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Coupling the SBA method and the Elzaki transformation
to solve nonlinear fractional differential equations

Abstract
In this paper, we propose a new technique well adapted to the solution of nonlinear
fractional differential equations. This technique combines the Elzaki transorm and the
Some Blaise-Abbo (SBA) method. It allows to find the exact solution or an acceptable
approximate solution of the equation.
Keywords: SBA method, Elzaki transform, SBATEM, Fractional differential equation,
Caputo fractional derivative.

1 Introduction

Fractional derivatives are used in the modeling of many physical phenomena, such as heat dif-
fusion through a semi-infinite solid, flow in oil reservoirs, rheological properties of solids etc. In
general, it is difficult to find the exact solution of a nonlinear fractional differential equation.
Many numerical methods are used to find an approximate solution. Commonly used numeri-
cal methods are the variational iteration method (VIM) [18, 19], the Adomian decompositional
method (ADM) [4, 5, 7], and the generalized differential transformation method (GDTM) [3, 6]
.Recently, the SBA method [9, 20, 21] which is a combination of the Adomian method, the
method of successive approximations [14] and the Picard principle, is also used. The nonlinear
fractional differential equations are also solved with techniques combining numerical methods
with integral transformations, such as the Homotopy perturbation method combined with the
Elzaki transformation (EHTPM) [12, 13], the Homotopy perturbation method combined with the
Sumudu transformation (HPSTM) [16], the Adomian decomposition method combined with the
Elzaki transformation (EADM) [17]. In this paper, we propose a new technique to find the exact
solution or an approximate solution of nonlinear fractional differential equations. This technique
is a combination of the SBA method and the Elzaki transform (SBATEM). After having recalled
some notions on fractional calculus and on the Elzaki transform, we will give the principle of
this new technique, then we will apply it on some examples of nonlinear fractional differential
equations.

2 Definitions and basic properties

In this section, we recall some definitions and properties of fractional calculus and the Elzaki
transformation.
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2.1 Gamma function and Mittag-Leffler function

Gamma function The Euler Gamma function [1, 11] is defined on the half-plane P = {z € C/ Re(z) > 0}
by

+oo
I'(z) = / t* e tdt (1)
0
For any natural number n : I'(n + 1) = nl.

Mittag-Leffler function For any complex number z, we define the one-parameter Mittag-
Leffler function [2, 11] by

Sk

E,(2) = kz:;) m; a € C, Re(a) > 0. (2)

In particular, when o = 1, this function coincides with the exponential function:
0 k 0k
z z
E = —_— = =7 3
1(2) ];)F(k—H) I;)k:! ¢ 3

2.2 Caputo fractional derivative

Definition 1 Let [a,b] be a finite interval of R and f € L'([a,b]). The fractional Riemann-
Liouville left-handed integral of order a > 0 of the function f is defined by [2]

o 1

Imz(x)==rumtlxtr—tflf@ﬁ# (4)

Definition 2 The fractional Caputo left derivative of order a@ > 0 of the function f(z),
x € [a,b] is defined by [15]

Dgf(@) = I (1))

1 A
~Tim—a) / (@ =gt ®)

Where m=[a]+1ifa ¢ Nand m =« if « € N.

2.3 Elzaki Transform

Consider the following set of functions of exponential order
A= {f(t) C3AM, ky ke > 0,]f()] < Meltl/% sit e (—1)7 x [0, oo)} (6)
Definition For f € Athe Elzaki transform of f is given by the following formula [8]
Ef(t)] = T(s) = s/om ot F(t)dt, by < 5 < ks (M)
From the formula (7), we obtain the following Elzaki transforms:

Elll=s* Bt =s*E[t*] =T(a+1)s*", a >0 (8)
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The Elzaki transform verifies the linearity property: V f,g € A and Va,b € R, we have

Elaf(t) +bg(t)] = aE[f(8)] +0E[9(1)] 9)
Theorem 1 The Elzaki transform of the fractional Caputo derivative is [10]:

m—1
ED}f(t)] =s"“E|f s2~ ‘”'kf(k) 0)y,m—-1l<a<m (10)
k=0

Theorem 2 [8] Let T'(u) be the Elzaki transform of f(¢) such that
1

(i) sT <) is a meromorphic function, with singularities having Re(s) < «, and
s

(i) There exists a circular region [ with radius R and positive constants, M and K with

sT (i)‘ < MR %K (11)

Then the function f(¢) is given by

E-V[T(s)] = % /a T ety ( > ds =3 resudues of [eétsT ( )} (12)

—i.00

3 Description of the SBATEM technique

Consider the following nonlinear and inhomogeneous fractional differential equation

Dfu(x,t) = Lu(z,t) + Nu(z,t) + g(x,t), « > 0 (13)

with the initial conditions:

OFu(z,0)

u(z,0) = hO(z), o1k

=h¥x), ke{l,..,m—1} (14)

aa
where Di* = —— is the fractional derivative of Caputo with respect to ¢ of order o > 0; L

and N are linear and nonlinear differential operators, respectively.
Applying the Elzaki transform to (13), we obtain

E [D{fu(x,t)] = E [Lu(z,t)] + E [Nu(z,t)] + E [g(z, )] (15)

Using Theorem 1 and the initial conditions (14), we obtain

m—1

Eu(z,t)] = Z sPTRRE(2) + s F [g(x,t)] + s°E [Lu(z, t)] + s*E [Nu(z, t)] (16)
k=0

Applying the inverse Elzaki transform to (16), we obtain

u(z,t) = H(z,t) + B~ [s*E [Lu(z,t)]] + E7 [s“E [Nu(z,t)]] (17)

where )
H(z,t)=E™! [Z s*TRpE(z) | + BT [sYE [g(z,1)]] (18)

k=0




UNDER PEER REVI EW

Apply the method of successive approximations to (17), we get:

uk(x,t) = H(z,t) + B~} [s“E [Luk(ac,t)]] +E~ ' [s*E [Nukfl(:c,t)” (19)
The Adomian agorithm associated with (19) is the following:

(20)

n

ug(z,t) =H(z,t)+ E~' [s*E [NuF (2, t)]], k> 1
uk(z,t) =E7 [s"F [Luf_|(z,0)]], n>1
We will call the above algorithm the SBATEM algorithm.

Let us apply Picard’s principle to (20): we choose u® € V any root of the equation Nu = 0.
Step 1 for k = 1, we compute u! using the following algorithm

up(x,t) = H(x,t)
ul(z,t) =E"'[s“E [Lul_i(z,t)]], n>1

If the series > wul is convergent, then we get:

n>0
ul = Z ul (22)

n>0

approximate solution of the problem (13)-(14) in step 1.
Step 2 for k = 2, we compute u? using the following algorithm:

{u%(w,t) =H(x,t)+ E~! [SO‘E [Nul(x,t)]] (23)
n>1

u?(z,t) =E7! [SC‘E [Lufb_l(x,t)]] ,

n

If the series > u2 is convergent, then we get:

n>0
u? = Z u? (24)

approximate solution of the problem (13)-(14) in step 2.
Step k Recursively, if the series Y uF is convergent for k > 1, then we get

n>0
uk = Z uk (25)
n>0

approximate solution of the problem (13)-(14) in step k. The solution of the problem (13)-(14)
is then:

u = ler{:Ouk (26)

Proposition 1
Consider the following nonlinear and inhomogeneous fractional differential equation:

Diu(z,t) = Lu(x,t) + Nu(z,t) + g(z,t), « > 0 (27)
with the initial conditions:

8 u(z,0)

u(z,0) = 1°(x), otk

=hh(x), ke {l,..,m—1} (28)
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aa
where Dg* = e is the fractional derivative of Caputo with respect to ¢ of order a > 0; L is

a linear operator and N a nonlinear operator defined in a suitably chosen space V; g € V and u
the unknown function.
Let be the SBATEM agorithm associated to (27)-(28) :

up(z,t) =B~ [s°E [Luf_y(2,8)]], n > 1 (29)

{u’g(m,t) — H(z,t) + B! [«"E [Nu*~Y(z,1)]], k> 1

By Picard’s principle, we choose u’ € V such that Nu® = 0.

(a) If Nu! = 0, then the problem (27)-(28) admits a unique solution u = u!.

(b) If for a fixed integer p, u? = uP~!, p > 2, then the problem (27)-(28) admits a unique
solution u = uP~!.

Proof

Existence

(a) Let u! be the approximate solution in step 1. Assume that Nu' = 0, so the scheme in
step 2 is written:

ul(z,t) =E7'[s“E[Lul_i(z,t)]], n>1

This scheme is identical to the scheme in step 1. So the approximate solution in step 2 is
u? =ul.

We have Nu? = Nu' = 0; therefore the scheme at step 3 is also identical to the scheme at
step 2. Therefore, the solution at

step 3 is u® = u? = ul.

Recursively, the approximate solution at step k (k > 2) is uf=uf"! = ...=ul.

The solution of the problem (27)-(28) is

u = lim u*=u! (31)
k—oo

(b) Suppose that for a fixed integer p, u? = uP~1, p > 2; then we have Nu? = NuP~!.
At step p+ 1, the algorithm is written:

ubt(z,t) = H(z,t) + E-'[s*E [Nu?(z,1)]]
{u;fl(x,t) =EF! {SQE [Lufill(x,t)ﬂ , n>1 (32)
From this algorithm, we obtain:
ub ™ (2,t) = H(z,t) + B~ [s*E [NuP (z, )] = (x t)+ B~ [s“E [Nut~(z,0)]] = ub(, 1)
uf“(z t) — B! [ op [Lug“ 1) H = BV [sE [Lub(x,1)]] = u(x, 1)
B (z, [ ap [Luf“ 1) ” = B [s%E [Lul(z,1)]] = ub(, 1)
up+1 (2,t) = E~! [ “F {Lup+1 (z,t H =E7![s*E [Lul_ (z,t)]] = ul(z,1)

So

uPtt = Zup'H Zupzu (33)
n>0

n>0

Similarly, we show that at step p + 2, uPT2 = uP*1,
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Recursively, the approximate solution at step k (k> p — 1) is u¥=u*"! = .=uP = uP~L.
The solution of the problem (27)-(28) is thus
u = lim u"= uP~! (34)

k—o0

Uniqueness suppose that the problem (27)-(28) admits by the SBA method two distinct
solutions u and v. Let ¢ = u — v. Then we have:

uf(z,t) =H(z,t)+ E~' [s*E [NuF~1(z,0)]], k>1 (35)
uf(z,t) =E"'[s*E [Luf_ (z,t)]], n>1
and
ob(z,t) = H(z,t) + EL [s*E [Nk (2, 1)]], k> 1 (36)
i (z,t) =E'[s“E[Lvk_ (z,0)]], n>1
Making the difference (35)-(36), we get
ok = E-1 [s°E [Nuk~Y(z,1)]] — E-1 [s*E [Nv*L(z,1)]], k > 1 (37)
ok =B~ [s*E [Lyk_ (z,0)]], n>1

where pf = uf — vk,

Step 1 for k£ = 1, we have

v5 =0
{%02 =E ' [s*E[Lg}_y(z,t)]], n>1 (38)

- for n = 1, we have

1 =E"[s“E [Lyj(z,t)]] =0 (39)
- for n = 2, we have
3 =E' [s“E [Loj(z,1)]] =0 (40)
- We find that for all n > 0, p. = 0. Therefore, we have:
' = =0 (41)
n>0

Therefore, we obtain u! = v?.

Step 2 for k = 2, we have

@t =Ly 'Nu' — L7 No?
¢n=1L; R(pp_1), n>1
Since u! = v!, then Nu! = Nvl. As a result, the scheme (42) is written
2
Yo = 0 (
_ 43)
{90121 =Ly 'R(pp_y), n>1

This scheme is identical to the scheme in step 1; thus for all n > 0, ¢2 = 0. Hence
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= ¢l =0 (44)
n>0

Therefore, we get u? = v2.
k

Recursively, for all & > 1, u* = ov*.
(27)-(28) admits a unique solution.

Therefore u = v; which is absurd. So the problem

4 Applications

In this section, we apply the SBATEM technique to solve four examples of nonlinear fractional
differential equations.
Example 1 Consider the following nonlinear fractional partial differential equation

D2y — 3 (ug)? 4 tgae =0, £ > 0,0 < a < 1 (45)

with the initial condition

u(z,0) = 6z (46)

We have: Lu(x,t) = —tgpe(2,1), Nu(z,t) = 3 (ug(x, 1)) and g(z,t) = 0.
The SBATEM algorithm associated to the problem (45)-(46) is

uf(z,t) =H(z,t)+ E7' [s*E [NuF (2, t)]], k> 1 (47)
uf(z,t) =E7'[s*E [Luf_ (z,t)]], n>1
with
H(z,t)=E"! [z_j s*TRpE(z) | + B [sYE [g(x,1)]] (48)
k=0
=E"' [s*h%(z)] = hO(z) = 62
The algorithm (47) is again written
uf(z,t) =6x+ E~'[s“E [NuF~1(z,t)]], k>1 (49)
ub(z,t) =E7'[sE [Lut_ (z,t)]], n>1

Let us apply to (49) Picard’s principle: we take u’ = 0, then Nu® = 0.
Step 1 for k = 1, we compute u! using the following algorithm

up(z,t) =6z
{u(l) (z,t) =E'[s*E [Lu}l_i(z,t)]], n>1 (50)

n

We have

—

[
—

ui(x,t) =E~
-

=

uz(z,t) =

=
—

(51)

ul(z,t) =E"'[sE [Lup_i(z,t)]] =0,Vn>1



UNDER PEER REVI EW

So

ul(x,t) = Z ul(z,t) = ug(w,t) = 6z

n>0

is approximate solution of the problem (45)-(46) in step 1.
Step 2 for k = 2, we compute u? using the following algorithm:

{u%(ac,t) =6z + E~! [s°E [Nu'(z,t)]]
uwl(z,t) =E7'[s“E [Lul_i(z,t)]], n>1

n

We have
Nul(z,t) = 3(6)% = 108
and
Wrt) = 6o+ B [ B [Nule0)]] = 60+ 5o
wat) =B [sE [Lub(a,1)]] =0
Blert) =B [ [Lud(w,0)]] = 0
W(a,t) =B [sB [Lu}_y(2,0)]] =0,Yn > 1
So
2(0,0) = 3w (w,1) = ud(e,t) = 62 +
u(z,t) = Zun(m,t) = uj(z,t) = 6z + Mot D)

n>0

is approximate solution of the problem (45)-(46) in step 2.
Step 3 for k = 3, we compute u® using the following algorithm:

ud(w,t) =6x+ E! [s*E [Nu?(z,t)]]
ud(z,t) =B~ [s“E [Lud_i(z,t)]], n>1

n n—1
We have
Nu?(z,t) = 3(6)* = 108
and
3 _ 1T 9 - 108t
ud(z,t) =6x+ E~'[s“F [Nu (x,t)HfoJriF(a_’_l)
uf(z,t) =E7'[s*E [Lud(z,t)]] =0
ud(z,t) =E"'[s*E [Lui(z,t)]] =0
ud(z,t) =E7'[s“E[Lud_ (z,t)]] =0,Vn>1
So

(55)

(58)
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108t
3 3 3
t) = t) = t) = 6x +
u’(x,t) E u, (x,t) = ug(x,t) = 6z T

2 @+l (60)

We have u® = u?; so by Proposition 1 (b), the exact solution of the problem (45)-(46) is:

108t~
— 2 _
u(z,t) = u(z,t) = 62 + Mot 1) (61)
Example 2 Consider the following nonlinear diffusion problem:
D¢ = kugfx +u? + () (62)
u(z,0) = sinx
where 0 < a <1,z € Rand t > 0.
We have: Lu(x,t) = kugy(x,t), Nu(xz,t) = (u(z,t)® + (uge(z,t))* and g(z,t) = 0.
The SBATEM algorithm associated to the problem (62) is
uf(z,t) =H(z,t)+ E7 [s*E [NuF~1(z,0)]], k>1 (63)
ub(z,t) =E7'[s*E [Luf_ (z,t)]], n>1
with
m—1
H(z,t)=E™! Z s> TRk (2) | + BT [sF [g(x,1)]] (64)
k=0
=E ' [s*h%(z)] = h%(z) = sinz
The algorithm (64) is again written
ug(z,t) =sinz+ E7! [s*E [NuF~1(z,0)]], k>1 (65)
ub(z,t) =E7'[s*E [Luf_ (z,t)]], n>1
Let us apply to (65) Picard’s principle: we take u’ = 0, then Nu® = 0.
Step 1 for k = 1, we compute u' using the following algorithm
up(x,t) = sinz (66)
ul(z,t) =B [sE [Lu),_i(z,t)]], n>1
We have
ui(z,t) =E"'[s*E [Luj(z,t)]] = E7 [s“E [~ksinz]] = —hksinat®
’ 7 2 I(a +2 Y 2
k*sinzt® k*sinzt=*
Yzx,t) =E"'[s*E [Lul(z,t)]| = B~ |s*F =
—k3sinzt?® —k3sinzt3®
Ya,t) =B [s°F [Lub(x,t)]] = B~ |s*E = (67)
us(@,?) [5°E [Luj(a, )] {8 { T(2a+1) H T(3a+1)
_ sinz (—kt®)
Wnt) =B [ [Tl (o] = T Yz 1
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So
ul(z,t) = Z ul (z,t) = sinz Z kO™ = sinz B, (—kt®)

n>0 n>0 (na + 1)

is approximate solution of the problem (62) in step 1.
Step 2 for k = 2, we compute u? using the following algorithm:

ud(z,t) =sinz+ E7! [s*E [Nu'(z,1)]]
ul(z,t) =E"'[s"E [Lu?_i(z,t)]], n>1

n

We have

Nul(z,t) = (ul(z,1))” + (ul, (2,1)" = (sinw By (—kt))® + (—sine E, (—kt®))* = 0

so by Proposition 1 (a), the exact solution of the problem (45)-(46) is:
u(x,t) = sinc B, (—kt®)
Example 3 Consider the following fractional Riccati differential equation:

dy(t)
dt
with the following initial condition

=2y(t) —y*() +1,0<a<1

y(0)=0

We have: Ly(t) = 2y(t), Ny(t) = —y?(t) and g(t) = 1.
The SBATEM algorithm associated to the problem (72)-(73) is

yk(t) =H(t)+E! [s“E [Ny’“’l(t)ﬂ ,k>1

ye(t) =E"'[s“E[Lyk_(t)]], n>1

with

H(t)=E" +E ' [s“Eg(t)]]

m—1
Z 52+khk (t)
k=0

t t

=57 [PR00)+ B B = K0+ oy =

The algorithm (74) is again written
ta

ye(t) = Tat1) +EN B[Ny @), k> 1

yn(t) =B~ [s*E [Lyy _(1)]], n>1

Let us apply to (76) Picard’s principle: we take y° = 0, then Ny° = 0.

10

(72)

(73)
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Step 1 for k = 1, we compute y' using the following algorithm

yo(t) = -
! __ v
Na+1) )
yt(t) =FE71 [SQE [Ly}hl(t)]] ,n>1
We have
i) = B B [Lyd(0)]] = B | s zr(atﬂ)] :;ngi 5
1 —1 « 1 —1 [ @ [ t2a 1 1 (2ta)3
y3(t) =E"'[s“E [Lyi(t)]] = E7' |s“E 4m } =3T3+ 1)
r r 3a 7 o)4
wo = el =5 |8 s | = e ™
1 —1 « 1 1 (2ta)n+1
yn(t) =E"'[s“E [Ly, 1 (1)]] = 2T(nt Dat 1) n>1

So

B 1 (2to)"+! 1 @) 1 N te
’Zyi(t)’ﬁzr((n+ +1) 52 T(na+ 1) = gBa(2 )_F(a—i—l) (79)

n>0 n>0

is approximate solution of the problem (72)-(73) in step 1.
Step 2 for k = 2, we compute y? using the following algorithm:

ta

2() = ———+E 1 [s*E [Ny (¢ kE>1
(80)
yn(t) =B~ [s“E[Lyp_(t)]], n>1
We have
1 te 2
Nyl(t) = — —F,(2t%) — ——
)= (35 - 5 )
te t2a t3a t4a Sa 3a t?(x 2
= ( +2—+4—4+8—+16— +32— + 64 ) (81)
a a2 as a4 as (<73} ar

For t < 1, we approximate Ny (t) by:

2 3 1 2 16 16 32 32
Nyl(t>2—72—4 _4<2+ >t4o¢_< + >t5a_< + )tﬁa

ai aias as ajas a1a4 a203 aias aga4
64 64 128 128

- ( + )t“ — ( + )ts"‘ (82)
a1Qg ag Qs ajyary a90g

- Calculation of y3:

11
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t* a3 dagtt®
2 2 3
t — + FE " |s°FE _— = —
Yo(t) = + HsCE [Nyt ()] = o T ey ma
4 2 ay s5a 16 16 %tGO‘ 32 32 %tm
a1a3 a1Qy4 azas3 Qg aias a2y ar
_ ( ) ar (8o _ ( 128 128 ) ajtga (83)
a10ae 02115 aiay  G206¢ ) Qg
-Calculation of y3:
202 2apt?™  Bagt®™
2 — 2 3
t - E = — —
yl( ) [ [ ” an a%a4 a10a20as5
1 2 16 16 32 32
8<2+ >a4t6 2( ) 5 47a 2( >“6t8a
as ajas Qg a1Qay4 asa3 ar aias a2y as
64 64 128 128
—9 ( + ) 97490 _ o ( + ) 38 410a (84)
4106 az205 / ag ayar a2a¢ / A10
- Calculation of y3:
43> Aaotd*  16a5t5
2 —1 . 2 2 3
Y5 (t) [3 [ v ( )” a3 a%a5 410205
1 2 16 16 32 32
—16 (2 + ) Gyt y ( ) 95480 4 ( ) 46 49a
as ajas ar a1y aoa3 as aias aoa4 [076)
64 64 128 128
_ 4( > ﬂtloa _ 4( + > ﬁtlm (85)
aiae  az2as5 /) aio aiar G206/ Qi1
- Calculation of y3:
8ti  Baotb  32a3t™
2 —1 . 2
93( ) [5 [ (1 )H a4 a%% a10207
_32(12+ 2 )a4t8a—8(16 16>a5t90‘—8(32 32>a6t10"‘
as aias as a1a4 asas3 ag a1as o0y a0
64 64 128 128
—8 < ) 47 i _ g < n ) 98 j12a (86)
aiae  az20a5 /) ail aiar G206 /) @12
We find that for any n > 1:
B N 2n+1t(n+1)a 2n+3a2t(n+3)u 2n+4a3t(n+4)a
yn(t) = B~ [s"E [Ly, 1(t)]] = - p -
2a541 8aian+3 4a1a0an4+4
(1 N ) 2n+5a4t(n+5)a B ( 1 1 ) 2n+6a5 t(n+6)a B ( 1 1 ) 2n+6a6
a% aia3 85 ajay  agaz ) 4ag, ) aias  agas) 4angr
2n+8a7t(n+8)a o 1 1 2n+9a8 t(n+9)a (87)
aiag a2a5 4an+s ajar  agag ) 4anyg
=> ui(t)
n>0

12

t(n+7)a
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is an approximate solution of the problem (72)-(73) in step 2.

Numerical analysis

When a = 1,the exact solution of the problem (72)-(73) is given by v, (t) = 14+v/2 tanh(v/2t+
(1/2)log((v/2—1)/(v/2+1))). We will compare this exact solution with the approximate solution

Yap(t) = y2(t) = 2;0 y2(t) for a = 1.

If & = 1,then we have:

( ) 2(t) B Z (Qt)(n+1) B Z 2(2t)(n+3) B 3(2t)(n+4) B 7(2t)(n+5)
Yot =0T 29T (v 2) A« 8T (n+ 4) — AT(n+5) < AT(n+6)
15(2t) <"+6> 21(2t)(n+7) 28(2t)("+8) 36(2t)("+9)
D D Z Z Z (88)
dan16 447 dan1g dan19

n>0 n>0 n>0

By simplifying (88), we obtain

) 109¢2 109 111t 1112 110t3  107¢4
() =9’ (1) = —— —++ -+t 5+
20t° 175 128t7  2¢8
5 T 9 T35 35

(89)

The following comparison table (Table 1) gives the deviation between the exact solution and
the approximated solution for values of t between 0 and 0.5 for & = 1. We represent graphically
the exact solution and the approximate solution for & = 1 in the following figure (Figure 1)

t Yeu () Yap(t) [Yea (t) — Yap(t)]
0 0 0 0

0.10 0.1103 0.1103 1.7600 x 106
0.15 0.1734 0.1734 1.5295 x 1077
0.20 0.2420 0.2419 7.3574 x 1077
0.25 0.3159 0.3157 2.5567 x 1077
0.30 0.3951 0.3944 7.2254 x 1077
0.35 0.4792 0.4774 0.0018

0.40 0.5678 0.5639 0.0039

0.45 0.6603 0.6524 0.0079

0.50 0.7560 0.7410 0.0150

Table 1 : Comparison of the exact solution with the approximate solution of the Riccati problem (7

for o = 1.
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Exact solution
aFl Approximate solution |
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a oos 01 018 02 02% 03 03% 04 045 045

1
Figure 1: Exact solution and approximate solution of the Riccati problem (72)-(73) for oo = 1.
Example 4 Consider the following fractional Korteweg-de Vries (KDV) equation
Dfu—3(u?) 4+ tgee =0,6>0,0<a<1 (90)
with the initial condition

u(z,0) = 6. (91)

We have: Lu(z,t) = —ugee(2,t), Nu(z,t) =3 (uz(m,t))x and g(z,t) = 0.
The SBATEM algorithm associated to the problem (90)-(91) is

uf(z,t) =H(z,t)+ E~ [s*E [NuF~1(z,0)]], k>1

(92)
ub(z,t) =B~ [s“E [Luf_ (z,t)]], n>1
with
H(z,t)=E"! z_: sPTERR ()| + B [sYE [g(x,1)]] (93)
k=0

=E' [$*h%(z)] = h(z) = 62

14
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The algorithm (92) is again written

ug(z,t) =6z + E' [s*E [NuF~(z,0)]], k>1

ub(z,t) =E7'[s*E [Luf_ (z,t)]], n>1

Let us apply to (94) Picard’s principle: we take u’ = 0, then Nu® = 0.
Step 1 for k = 1, we compute u! using the following algorithm

up(x,t) =6z

We have

ul(z,t) =E"'[s*E [Luj(z,t)]] =0

uy(z,t) =E"'[s*E [Lui(z,t)]] =0

.u}l(x,t) =E"'[s“E [Lu}l_i(z,t)]] =0,Vn>1
So

ul(z,t) = Zu}z(m,t) =up(z,t) = 6z

n>0

is approximate solution of the problem (90)-(91) in step 1.
Step 2 for k = 2, we compute u? using the following algorithm:

uwd(z,t) =6z+ E"![s*E [Nul(z,t)]]

ui(z,t) =E7'[s*E [Lul_i(z,t)]], n>1

We have
Nu*(z,t) = 3(362%), = 216z
and
216xt*
ud(z,t) =6z + B! [S“E [Nul(:c,t)ﬂ =6 Tlat1)
ui(z,t) =E7'[s*E [Lud(z,t)]] =0
ud(z,t) =E7! [SO‘E [Lu%(x,t)]] =0
wl(z,t) =E'[s"E [Lu_(z,1)]] =0,Yn > 1
So
216xt®
u?(z,t) = Zui(x,t) =ud(z,t) = 6z + m

n>0

is approximate solution of the problem (90)-(91) in step 2.

15
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Step 3 for k = 3, we compute u? using the following algorithm:

uj(z,t) =6z + B [s*E [Nu*(a,1)]]

(102)
ud(z,t) =E'[s“E[Lud_i(z,t)]], n>1
We have
2 2
2162t 216t
Nu?(z,t) = _— = _
u”(z,t) 3[<6m+r(a+1)> ] 6x<6+F(a+1)>
36t \? 72t 36212
=216z |1+ —/—= | =216z |1 103
x( +F(a+1)) 1’{ +F(a+1)+(f‘(a+1))2] (103)
and
1l 108t
72t 3622
=6 216zE~! |s“E |1
21628 578 |1+ s + o
6z 4 216 < t N 7212 3627 (2a + 1)¢3 >
= 6z x
MNa+1) TQRa+1) (TM(a+1))2T(Ba+1) (104)
uf(z,t) =E~'[sE [Lud(z,1)]] =0
ud(z,t) =E~'[s*E [Lui(z,1)]] =0
ud(z,t) =E"'[s*E [Lu_\(x,t)]] =0,¥n>1
So
u(x,t) = Z ud (z,t) = ud(x,t)
n>0
t 7212 36°I (2 + 1)t3
= 6z + 216 105
v 2tr <F(a ) TTRar D) T Tat D)2 Ba+ 1)) (105)
is approximate solution of the problem (90)-(91) in step 3.
Step 4 for k = 4, we compute u* using the following algorithm:
ug(z,t) =6x+ E"! [s*E [Nud(z,t)]]
(106)

up(z,t) =B [sYE [Lup_i(z,t)]], n>1

To simplify the expressions, let’s put a=c a,, = a,(a) = I'(na+ 1). We have

16
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Nud(z,t) =3

$o 2t2a 2 tBa 2
<6m+216x <+7 +36 32 >)
aq as ajas

[ 1 7220 362003\ \ 2
= 216z <1+36 (+ + 27 >)
aq as ajas

T2t 4 x 36212 2 x 363%aqt3® o 72120 36200830\ 2
=216z |1+ + + o2 +362<+ + 222 )
a1 as ajas ay ao ajas
(107)

[ 72t 4 x 3622 2 x 363aqt3®
=216z |1+ + + - a2

L ay ag alag

o (12 1220 36%(ag)?t0 14413 2 x 36%aqt?™ 4 x 3635

+36% | — + 5— T 13 + + 3 3

ay as ajasg a1az ajas ajas

and

ug(w,t) =6x+E![s°E [Nul(x,t)” . .
t* T2t 4 x 36710 2 X 36°aqt*™

= 62 + 216 {Jr + + S
ay a2 as

ataz a3as + ataar 10204 ajazas atazag
(z,t) =E"'[s°E [Lud(z,t)]] =

4
w(e,t) =B [ B [Lud(e, )] =

ub(z,t) =E'[s“E[Lul_i(z,t)]] =0,Vn>1

(108)
So

ut(z,t) = Zui(w,t) = up(z,t)

n>0
to T2t 4 x 3623 2 x 363aqtt™
= 6z + 216z {+ + TRaakli
ay a9 as ajay
agt3® 722045 36%*(ag)%agt™ 144a5t*e 2 X 362a9a4t®® 4 x 363a5t5*
+362< 22 24 n (42)2 LA L 0 204l ’ 5 )]
ajas asas ajazar a1a20a4 ajazas ayaszae
(109)
is approximate solution of the problem (90)-(91) in step 4.
Numerical analysis
6
When « = 1,the exact solution of the problem (90)-(91) is given by ue,(x,t) = T We

- 1-36t
will compare this exact solution with the approximate solution wug,(z,t) = u*(z,t) for a = 1.

17
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If o« = 1,then we have:

Ugp(z,t) = u*(2,t) = 63 + 216z [t + 36t° + 864t + T776t" (110)
312965 186624t7 45
+362 (tg + 95& + 8667 g4 304 5184t6>]

or again

2418646247
Uap(, 1) = 62 + 2162 [t + 36t + 1296t + 31104¢* + 559872t° + 6718464t° + 8676]

(111)

The following comparison table (Table 2) gives the deviation between the exact solution and

the approximated solution for values of x and t between 0 and 1, and between 0 and 0.01,

respectively, for a = 1.We represent graphically the exact solution and the approximate solution
for & = 1 in the following figure (Figure 2)

x t Uer (T, 1) | Uap(@,t) | |Uew (T, ) — Ugp(z, )]
0 0 0 0 0

0.1 0.001 0.6224 0.6224 3.6132 x 10~ 7
0.2 0.001 1.2448 1.2448 7.2264 x 1077
0.3 0.001 1.8672 1.8672 1.0840 x 10~
0.4 0.004 2.8037 2.8033 4.6563 x 104
0.5 0.004 3.5047 3.5041 5.8203 x 10~%
0.6 0.004 4.2056 4.2049 6.9844 x 104
0.7 0.007 5.6150 5.6052 0.0098

0.8 0.007 6.4171 6.4059 0.0112

0.9 0.007 7.2193 7.2066 0.0126

1 0.01 9.3750 9.2983 0.0767

Table 2 : Comparison of the exact solution with the approximate solution of the KDV problem (90) — (91)

for a = 1.

18
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Figure 2: Exact solution and approximate solution of the KDV problem (90)-(9
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1) for a = 1.

In this work, we have given a new technique that allows to find the exact solution or an ap-
proximate solution of ordinary or fractional nonlinear differential equations with given initial
conditions. This technique consists in coupling the Elzaky transform and the SBA method. The
results obtained in the resolution of some nonlinear fractional differential equations prove the

efficiency and simplicity of this new technique.
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