The Orlicz Inequality for Series of Multilinear Forms

Abstract
The Orlicz(£,, £;)-mixed inequality who states that
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for all sequences of bilinear forms A;: K" x K™ — K and all positive integers n,
where K" denotes R™ or C" endowed with the supremum norm. We" follow
D.Nufez-Alarcon, D. Pellegrino, and D. Serrano-Rodriguez {19]to extend this

inequality to series of multilinear forms, with K" endowed with 4, , . nerms for all
0<e<oo,

Keywords.Orlicz  inequality,multilinear ~ forms,Hélder <“inequality,  Hardy-Littlewood
inequalities, Maurey-Pisier factorization.

1. Introduction

The origins of the theory of summability ofsmultilinear’ forms and absolutely summing
multilinear operators are probably associated to Orlicz(#,,#,)-mixed inequality published in
the 1930's ( see [8, page 24]). It states that

i iZIAL(e}l.ejz)l <VZ) 4yl

J1=1 \Jj2=1 L
for all bilinear forms A,: K" x K™ — K, and all positive integers n. Here K = R or C and K" is
endowed with the supremum norm. We also represent by e, the canonical vectors in a sequence
space and

14, 1 = sup{]AL(x, »)I: llx|| < 1 and|ly|| < 1}.
An equivalent formulation is the following:
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forall continuoussequences of bilinear forms A, : ¢y, % ¢, = K. The exponents in (1) are optimal
in the.sense that, fixing the exponent 1, the exponent 2 cannot be replaced by smaller exponents
(nor the'exponent 1 can be replaced by smaller exponents) keeping the constant independent of
n. The Orlicz inequality is closely related to Littlewood's (¢, £,)-mixed inequality (see [8,
page 23]), which asserts that



Z ZZ'A (o)l <WZ||AL||

J1=1 \J2=1 L
for all continuous sequences ofbilinear forms A;:cy % ¢, — K. Again, the exponents are

Holder inequality for mixed sums we recover Littlewood's 4/3 inequality:

5 S ey el <WZ||AL||
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for all continuous bilinear forms A;:cy, % ¢y, — K. For recent results on abselutely summing
linear and multilinear operators see[6,11,17].
The exponent 4/3 from the previous inequality cannot be replaced by smaller exponents

keeping the constant independent of n. The constant V2 is optimal (in all the three inequalities)
when K = R, but the optimal constants when IK = C are unknown.

In 1934 Hardy and Littlewood [10] (see also [13]).pushed the subject further, extending
the above results to bilinear forms defined on 4, . spaces.(when e-= oo we consider c, instead
of 44). The investigation of extensions of the Hardy-Littlewood inequalities to multilinear
forms were initiated by Praciano-Pereira [16] in-1981 and intensively investigated since then
(see, for instance, [1,2,5,7,12,13,14,15]), but there are still'several open problems regarding the
optimal exponents and optimal constants involved.

We shall use the same notation from [1]:

L1 F0<e<o
Xue=]

Co, ife =00
1+€

n 1+€/e 1/T non
and, when € = oo, the sum (Z]- [EA ) shall represent the supremum of |jx;||. We also
denote the conjugate index of (1 + €)' by (1 +¢)*, ie., 1/(1+¢€) +1/(1 +€)* = 1. We find
the optimal values of, the /exponents (1+¢€),,..,(1+¢),, and of the constants (1 +

K)(1+€)s,... AP
E)§11)L(el)fe)1(1+(el):) satisfying

1
A+em—2\ (1+e);
1+)m-1 \ @+m-1

© (1+e)m
(1+€)
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K)(1+€)q,..., 1+€)

< @+9f5 45 Y
L

for all continuous m-linear forms A;:X(;4¢), X - % X(14¢),, = K. The answer is known in

several cases (see [1,5,18] and the references therein), but a complete solution is still unknown.

By [19] we shall be interested in investigating the optimal exponents (1 + €)4,...,(1 + €),,. It

is simple to prove that the optimal exponent (1 + €),, associated to the sum Y7 _; is \(1 + e):n.
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The main result provides the optimal exponents (1 + €),,...,(1+¢€),,—; in the case that
A+e)m =0+
From now on, let e>0, and let (1+¢€),,..,(1+€),, €[1,]. We define

5(1+6)k ..... (1+€)pm - — - 1 - ’
max {1 - ((1+e)k ot (1+e)m) ’ 0}
and
20+ A+, — 1
2+€ T 1 1 1 )
max {E - ((1+e)k ot (1+e)m) ’ 0}

for all positive integers m and k = 1,...,m. Note that when 1/(1 + €)4 + ---+1/(1 +¢€),, =
1 we have
5(1+6)k ..... 1+)m = oo

and, also, when 1/(1 + ¢€), + -+ 1/(1 +¢€),, = iwe have

A+€)k,...(1+€)m _
/12+e “ -

The main result is, a generalization of the theOrlicz inequality. We consider the very particular
case (m,(1+ €);,(1 +€),) = (2,0,) and o as the identity map in its statement, we recover
the Orlicz inequality (see [19]):

Theorem 1.1. Let € = 0 be an integer and o: {1, ... ;m} =»{1, ..., m} be a bijection. If

(59, (55, ) e
(1+eq...,(0+6e),,) €1 0™

[ee)

that

(+e/m-1 (+e/e)2

/ o o o . )
Ikz 2 < 2, ZZIAL(efam'---’efo<m>)|(m)“m)> )I

1
(1+€/€)1\(1+e/e)1

Jo)=1\ Joz)=1 Jo@n)=1 'L

for all'continuous m-linear forms A, X(11¢), % =+ X X(14¢),, = K.
(2) The exponents (1 + €/€)4, ..., (1 + €/€),,,—, Satisfy

> 6(1+6)a(m—1)xﬂ,
where p = min{(1 + €) 5y, 2}.
2. Preliminary Results
Let 0 < € < 0. Recall that a Banach space X has cotype (2 + €) if there is a constant
€ > 0 such that, we select finitely many vectors x4, ..., x,, € X,
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where (2 +¢€); denotes the j-th Rademacher function. The infimum of the cotypes of X is
denoted by cot X.

The following result was proved in [5] (see [19]):
Theorem 2.1. (see[5]) Let ((2+¢€)q,..,(2+¢€),) € (0,0)™, and Y be an infinite-
dimensional Banach space with cotype cot Y. If

1 1
A+o, “Ta+e, oty

then the following assertions are equivalent:

() There is a constant (1 + €){;4¢),

)

(1+¢),, = 1 such that

1
@+e)1\ (2+e);
@+m-1 (2+€)2
@+e)m

Z Z Z ZiiAL(eh,..., ]m)u(2+e)m

J1=1 \ j2=1 Jm=1

for all continuous m-linear operators A : X 4¢y, X -+ % X(1+E)m
(b) The exponents (2 + €)4, ... (2+€),, satisfy

2+ €); 2 A0r P (246, 2 A5 @2+ )y

1 m—1,(1 m 1 m
2 20T (2 1) > A0

We need the following extension of the previous theorem, relaxing the hypothesis (3).
Besides, below we have ((2+€)yg,...,(2 + €),,) € (0,0]™ while in Theorem 2.1 we have
((2+ €)1,.... (2 + €)) € (0,0)™ (see [19]).

Theorem 2.2. Let (2 €)4y..., (2 +€),,) € (0,00]™, ((A + €)4,..., (1 + €),,) € [1, =]™ and
Y be an infinite-dimensional Banach space with cotype cot Y. The following assertions are
equivalent:

1
(2+€)1 \ (2+e);

2+E)m-1 (1+€/¢€)2
C+em
1] ||(2+E)m
Z Z Z z|AL(ej1,...,ejm)||
J1=1 J2=1 Jm=1
< A+, (HE)mZnALn @

for all continuous m-linear operators A, Xy 4¢), % =+ ¥ X(1+E)m
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(b) The exponents (2 + €),4, ..., (2 + €),,, satisfy

2+ € 2 A O 2+ €), 2 25 O L@+ s

> 151070 o v ), > 200,
Proof. We begin by proving the direct implication. We just need to consider the case
1

1 1

a+o, tTavo,. Sty ®)

since the other case is covered by Theorem 2.1. By the Maurey-Pisier factorization result (see

[9, pages 286,287]), the Banach space Y finitely factors the formal inclusion £ 4; y &4, i.€.,

there are universal constants e > 0 such that, for all n, there are vectors z¥, ... .z € Y.satisfying
1

I I n hhe7
1+ E) (Clj) 1iioo < iiz Z aijLii < (1+26) Z |a]-|C°tY | ©)

for all sequences of scalars (a ) . Consider the continuousm- Imear operator (A;): X(14¢), %
% X(14¢),, = Y given by

(A)n(x®, .. xM) = Z Z @, (z) ML @

By (6) and the Holder inequality we have

I [
. . 1
1A, 1l = sup ||Z Z x].( ),,. x],(m)Z].LH (8)
”x( )||(1+E) 51 1||x( )||(1+E) <1 "]:1 L "
n 1/cot Y
cotY
< sup 1+ 2¢e) Z |x](1) ™
ey e, <1 o=
1/(1+6)k

m n (1+ )
€
< sup (1+2¢) | | Z |x].(k)| ‘
1 m
=

IOy gy SLoalx ™l g <1 .1

= (1 2¢).
Note that, by (7), we have

1
@2+e1\ (2+e);

@+e)m-1 (2+e)2
n 2+€e)m
1" ||(2+E)m
S (3 Shten e
J1=1 \ j2=1 Jm=1 L

_1
(2+€)1

n

(2+e)1
> Z d
j:

Thus, by (6) we conclude that



1
2+6)1\ (2+e);

(2+&)m-1 (2+e)2
n n n @2+e)m
(2+e)
Z Z Z [[CHNCTNETS] i
J1=1 \ jp=1 jm=1 L

> (1 + e)ntren
Combining the previous inequality with (4) and (8) we conclude that

Thus, since n is arbitrary, we have

@+e) =0 = A5 O, ©)
If
1 1 1

_ 4+ .+ >
(1+¢); (1+¢),, cotYy
for all i, the proof is immediate. Otherwise, let iy € {2,3,...,m} be the smallest index such that

1 - 1 < 1
1+e), (1+¢),, cotY’
1 1 1

+ > ,
A+e€)-1 (A% e)yy cotyY
If i, = 2, note that by (9) we have

1
@2+e)2\ +e),
@+E)m—1 (2+e)3
© 1) 2+e)m

2+€)m
SUp Z Z IlAL(ej1""’ejm)||
J1 T

J2=1 Jm=1

< @+ isa,as, ) Ml (10)
L

for all continuous m-linear operators A;: X(14¢), X - X X(14¢),, = Y. From (10) it is simple to
show that

1
2+6)2\ (2+e),

@+)m-1 (2+e)3
e 1) 2+e)m
1" ||(2+E)m
2 |\ 2 2 hulenen)
J2=1 Jm=1 L

for all continuous (m — 1)-linear operators A X(14¢), X - X X(14¢),, = Y. Since
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1 1 1

— .+ < :
(1+¢), (1+¢),, cotY
by Theorem 2.1 we conclude that

@2 +€); 2 A 7O (24 €3 2 25 O L@+ s

> A0, @ ) 2 AL

If i, = 3, we consider

n
Ay (x®, . xm) = x® Z Z 1@ o.M
j=1 L

and we can imitate the previous arguments to conclude that
(2+¢€),=0= 21+€)z.(1+E)m

cot Y
and hence
1
2+6)3\ (2+e)3
@+Im-1 (2+€)a
o) o) @+6e)m
(2+€)
sup Z Z Z"AL(%---'%)" 2
J1:.J2 ja=1 jm=1 L
Y
<A+ 6&)a+ey (1+6)mZ”AL”’ (1)
L

for all continuous m-linear operators A;: X1 +ey, %+ X X(14¢),, = Y. Again, it is plain that
1

@+9ig+1\ +e)y,

(2+€)m-1 (@+e)y,
© © @2+e)m
(2+€)m
DR IS IH RS
jz=1 Jm=1 'L
< A+ Olraay,.. e, ) M
L
for all continuous (m — 2)-linear operators A X(14¢), X - X X(14¢),, = Y. Since
1 1 1

A+, TO+eo, ooty
by Theorem 2.1 we have
(2 + 6)3 > A(1+6)3 ..... (1+E)m, (2 + 6)4 > A(1+6)4 ..... (1+E)m, . (2 + E)m_1

Qe 140 “lire)
1+6)m—1,(146) 1+€),
2 Acory @2+ E)m = Aoty ™

We conclude the proof in a similar fashion for i, = 4,...,m.
Now we prove the reverse implication. The case
1 - 1 - 1
(1+e¢), (1+¢),, cotY
is encompassed by Theorem 2.1. So, we shall consider
7




1 - 1 - 1
(1+e¢), (1+¢),, cotY

1 1 1

_ 4+ .+ >
(1+¢); (1+¢),, cotY
for all i, the proof is immediate. Otherwise, let iy € {2, ..., m} be the smallest index such that

1 - 1 - 1
1+e), (1+¢),, cotY’
1 1 1

+ ot > ,
A+e€)-1 (1+¢),, cotY

1
G491y \ @+e)y,

C+m-1 (@+€)jg41
0 o 2+e)m
1] ||(2+E)m
~sup Z Z lAL(es,. . e )l
Jodioma | = jm=1 T

for

@+e)sg i (1+E)m m
2+ 6, = A g I L@ )y = 2T

By Theorem 2.1, we know that for.any:fixed vectors €y 1€y there is a constant (1 +
el+e0,...,. 1+emy=>1, such that

(1+6)jg - (1+)m a+6);y-0+m
cot ¥V cotY
21+m_1.G+em (1+6)j541.--(1+)m
cotY ty
,a+m co
cotY

(00
(00
/1(1+e)m
1 1 cot Y
> D lay(e, e,
ji0=1 L

Jm=1

L
for all'continuous m-linear operators A: X(;4¢), X ==+ X X(14¢),, = Y. Then,



(1+€)10 L(1+€)m (1+e)10 .... (1+€)m
/ AEFIm1.(t+m (1+e)10+1 (1+e)m\ coty
| & / s Ja+e ’1(1“)2"1 \ o I
I " " cotEYm cot I
sup- | 14(es, - €5 |
J1ie ]10—1k =1 T )

for all continuous m-linear operators A, Xy 4¢), % =+ ¥ X(1+E)m
To conclude the proof we just need to remark that

1
@+9ig \ Ty

(2+m=1 (@+8ip+1
© @+€)m
(24+6)m
_Sup Z Z Z"AL(eh’“ &)l
J1rJig=-1 Jig=1 Jm=1
(1+e)l0 .... (1+em (1+e)10 .... 1+m
cotY cotY
lg)t;)m -1.(1+6)m (1+e)lO+1 .... +m
| [ / [ 2@tOm \ coty |
| i ROV |
< sup | [ Y Y e el - | |
AR / |
provided
(1+8)ig . (1+E)m (1+E)m
(2+6)i0 2/ﬂ{cotY ! "(2+E)m >/1cotY '

3. Proof of Theorem 1.1 (see/[19])
Let the adjoint of @ Banach space X be denoted by X*. To simplify the notation we will

consider a(j) = j-for all j; the other cases are similar. Let Lm(X(1+E)1, e X(1te),s Y) denote
the space of all continuous m-linear operators from X, x---x X, to Y. By the canonical
isometric isomorphism
Wi L™ (X (1400, X140 K) = L7 (Xaar), 0 Xar st (Xaro,))
and duality in X(;.4¢), , note that, if R € L™(X(14¢),, .-, X1 +e),,; K), We have
R(X1:-- Xm—1,€n) = PL(R)(xyq, o, Xy 1)(en) = (‘PL(R)(XL-- ' Xm— 1)) (12)

1 such that



e | (TEE
(ﬁ) % ( € )1
€ /m-1 € /2
1+€)in
(1+€)m
Z Z Z Zm(eh.-- e,
J1=1 \ j2=1 Jm=1
<1+ aso.. <1+E>mZ||TL|| (13)
for all continuous m-linear forms T.: X(14¢), X =+ X X(14¢),, = ]K

Consider a continuous (m — 1)-linear operator A;:X(y4e), X -
(X(1+e),,) - Then, using our hypothesis, we have

X X(1+€)py ™

[

m

(), (59,

2 ZZIIA( R e a4)
Jo=1 Jm-a=1
" \H o)
9\ |

€ )m—l ( € )m—l

(12) & I/ - oo oo (1+6€)in
12 _ (1+6)m
- Z Z z z Z|LPL 1(AL)(eh""’ ]m)| e

ja=1 kh:l jm-1=1 \Jm=1 L )
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for all continuous (m — 1)-linear operators A;: X(14¢), X =+ X X(14¢),,_, = (X(1+e)m)*- Since
(X(1+e),,)” has cotype max{(1 + €)},, 2}, by Theorem 2.2, the exponents (5) - (5)

€71 € ‘m-1
in (2.2) satisfy

l1+e€ 1+e¢€ 1+e€
(1+€)q,.(1+€)m_ (1+€)y,...,(14+€) -
( )1 = Amax{(11+e);n,2} 1’ ( )2 = Amax{(21+e);n,2} 1’ T ( )m—l

€ € ¢
(1+€)m-
2 Amax{(1+le);n,2}' (15)
Since
1 ! = =
T max{(1+e€)n 2} u
we have
/1(1+e{)(i ..... (;+E)in_1 — !
max{(14+€)m,.2 1 L L
max {max{(1+e);n,2} - ((1+e)i + N (1+e)m—1) ' 0}
1

1 1 1
max {1 - ((1+e)i S ¢ (14€)m1 ~ H) ’ 0}
= S (1o

foralli € {1,...,m — 1}. Then, (15) can be re-stated:as
(1 * E) > 5@+e)1...., (1+6)m_1,u, (1 + E) > 51+6)z,.0 (1+e)m_1,u, . (1 * E) > 5@+ m-1.1
€ /1 € /2 € /m-1
and the proof is done.
1+e 1+e€ .
(2)=(2). If the exponents (—) | (—) satisfy
€71 m-—1

€

(1 + e) > 51+, (1+e)m_1,u, (1 + 6) > §+e)... (1+6)m_1,u’ . (1 + e) > 6(1+6)m‘1’”,
€ 1 € 2 € m-1

1+e 1+e€
€

we have, again, that the exponents ( )1 Ve (—) ) satisfy
m—

1+e l+e l+e
(T) > /1(21::)1 ,,,,, (1+e)n-1 (_) > /1(21::)2 ..... W+m-y ( ) > /1(21;6),”_1’
1 € 2 € m—1

with (2 +¢) =cot (Xa1e,) . Thus, by Theorem 22, there is a ’constant

(X(1+E)m)*
A+ ie e,

> 1 such that

(&9 Tee
- - - » (é)m 2 ( € )2
" ||(T)m_1 com1
(ACTET. ||(X( Oy
ji=1 \ j2=1 Jm-1=1 L mem

Xatom)
S A+ re, " (4ms Z”TL”
L
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for all continuous m-linear operators T,: X(; 4¢), %+

(X(1 +E)m)* '
We thus have

x X(1 +€)m—-1 -

oo (1+e)m,

2 (i ZZ'AL(%-- e]m)|(1+e)m )

0
Y
—

(29 9,
[« (2 o W
eIt IPNCICRRER gt SN
kh:l Jz=1 Jm-1= m) )
<@+t Z||WL(AL)||

for all continuous m-linear forms AL X(1+E) X X X(146),,

the main theorem is probably a:difficult task, as it happens with the Hardy-Littlewood
inequalities ( see [3,4] and the references therein). However when we are restricted to the
bilinear case, with (1+ €); = (1+€), = o and ¢ as the identity map, it is not difficult to
check that we recover the constant v2 from the Orlicz inequality.\
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