The Orlicz Inequality for Series of Multilinear Forms

Abstract
The Orlicz (¢,,¢,)-mixed inequality who states that
1

Z ZZW@%N <V2) Al

Jj1=1 \J=1

for all sequences of bilinear forms A;: K" x K" — KK and all positive integers n,
where K" denotes R™ or C™ endowed with the supremum norm. We follow D.
Nufiez-Alarcon, D. Pellegrino, and D. Serrano-Rodriguez [19] to. extend this
inequality to series of multilinear forms, with K™ endowed with £, .. norms for all
0<e< .

Keywords. Orlicz inequality, multilinear forms, Holder . inequality, Hardy-Littlewood
inequalities, Maurey-Pisier factorization.

1. Introduction

The origins of the theory of summability of'multilinear forms and absolutely summing
multilinear operators are probably associated to Qrlicz_(£,, £;)-mixed inequality published in
the 1930's (' see [8, page 24]). It states that
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for all bilinear forms A4;: K" x K" — KK, and all positive integers n. Here K = R or C and K" is
endowed with the supremum norm. We also represent by e, the canonical vectors in a sequence
space and

1ALl := sup{[A,Cx, )]|: l|lx|l < L and ||y|| < 1}.

An equivalent formulation is the following:
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for all continuous sequences of bilinear forms A;:cy, % cy = IK. The exponents in (1) are
optimal in the sense that, fixing the exponent 1, the exponent 2 cannot be replaced by smaller
exponents (nor the exponent 1 can be replaced by smaller exponents) keeping the constant
independent of n. The Orlicz inequality is closely related to Littlewood's (#,,¢,)-mixed
inequality (see [8, page 23]), which asserts that
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for all continuous sequences of blllnear forms A;:cy % ¢y, — K. Again, the exponents are
optimal in the same sense above described. Combining these two inequalities, and using the
HOolder inequality for mixed sums we recover Littlewood's 4/3 inequality:
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for all continuous bilinear forms AL. co X ¢y = K. For recent results on absolutely summing
linear and multilinear operators see [6,11,17].
The exponent 4/3 from the previous inequality cannot be replaced by smaller exponents

keeping the constant independent of n. The constant 2 is optimal (in all the three inequalities)
when K = R, but the optimal constants when K = C are unknown.

In 1934 Hardy and Littlewood [10] (see also [13]) pushed the subject further, extending
the above results to bilinear forms defined on ¢, .. spaces (when e = co we consider c, instead
of ¢,). The investigation of extensions of the Hardy-Littlewood inequalities to multilinear
forms were initiated by Praciano-Pereira [16] in 1981 and intensively investigated since then
(see, for instance, [1,2,5,7,12,13,14,15]), but there are still several open problems regarding the
optimal exponents and optimal constants invelved.

We shall use the same notation from [1]:

L1, f0<e<
Xue =4

Co, If e =
1+€

_ tre/e\Y
and, when € = oo, the sum (Z]- [l |l ) shall represent the supremum of ||x;|. We also

denote the conjugate index of (1 + €)' by (1 +¢€)*, ie., 1/(1+¢€)+1/(1 +¢€)* = 1. We find
the optimal values of. the: exponents (1 +¢)q,..,(1+¢€),, and of the constants (1 +

(K)(1+€) 1, (1+E)m dapicfuri
)(1+E)1 ,,,,, (1o, ™ satisfying

1
(1+€)m—2\ (1+€);

(1+€)m-1 (1+€)m—1

oo (1+e)m,
(1+e)m,

z z z Z|AL(‘3]1" ¢,

ji=1 Jm-1=1 \Um=1 / /

< (1 + E)(K)(1+E)1 ~~~~~ (1+e)m ZHAL”

(1+€)q,..(1+€)m,

L
for all continuous m-linear forms A;: X(;4¢), X = X X(14¢),, = K. The answer is known in
several cases (see [1,5,18] and the references therein), but a complete solution is still unknown.
By [19] we shall be interested in investigating the optimal exponents (1 +€)4,..., (1 + €),,. It
is simple to prove that the optimal exponent (1 + €),, associated to the sum %7 _; is (1 +
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€)5,. The main result provides the optimal exponents (1 + €), ..., (1 + €),,,_; in the case that
(1+6e)m=>0+e)n.

From now on, let e>0, and let (1+¢),,..,(1+¢€),, €[1,»]. We define
5(1+E)k ..... (1+e)m, and /1(1+E)k ----- (1+e)m by

2+€
§U+ ko (14E)m- = 1
A +e)y A+e)y/’
and
1

146k, (1+€) .
/12+e “ -

2+e \(1+¢€) A+e)/’
for all positive integers m and k = 1,...,m. Note that when 1/(1 + ¢), +--- +1/(1 + €),,, =

1 we have
6(1+E)k vvvvv (1+E)m = 00

and, also, when /(1 + ¢), +---+ 1/(1 + €),,, = i we have

Agl_::-)k ----- (1+E)m = 0.

The main result is, a generalization of the the Orlicz inequality. ' We consider the very particular
case (m,(1 +¢),,(1 +¢€),) = (2,0,) and o as-the identity-map in its statement, we recover
the Orlicz inequality (see [19]):

Theorem 1.1. Let € > 0 be an integer and 0:{1, ..., m} — {1, ..., m} be a bijection. If

(559,659, 0) comr
(A +1 0, U ) € [L,0]"

that

1
(1+e/€)1\ (1+€/€)1
(1+€/€)m-1 (1+€/€);

o 00 0o . (1+€)5(m
Z Z ( Z ZZ|AL (eja(1)"'-veja(m))|(1+e)6(m)> .
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forall continuous m-linear forms A,: X(;4¢), X - X X(14¢),, = K.
(2) The exponents (1 + €/€)4, ..., (1 + €/€),,—, satisfy

> 6(1+E)J(m—1)vﬂ’
where g = min{(1 + €) 5(m), 2}.
2. Preliminary Results
Let 0 < € < . Recall that a Banach space X has cotype (2 + ¢€) if there is a constant
e > 0 such that, we select finitely many vectors x4, ..., x,, € X,
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where (2 + €); denotes the j-th Rademacher functlon. The infimum of the cotypes of X is
denoted by cot X.

The following result was proved in [5] (see [19]):
Theorem 2.1. (see [5]) Let ((2+¢€)q .., (2+¢€),,) € (0,0)™, and Y be an infinite-
dimensional Banach space with cotype cot Y. If

1 1 1
A+, Ta+eo, coty

then the following assertions are equivalent:

() There is a constant (1 + €){4¢), . (1+¢), = 1 Such that

=

2 2

(2)

(3)

1
(2+€),\ (2+€);

(2+€)m1 Y2+e)z
+e)nm
2+€e)m
Z Z Z ZuAL(e,l,.. e, )l :
Ji=1 | j2=1 Jm=1 / /

for all continuous m-linear operators A% X 4¢), X+ % X(1+E)m -Y.
(b) The exponents (2 + €)4, ..., (2 + €)., satisfy
(2 + E)l > /1(1+E)1 ..... (1+E)m (2 b 6)2 > /1(1+E)2 ..... (1+E)m y (2 + E)m_l

cotyY cotY
1+ 1+ 1+
> Agoﬂi)m 1.( E)m (2 + E)m > AEOts)m.

We need the following extension of the previous theorem, relaxing the hypothesis (3).
Besides, below we have ((2+¢€)4,...,(2+€),,) € (0,]™ while in Theorem 2.1 we have
((2+€)y,...,(2+ €)y) € (0,)™ (see [19]).

Theorem 2.2. Let ((2+¢€)4,...,(2+¢€),,) € (0,0]™, (1 +€)q,...,(L +€),,) € [1,0]™ and
Y be an infinite-dimensional Banach space with cotype cot Y. The following assertions are
equivalent:

(@) There.is aconstant (1 + €){;4¢), . (1+¢), = 1 such that

1
(2+€), (2+€),

2+€)m_1 Ylﬁ/e)z

2+€e)m

z Z Z ZHAL("’M-- e]m)"(2+6)m
i1 \ =1 \Umet / /

<@+ E)(1+E)1 ,,,,, (1+€), ZHAL” (4)
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for all continuous m-linear operators A,: X(14¢), X - X X(14¢),, = Y.
(b) The exponents (2 + €)4, ..., (2 + €),, satisfy

@+€)y 2 257 M Im 2+ €), 2 A5 PO L@+ s

2 s 10m, o+ ), 2 0m

Proof. We begin by proving the direct implication. We just need to consider the case
1 1 1

A+, “tavo, oty ®)
since the other case is covered by Theorem 2.1. By the Maurey-Pisier factorization result (see
[9, pages 286,287]), the Banach space Y finitely factors the formal inclusion®..; y'© f, I.€.,
there are universal constants € > 0 such that, for all n, there are vectors z%, ..., zk.€ Y satisfying

1

coty

n
ty
ajsz < (1+2¢) Z |aj|Co : (6)
j=1

@+ (@),

for all sequences of scalars (aj);l:l. Consider the" ‘continuous m-linear operator
(A)n: X(14e), X " % X(146),, = Y Qiven by

(A)n(x®, ... x™) = z z O (2) (m) ]L )

By (6) and the Holder inequality we have

n
i 1= up z Z 1 (m) L (8)

”x(1Hk1+ 1 <1,...[x(m )"(1+6)m_1 =

1/cotY
cotyY
< sup (1+2¢) xj(l) xj(m)
||JC(1)"(1+e)1S1"“'||X(m)"(He)mSl
1/(1+€)g

< sup (1 + 2¢)

Il ey, SLo X ™ gy, 51

n
)|
j=1

iy gl (1+€)
[T12 KT
112, |

= (1 + 2¢).

Note that, by (7), we have
1
(2+€)1\ (2+6),

2+€)m-1 W(Z"'E)z
2+€)m
2+€)m
Z z Z ZII(AL)n(e,l,..., e )
J1=1 \ J.=1 jm=1 / /




Thus, by (6) we conclude that
1
(2+€)1\ (2+6),

+E)m—y Yue)z
2+€)m
2+€)m
Z z Z ZII(AL)n(e,l,..., e ) /

Ji=1 \ j2=1 Jm=1

1
> (1 + e)n+en

Combining the previous inequality with (4) and (8) we conclude that

Thus, since n is arbitrary, we have

(2 + E)l g /122:'}6/)1 ..... (1+E)m. (9)
If
1 1 1

_— 4 e+ >
(1 +¢); (1+e€); cotY
for all i, the proof is immediate. Otherwise, let i, € {2,3, ..., m} be the smallest index such that

1 A% 3 - 1
(1 +e), 1+¢€), cotY’
1 1 1

A 9 Y > .
|1+ )i, (1+¢€),, cotY

If i, = 2, note that by (9) we have
1
(2+€)2\ (2+¢),

24€)m—1 W(Z-'-E)g

o0 2+€)m
2+€)m,

sup z z zllAL(efl’” e]m)"

J1 J2=1 Jm=1 / /

<1+ E)(1+E)1 ,,,,, (1+€),, ZHAL” (10)

for all continuous m-linear operators A;: X(14¢), X -+ X X(1+E)m — Y. From (10) it is simple to
show that




1
(2+€),\ (2+¢),

24€)m—1 W(Zﬁ)3

00 (2+€)m
2+€e)m
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for all continuous (m — 1)-linear operators A;: X1 4), >< % X(1+¢),, = Y. Since
1

— — + -+ < ,
(1+¢), (1+¢), cotY
by Theorem 2.1 we conclude that

(2 + 6)2 /1(1+E)2 ..... (1+E)m (2 + 6)3 /1(1+E)3 ..... (1+E)m Q (2 + E)m_l

cotyY cotY
> A9, @ = A
If iy = 3, we consider
A, (x®, .. x™) = x(l)z z @ . (m) L
j=1 L

and we can imitate the previous arguments to conclude-that

(2+€), =00 = /18;;)2 ..... (1+e)m

and hence

(2+€)3\ (2+€);

(2+€)1m—1 Y2+e)4
2+€e)m
2+€e)m
sup z z zllAL(efl""’ ]m)"
J1:J2 ] =1 ]m—l / /

<1+ E)(1+E)1 ,,,,, (1+€),, ZHAL” (11)

for all continuous m-linear operators A: X(14¢), % == X% X(1+E)m — Y. Again, it is plain that

1
(2+E)i0+1 (2+E)i0

(2+€)m-1 WW
2+€)m,
2+€e)m
Z Z Z||AL(e,3,.. e,
J3=1 Jm=1 / /

for all continuous (m — 2)-linear operators A;: X1 4¢), >< % X(1+¢),, = Y. Since
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1 R 1 - 1
(1+¢€); (1+¢), cotY’

by Theorem 2.1 we have

@2+ €)s 2 A5y I @2+ €)y 2 20t O L2+ )y

> 0000, o 4 ) > 00

We conclude the proof in a similar fashion for i, = 4,...,m.
Now we prove the reverse implication. The case
1 . 1 - 1
(1+¢), (1+¢),, cotY
Is encompassed by Theorem 2.1. So, we shall consider
1 1 1

— 4+ > .
(1+¢), (1+¢€), cotY

1 1 1

_— 4 e+ >
(1 +¢); (1+¢€),, cot¥
for all i, the proof is immediate. Otherwise, let i, € {2, ..., m} be the smallest index such that

1 . 1 2 1
(1 +e), (1+¢€),, cotY’
1 1 1

o+ ..a > .
|1+ €, (1+¢€),, cotY

1
(2+E)i0 (2+E)i0

@+)m-1  \ @+igs1
00 00 (2+€)m
@+e)m
i Su_p z Z "AL(ej1’ ’ejm)"
]1 !!! ]io—l 110:1 ]m:1 L

]

for

(1+€)ig, (146 (146,
(2+E)io 2/1cotY0 ""’(2+E)m 2/1cotY

By Theorem. 2.1, we know that for any fixed vectors e; , €y there is a constant (1 +



/ (1+e)i0 ..... (1+e)m \/1(1+6)i0 ..... (1+e)m
cot Y cotY
21+)m—1.(1+)m (1+6)jy+1--(1+Em
cotyY cot Y
o o) /1(1+e)m
}{(1+E)m cotY
cotY
> D 1ues,s e, )l
Jig=1 Jm=1 L /
Y
<1+ E)(1+E)1,,,,,(1+E)m ZHAL”
L
for all continuous m-linear operators A: X(q4¢), X =** X X(14¢),, = Y. Then,
1
(@+€)jgmi(1+)m (1+6)j-(1+E)m
cotY Acot Y
(1+€)m-1.(1+€)m (1+€); 41, (1+e)m\
Acot Y o+l
0o 0o (1+€)m cote
/-l(ltfgm cotY
co
_sup Z Z Z”AL(% 1)
J1i ]io—l ji0=1 jm=1 L
Y
<1+ E)(1+E)1,_,,,(1+e)m ZHAL”
L
for all continuous m-linear operators A;: X(11e), X ** %X X(14¢),, 2 Y.
To conclude the proof we just need to remark that
1
2+€)m—1 (2+€)ig+1
0 00 (2+€e)m
2+€)m
R DX SN CACKTS :
/ /
1
(1+6)i0 ----- (1+e)m (1+6)i0 ..... (1+€)m
coty cotY
A(1+6)m—1,(1+6)m (1+e)i0+1 ..... (1+€)m
cotY
00 o) /'l(l"'f)m cotY
/-l(l':;)m cotY
co
S 0 R DI OS] :
1 ]lo—l jio=1 \ jm=1 L /
provided
(1+E)i0!'“!(1+6)m (1+E)
(2+E)io 2/1cotY ""’(2+E)m 2/1cotY ™.

3. Proof of Theorem 1.1 (see [19])

Let the adjoint of a Banach space X be denoted by X*. To simplify the notation we will
consider a(j) = j for all j; the other cases are similar. Let Lm(X(HE)l, v X(14e),0 Y) denote
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the space of all continuous m-linear operators from X,, x---x X, to Y. By the canonical
iIsometric isomorphism

W L™ (Xre) Xt K) 2 L Xy Xareym Karer) )
and duality in X(;4¢)_, note that, if R € L™(X4e),, - X +e),,: K), We have
ROxy, o X1, €n) = WL (R)(xq, oo, 1) (er) = (WL (R) (x4, .. ,xm_l))n. (12)
We start off by proving (1)=(2). Let us suppose that there is a constant (1 + €)(14¢), A(1+¢),, =
1 such that

/ (8, \(E5,

z z z Z|TL(e,1,..., e, )|

(1+e);,
Ji=1 | j2=1 Jm=1 /

\ /

<1+, (1+E>MZ||TL|| (13)

for all continuous m-linear forms T;,: X(14.¢), X 24X X(14¢),, = ]K
Consider a continuous (m — 1)-Iinear operator Ay X(14¢), X X X(14e),,_, =

(X(1+e)m)*- Then, using our hypothesis, we have

/ e, ),

1+€
“ (1+e) (T)m_l
z E Z"AL (311, iy e]m 1)"(X 1+e)m (14)
Jji=1 — — /

(¥)m—1 (%)m—l

(1+e)m,

(1+e)m

- i i iz|(AL(e,.1,...,e,.m_1))jm

Ji=1 | j2=1 Jm-1=1 \J

\
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*e 1te
1te 1i€ m—z\( € )2
( € )m—l (T)m_l
@O | % N N ey | O
+€)m
D DI DR DI N A ChICREN]
j1i=1 J2=1 Jm-1=1 Jm=1 L

\

for all continuous (m — 1)-linear operators A;: X(11¢), X X X(a4e),,_, = (X(1+E)m)*. Since
(X(1+E)m)* has cotype max{(1 + €)%, 2}, by Theorem 2.2, the exponents (%)1 . (%)m_l
in (2.2) satisfy
(1 + 6) > 20+ 1+ m s (1 + 6) e o (1 + 6)

1 2 m—1

max{(1+€)5,.2} max{(1+€);,.2}

€ € €
(1+e)y,—
2 Amax{(1+e)jy 2} (15)
Since
. 1 1
max{(1L+ €);,, 2}  u
we have

1

/1(1+E)i ,,,,, +€)m-1  —
max{(1+€)3,,2} £

Ve {max{(l i €)in. 2}1_ <(l ie)i o m) ! O}

melt = (e @ i)

= 6(1+E)i ----- (1+€)m—1.14
for all i € {1,...,,m — 1}. Then, (15) can be re-stated as

(1 + e) ) 5(1+E)1 """ (1+E)m_1#’ (1 + €
1

€
and the proof is done.
1+e

(2)=(1). If the exponents ( ) - (E) satisfy
€1 € /m-1
(1 + e) > 6(”6)1 """ (1+E)m_1#’ (1 + €
1

1+e¢€

) > 6(1+E)m—1yﬂ
m-—1

€ €

1+e¢€

€ €

we have, again, that the exponents (E) - (E) satisfy
€71 m—1

€

) > 6(1+E)m—1yﬂ,
€ /m-1
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(1 + e) > /1(1+E)1 !!!! (1+E)m 1 (1 + e) > /1(1+E)2 !!!! (1+E)m 1 - (1 + e) > /‘lgl-:-EE)m 1’
m-—1

€ 2+e e 2+€ -

with (2+e)—cot(X(1+E)) Thus, by Theorem 2.2, there is a constant

( (1+e)m
(L+€)1iey. re),. , = 1suchthat
1

/ (e \),

o DR

\1_ 2_ . )

(X(1+e)m
<A+ (o v, ZIITLH

for all continuous m-linear operators T;,: X(; 4¢), X =+ % X(1+e)m_1 (X(1+e)m)*-
We thus have
1

(559, \@

g © i a+em
5[5 (5 (56

j1=1 ]2=1 ]m_1=1 ]m=1 L

\

-2 (Z S eI )”

Ji=1 J2=1 Jm-1=1

X(1+6)m)
T ZIM(AL)M

(a+e)q,...,

for all continuous m-linear forms AL Xa+e), X % Xa+e), = K
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Remark 3.1. [19] proved thathe determination of the exact values of the constants involved in
the main theorem is probably a difficult task, as it happens with the Hardy-Littlewood
inequalities ( see [3,4] and the references therein). However when we are restricted to the
bilinear case, with (1 +¢€); = (1 +¢€), = and o as the identity map, it is not difficult to

check that we recover the constant /2 from the Orlicz inequality.
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