݓ|

(1 − |߮௝(ݓ௝)|)ଶ௡ାଵ
< ∞																															(2.25) 

(ii) ܦ∑ఝೕ,௡ is compact on ܪଶ if and only if 

lim
|௪ೕ|→ଵ

 ෍෍
1 − |௝ݓ|

(1 − |߮௝(ݓ௝)|)ଶ௡ାଵ
= 0																											(2.26) 

Proof. Since ∑߮௝ is univalent, we can see that ܰఝೕ(ݓ௝) = log	(1/|ݖ|), where 
߮௝(ݖ) =  ௝. We observe thatݓ

෍
ܰఝೕ(ݓ௝)

[log	(1/|ݓ௝|)]ଶ௡ାଵ
= ෍

−log	(|ݖ|)
(−log	(|߮௝(ݖ)|))ଶ௡ାଵ

. 																(2.27) 

Moreover, we know that log	(1/|ݖ|) is comparable to 1 − |ݖ| as |ݖ| → 1ି. 
Furthermore |ݖ| → 1 as |߮(ݖ)| → 1. Therefore the results follow immediately from 
Theorems 2.1 and 2.2 
3. Hilbert-Schmidt Operator ܦ∑ఝೕ,௡ 

We begin with a few easy observations that help us in the proof of Theorem 
3.3.  

By showing some needable tools of Hilbert-Schmidt operator, its norm and 
bound, by considering some Lemmas. 

In the proof of the following lemma, we assume that 0଴ = 1 (see [5]). 
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Lemma 3.1. Let ݊ be a positive integer and ߙ௞ > 0 for each 0 ≤ ݇ ≤ ݊. Then for 
0 ≤ ݔ < 1, the following statements hold. 

(a) ∑௞ୀ଴
௡  ∑ ఈೖ

ೕ௫ೖ

(ଵି௫)೙శೖశభ
≤ ∑ೖసబ

೙  ∑ ఈೖ
ೕ

(ଵି௫)మ೙శభ
. 

(b) There exists a positive number ߚ௝ such that ∑௞ୀ଴
௡  ∑ ఈೖ

ೕ௫ೖ

(ଵି௫)೙శೖశభ
≥ ∑ ఉೕ

(ଵି௫)మ೙శభ
. 

Proof. (a) We can see that 

෍  
௡

௞ୀ଴

෍
௞ߙ
௝ݔ௞

(1 − ௡ା௞ାଵ(ݔ
=
∑  ௡
௞ୀ଴  ∑ ௞ߙ

௝ݔ௞(1 − ௡ି௞(ݔ

(1 − ଶ௡ାଵ(ݔ
 

Since 0 ≤ ݔ < 1 and ߙ௞
௝ > 0, we conclude that ∑௞ୀ଴

௡ ௞ߙ 
௝ݔ௞(1 − ௡ି௞(ݔ ≤ ∑ ௞ߙ

௝௡
௞ୀ଴  . 

Hence the conclusion follows. 
(b) We have 

(1 − ଶ௡ାଵ෍(ݔ  
௡

௞ୀ଴

෍
௞ߙ
௝ݔ௞

(1 − ௡ା௞ାଵ(ݔ
= ෍  

௡

௞ୀ଴

෍ߙ௞
௝ݔ௞(1 − ௡ି௞(ݔ > 0. 

Since ∑௞ୀ଴
௡  ∑ ௞ߙ

௝ݔ௞(1 −  ௡ି௞ is a continuous function on [0,1], there exists a(ݔ
positive number ߚ௝ such that ∑௞ୀ଴௡  ∑ ௞ߙ

௝ݔ௞(1 − ௡ି௞(ݔ ≥  ௝. Hence the resultߚ
follows. We have the following (see [5]) 
Lemma 3.2. Let ݊ be a positive integer. Then 

෍  
ஶ

௠ୀ௡

[݉(݉ − 1) … (݉− ݊ + 1)]ଶݔ௠ି௡ = (݊!)ଶ෍ 
௡

௞ୀ଴

(݊ + ݇)!
(݇!)ଶ(݊ − ݇)!

௞ݔ

(1 − ௡ା௞ାଵ(ݔ
 

for 0 ≤ ݔ < 1. 
Proof. See [10, Lemma 1] and the general Leibniz rule. 

A Hilbert-Schmidt operator on a separable Hilbert space ܪ is a bounded 
operator ܣ with finite Hilbert-Schmidt norm ∥ ܣ ∥ுௌ= ൫∑௡ୀଵஶ ∥∥௡݁ܣ∥∥ 

ଶ൯
ଵ/ଶ

, where 
{݁௡} is an orthonormal basis of ܪ. These definitions are independent of the choice 
of the basis (see [1. Theorem 3.23]). Now we have the following (see [5]) 
Theorem 3.3. Let ܦ∑ఝೕ,௡ be a bounded operator on ܪଶ. Then ܦ∑ఝೕ,௡ is a 
HilbertSchmidt operator on ܪଶ if and only if 

lim
௥→ଵ

 
1

ߨ2
න  
ଶగ

଴
෍

1

ቀ1 − ห߮௝(݁ݎ௜ఏ)ห
ଶ
ቁ
ଶ௡ାଵ < ∞.																									(3.1) 

Proof. Suppose that (3.1) holds. Lemmas 3.1- 3.2- and [11. Theorem 1.27] imply 
that 

෍  
ஶ

௠ୀ଴

 ෍ ∥∥௠ݖఝೕ,௡ܦ∥∥ = ෍  
ஶ

௠ୀ௡

 ෍∥∥݉(݉ − 1) … (݉ − ݊ + 1)߮௝௠ି௡∥∥ 

= ෍  
ஶ

௠ୀ௡

  lim
௥→ଵ

 
1

ߨ2
න  
ଶగ

଴
 ෍ห݉(݉ − 1) … (݉ − ݊ + 1)߮௝௠ି௡൫ݎ௝݁௜ఏ൯ห

ଶ
 ߠ݀
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= lim
௥→ଵ

  ෍  
ஶ

௠ୀ௡

 
1

ߨ2
න  
ଶగ

଴
 ෍ห݉(݉ − 1) … (݉ − ݊ + 1)߮௝௠ି௡൫ݎ௝݁௜ఏ൯ห

ଶ
 ߠ݀

 

	= lim
௥→ଵ

 
1

ߨ2
න  
ଶగ

଴
  ෍  
ஶ

௠ୀ௡

  ห݉(݉ − 1) … (݉ − ݊ + 1)߮௝௠ି௡൫ݎ௝݁௜ఏ൯ห
ଶ
ߠ݀

	= lim
௥→ଵ

 
1

ߨ2
න  
ଶగ

଴
 ෍  
௡

௞ୀ଴

 ෍
(݊!)ଶ(݊ + ݇)!
(݇!)ଶ(݊ − ݇)!

ห߮௝൫݁ݎ௜ఏ൯ห
ଶ௞

ቀ1 − ห߮௝(݁ݎ௜ఏ)ห
ଶ
ቁ
௡ା௞ାଵ

	≤ lim
௥→ଵ

 
1

ߨ2
න  
ଶగ

଴
 ෍

௝ߙ

ቀ1 − ห߮௝(݁ݎ௜ఏ)ห
ଶ
ቁ
ଶ௡ାଵ ,																																																			(3.2)

 

where ߙ௝ = ∑௞ୀ଴௡  (௡!)మ(௡ା௞)!
(௞!)మ(௡ି௞)!

 (note that the interchange of limit and summation is 
justified by [1 Corollary 2.23] and using Lebesgue's Monotone Convergence 
Theorem with counting measure). It follows that ∑௠ୀ଴

ஶ  ∑ ∥∥௠ݖఝೕ,௡ܦ∥∥ < ∞ and so 
 .ଶ by [1 Theorem 3.23]ܪ ఝೕ,௡ is a Hilbert-Schmidt operator on∑ܦ

Conversely, suppose that ܦ∑ఝೕ,௡ is a Hilbert-Schmidt operator on ܪଶ. We 
infer from [1, Theorem 3.23] that 

෍  
ஶ

௠ୀ଴

෍∥∥ܦఝೕ,௡ݖ௠∥∥
ଶ

< ∞.																																										(3.3) 

On the other hand, by the proof of (3.2) and Lemma 3.1 there exists a positive 
number ߚ௝ such that 

෍  
ஶ

௠ୀ଴

 ෍ ∥∥௠ݖఝೕ,௡ܦ∥∥
ଶ
 

	= lim
௥→ଵ

 
1

ߨ2
න  
ଶగ

଴
 ෍  
௡

௞ୀ଴

 ෍
(݊!)ଶ(݊ + ݇)!
(݇!)ଶ(݊ − ݇)!

ห߮௝൫݁ݎ௜ఏ൯ห
ଶ௞

ቀ1 − ห߮௝(݁ݎ௜ఏ)ห
ଶ
ቁ
௡ା௞ାଵ

	≥ lim
௥→ଵ

 
1

ߨ2
න  
ଶగ

଴
 ෍

௝ߚ

ቀ1 − ห߮௝(݁ݎ௜ఏ)ห
ଶ
ቁ
ଶ௡ାଵ .																																	(3.4)

 

Hence the result follows from (3.3) and (3.4). 
4. Conclusion 

A theoretical approaches of the composition operators with series of 
chasuble symbols has boundedness, compactness and has a differential operator 
with an explicit characterization on the Hardy spaces. A full estimates of the 
Hilbert-Schmidt operator are classified and verified. 
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