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The Solution of the Invariant Subspace Problem.
Complex Hilbert space. Part |l.External countable
dimensional linear spaces over field *R%.

Abstract: The incompleteness of set theory ZFC leads one to look for natural
extensions of ZFC in which one can prove statements independent of ZFC which
appear to be “true”. One approach has been to add large cardinal axioms. Or, one can
investigate second-order expansions like Kelley-Morse class theory, KM or Tarski-
Grothendieck set theory TG [1]-[3] It is a non-conservative extension of ZFC and is
obtaineed from other axiomatic set theories by the inclusion of Tarski's axiom which
implies the existence of inaccessible cardinals [1].Non-conservative extension of ZFC
based on an generalized quantifiers considered in [4].

In this paper we look at a set theory NC?,,based on bivalent gyper infinitary logic
with restricted Modus Ponens Rule [5]-[8]. In this paper we deal with set theory NC*,
based on hyper infinitary logic with Restricted Modus Ponens Rule. Set theory NC*,
contains Aczel’s anti-foundation axiom [9].

We present a new approach to the invariant subspace problem for Hilbert spaces.
This approach based on nonconservative Extension of the Model Theoretical NSA.
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Our main result will be that: if T is a bounded linear operator on an infinite-dimensional
complex separable Hilbert space H, it follow that T has a non-trivial closed invariant
subspace.Non-conservative extension based on set theory NC% of the model
theoretical nonstandard analysis [10]-[12] also is considered.

Keywords:Set theory ZFC;Nonconservative extension of ZFC;Internal set theory IST;External set theory HST;
A.Robinson model theoretical NSA; Bivalent gyper infinitary logic;Modus ponens rule; Logic with restricted

modus ponens rule;internal non-Archimedean field;

1.Introduction

The incompleteness of set theory ZFC leads one to look for natural extensions of
ZFC in which one can prove statements independent of ZFC which appear to be “true”.
One approach has been to add large cardinal axioms. Or, one can investigate
second-order expansions like Kelley-Morse class theory, KM or Tarski-Grothendieck
set theory TG [1]-[3].1t is a non-conservative extension of ZFC and is obtaineed from
other axiomatic set theories by the inclusion of Tarski’'s axiom which implies the
existence of inaccessible cardinals. Non-conservative extension of ZFC based on an
generalized quantifiers considered in [4]. In this paper we look at a set theory
NC*,,based on bivalent hyper infinitary logic ?L*, with restricted Modus Ponens Rule
[5]-[8].Set theory NC* .contains Aczel's anti-foundation axiom [9].

Non-conservative extension based on set theory NC*, of the model theoretical
nonstandard analysis [10]-[12] also is considered.

2.External hyperfinite dimensional linear spaces.
Subspaces,direct summ and factor spaces.

2.1.Basic results and definitions.

Definition 2.1. A vector space over a field *R¥ is a set V together with two operations
that

satisfy the eight axioms listed below.

The first operation, called vector addition or simply addition + : VxV - V, takes any

two vectors x and y and assigns to them a third vector which is commonly written as

X +Yy, and called the sum of these two vectors.

The second operation, called scalar multiplication x : F xV - V, takes any scalar a

and any vector v and gives another vector a x x.

Axioms:

Q) x+y =y+X;

2)x+(y+2) =X+Yy)+7z

(3) There exists 0 €V such that x + 0 = x for every x € V,

(4) For every x € V there exists y €V such that x +y = 0;

(5) 1xx = xforevery x €V,

(6) a(Bx) = (ap)x for every x € V and every a,B,y € *R¥;

(7) (a + B) xx = a x X+ x x for every x € V and every a, 8 € *R¥;

(8) ax (Xx+y) =axx+axy forevery x,y € Vand every a € *R%.
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Axioms (1)-(8) have a number of implications:

Theorem 2.1.The zero vector 0 in a linear space V is unique.

Proof. The existence of at least one zero vector is asserted in axiom (3). Suppose
there are two zero vectors 0; and 02 in the space V. Setting x = 01,0 = 02 in axiom
(3), we obtain 0; + 02 = 0. Setting x = 02,0 = 01 in axiom (3),we obtain 01 + 02 = 0,.
Comparing the first of these relations with the second and using axiom (1), we find
that 01 = 02.

Theorem 2.2.Every element in a linear space has a unique negative.

Proof. The existence of at least one negative element is asserted in axiom (4).
Suppose an element x € V has two negatives y; and y,. Adding y» to both sides of the
equation x + y,= 0 and using axioms (1)-(3), we get

Yor(X+Y) = (Y 1X) +Yy;=0+Yy;= Yy, Y, +(X+Yy,) =Y,+0 =y, whencey,;=Yy,.
Theorem 2.3.The relation 0 x x = 0 holds for every x € V.

Theorem 2.4.For any x € V the elementy = (-1) x X is a negative of x.

Definition 2.2.Let X1,X,,...,X,, k € N* be vectors of the linear space V over a

field *R%, and let a1,a»,...,ax be numbers from *R%. Then the vector

k
y = Bxt- D aiX; 2.1)
i=1

is called a linear combination of the vectors xi,X»,...,X,, and the numbers a1,az,...,ax
are called the coefficients of the linear combination.If i = 0,1 <i <k, theny = 0 by
Theorem 2.5.However, there may exist a linear combination of the vectors
X1,X5,...,X, Which equals the zero vector, even though its coefficients are not all zero.
In this case, the vectors x1,X5,...,X, are called linearly dependent. In other words, the
vectors X1,X,,...,X, are said to be linearly dependent if there exist numbers
ai,az,..., 0k notall equal to zero, such that

k
Ext- D aixi = 0. (2.2)
i=1

If (2.2) holds if and only if ¢; = 0,1 < i <k, the vectors X1,X5,...,X, are said to be
linearly dependent over "R

Next we note two simple properties of systems of vectors, both involving the notion of
linear dependence.

Theorem 2.6. If some of the vectors x1,X,,...,X, are linearly dependent, then the
whole system X1, X,,...,X is also linearly dependent.

Proof. Without loss of generality, we can assume that the vectors xi,X,,...,X;,] <Kk
are linearly dependent. Thus there is a relation

J
Ext- Z aiXi = 0,
i=1

where at least one of the constants a1,a2,...,q; is different from zero.
By Theorem 2.3 and axiom (3), we have

J k
EXt-ZaiXi—}—EXt-ZOXXi = 0.

i=1 i=j+1

But then the vectors xi,X,,...,X, are also linearly dependent, since at least one of the
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constants a1,az,...,;,0,...,0is different from zero. |

Theorem 2.7. The vectors x1,X,,...,X, are linearly dependent if and only if one

of the vectors can be expressed as a linear combination of the others.

Proof A similar statement has already been encountered; in fact, it was proved for
columns of hyperreal numbers in Sec.4.14. Inspecting the proof given there, we see
that it is based only on the possibility of performing on columns the operations of
addition and multiplication by hyperreal numbers. Hence the proof can be carried
through for the elements of any linear space, i.e., this theorem is valid for any linear
space.

Definition 2.3, A hyperfinite system of linearly independent vectors ej,ey,...,€,,

n € N*W in a linear space V over a field *R% is called a basis for V if, given any x € V,

there exists an expansion
n
x=Ext-Z§iei, (2.3)
i=1

where {i € *R%,1<i <n,
It is easy to see that under these conditions the coefficients in the expansion (2.3)
are uniquely determined. In fact, if we can write two expansions

n
X = Ext- ZCiei,
i=1
N (2.4)
x = Bxt- ) miey,
=1
for a vector x, then, subtracting them term by term, we obtain the relation
n
Ext-> (i —n)e =0 (2.5)

i=1
from which, by the assumption that the vectors es,ey,...,e, are linearly independent,
we obtain that

Ci=mi,,1<i<n (2.6)
Definition 2.4.The uniquely defined numbers i € *R%,1 <i < n, are called the
components of the vector x with respect to the basis e, e,...,e,.
Example 2.1. An example of a basis in the space V,,n € N*/N is the hyperfinite
system of vectors e; = (1,0,...),e2 = (0,1,...),...,en = (0,0,...1). Indeed it is obvious
that the relation

x =Ext-D_ i 2.7)
i=1

holds for every vector

X =(&1,E2,...,¢En). (2.8)
This fact, together with the linear independence of the vectors g,1 < i < n already
proved, shows that these vectors form a basis in the space V,. In particular, we see
that the hyperreal numbers &;,1 < i < nare just the components of the vector x with
respect to the basis g;,1 <i < n.
Theorem 2.8.When two vectors of a linear space V, are added, their components



UNDER PEER REVI EW

(with respect to any basis) are added. When a vector is multiplied by a number
A € *R%, all its components are multiplied by A.

Proof. Let
n n
x = Bxt- Y Cien,y = Ext- ) mie. (2.9)
i=1 i=1
Then
n n
X+y = Ext-D_(Ci +mi)e, Ax = Ext- ) ALie (2.10)
i=1 i=1

by the axioms.
Definition 2.4.1f in a linear space V we can find n € N* linearly independent vectors
while every n+ 1 vectors of the space are linearly dependent, then the number

n e N¥/N
is called the dimension of the space V and the space V itself is called n-dimensional
and denoted V. A linear space in which we can find an hyperfinite number of linearly
independent vectors also is called hyperfinite-dimensional.
Theorem 2.9.In a space V of dimension n € N* there exists a basis consisting of
n vectors. Moreover, any set of n linearly independent vectors of the space V is a basis
for the space.
Proof. Let ,1 < i < n be a hyperfinite system of n linearly independent vectors of the
given n-dimensional space V.If x is any vector of the space, then the setof n+ 1
vectors x,e,1 <i < nis linearly dependent, i.e., there exists a relation of the form

n
aoX + Ext- D aie = 0, (2.11)

i=1
where at least one of the coefficients ao,ai,1 < i < nis different from zero. Clearly
ao is different from zero, since otherwise the vectors e;,1 < i < nwould be linearly
dependent, contrary to hypothesis. Thus, in the usual way, i.e., by dividing (2.11)
by ao and transposing all the other terms to the other side, we find that x can be
expressed as a linear combination of the vectors e,1 < i < n. Since x is an arbitrary
vector of the space V, we have shown that the vectors e;,1 <i < nform a basis for the
space.
The preceding theorem has the following converse.
Theorem 2.10.If there is a basis in the space V, then the dimension of V equals the
number of basis vectors.
Proof. Let the vectors e;,1 < i < n be a basis for V. By the definition of a basis, the
vectors e;,1 < i < nare linearly independent; thus we already have n linearly
independent vectors. We now show that any n + 1 vectors of the space V are linearly
dependent. Suppose we are given n+ 1 vectors of the space V :
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n
x - Bt 3 eVe,
i=1
n
X2 = Ext- D & e,
iz;‘ | (2.12)

n
1
Xni1 = Ext- D EMVe,
i=1

Writing the components of each of these vectors as a column of numbers, we form
the
matrix
SR REETTIN
@ @ ., gD

érgl) 5%2) gr(1n+l)

with n rows and n+ 1 columns. The basis minor of the matrix A is of order r < n.
If r = O, the linear dependence is obvious. Let r > 0. After specifying the r basis
columns,we can still find at least one column which is not one of the basis columns.
But then,according to the basis minor theorem, this column is a linear combination of
the basis columns. Thus the corresponding vector of the space V is a linear
combination of some other vectors among the given xi,X»,...,Xn1. Butin this case,
according to Theorem 2.6, the vectors xi,Xz,...,Xn1 are linearly dependent.
Definition 2.5. A Complex linear space V = V[*C%] that is a linear space over field
*C = *RE +i*RE
Note that V[*C#] is obviously a real space as well, since the domain of the external
complex numbers*C%contains the domain of hyperreal numbers *R%. However, the
dimension dim.;(V) of V as a complex space does not coincide with dimension
dim.g«(V) of V[*C{] as a real space. In fact, if the vectors e;,1 < i < nare linearly
independent in V regarded as a complex space, then the vectors ej,ie;,1 <i < n, are
linearly independent in V regarded as a real space. Hence the dimension of V
regarded
as a real space is twice as large as that of V regarded as a complex space.

2.2.Subspaces

Suppose that a set L of elements of a linear space V over field *R%has the following
properties:

(@ Ifxel,yel,thenx+yel;

(b) IfxelLandA e *Rf then Ax € L.

Thus L is a set of elements with linear operations defined on them.

We now show that this set is also a linear space. To do so, we must verify that the
set L with the operations (a) and (b) satisfies the axioms (1), (2) and (5)-(8) are
satisfied, since they hold quite generally for all elements of the space V. It remains to
verify axioms (3) and (4). Let x be any element of L. Then, by hypothesis, Ax € L for



UNDER PEER REVI EW

every A € *R%. First we choose A = 0. Then, since 0 x x = 0, the zero vector belongs
to the set L, i.e., axiom (3) is satisfied. Next we choose A = —1. Then, by
Theorem 2.4, (-1) x X is the negative of the element x. Thus, if an element x
belongs to the set L, so does the negative of x. This means that axiom (4) is also
satisfied, so that L is a linear space, as asserted.
Definition 2.6.Every set L < V with properties (a) and (b) is called a linear
subspace (or simply a subspace) of the space V.
Definition 2.7.Let L1 and L, be two subspaces of the same linear space V. Then
the set of all vectors x € V belonging to both L; and L, forms a subspace called the
intersection of the subspaces L1 and L». The set of all vectors of the form y + z where
y € L1,z € L, forms a subspace, denoted by L; + L» and called the sum of the
subspaces L; and L.
We now consider some properties of subspaces which are related to the definitions
above. First of all, we note that every linear relation which connects the vectors
X,Y,...,Zin a subspace L is also valid in the whole space V, and conversely.
In particular, the fact that the vectors x,y, ...,z € L are linearly dependent holds true
simultaneously in the subspace L and in the space V. For example, if every set of
n+1
vectors is linearly dependent in the space V, then this fact is true a fortiori in the
subspace L. It follows that the dimension of any subspace L of an n-dimensional
space
V does not exceed the number n, According to Theorem 2.9, in any subspace L < V
there exists a basis with the same number of vectors as the dimension of L. Of
course,
if a basis e, ez,...,€en is chosen in V, then in the general case we cannot choose the
basis vectors of the subspace L from the vectors ey, ey,...,en, because none of these
vectors may belong to L. However, it can be asserted that if a basis f,,f,,...,fis
chosen in the subspace L {which, to be explicit, is assumed to have dimension | < n),
then additional vectors f,,,,...,f, can always be chosen in the whole space V such that
the system f,,f,,...,f,,...,f, is a basis for all of V.
To prove this, we argue as follows: In the space V there are vectors which cannot be
expressed as linear combinations of f,,...,f,. Indeed, if there were no such vectors,
then the vectors f,,f,,...,f,, which are linearly independent by hypothesis, would
constitute a basis for the space V, and then by Theorem 2.9 the dimension of V
would be | rather than n.Let f,; be any of the vectors that cannot be expressed as a
linear combination of f,,f,,...,f,. Then the System f,,f,,... f,,f; is linearly
independent. In fact, suppose there were a relation of the form

Ext-> " aif, = O. (2.14)

Then if a1.1 # 0, the vecto f|,; could be expressed as a linear combination of f,...,f,

while if a1 = O, the vectors f;,f,,...,f, would be linearly dependent. But both these

results contradict the construction. If now every vector of the space V can be
expressed

as a linear combination of f,,...,f,f,,;, then the system f,,f,,...,f,f,,, forms a basis

for V with | + 1 = n, which concludes our construction. If | + 1 < n, then there is a

vector f|,, which cannot be expressed as a linear combination f,,f,,....f,,f,,;, and
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hence we can continue the construction. Eventually, after n—| steps, we obtain a
basis

for the space V.

Definition 2.8. We say that the vectors gs,...,gk are linearly independent over the

subspace L < V if the relation

Ext- > aig; € L (2.15)

impliesa; = 0,1 <i <k
If L is the subspace consisting of the zero vector alone, then linear independence over

L means ordinary linear independence. Linear dependence of the vectors g,,...,0,
k

over the subspace L means that there exists a linear combination Ext-Z @i,
i=1

belonging to L, where at least one of the coefficients «i,1 < i < kis nonzero.

Definition 2.9. The largest possible number of vectors of the space V which are

linearly independent over the subspace L < V is called the dimension of V over L.If
the

vectors g, ..., 0, are linearly independent over the space L < V and if the vectors

f1...,f| are linearly independent in the subspace L, then the vectors g,,...,9,, f;....f,

are linearly independent in the whole space V. In fact, if there were a relation of the

form

| k
Ext- D aif; + Ext- D Big; = 0, (2.16)
i=1 i=1

or equivalently

k |
Ext-D_ Big; = —(Ext-Zaifi> elL, (2.17)
i=1 i=1

then Bi = 0,1 < i < k by the assumed linear independence of the vectors g,,..., 0,
over L. It follows that a; = 0,1 < i < k, by the linear independence of the vectors
f...f.

Remark 2.1.The vectors f,,,...,f, constructed above are linearly independent over
the subspace L.In fact, if there were a relation of the form

n I
Ext- ) aif, = Bxt- ) aif, (2.17)
i=l+1 i=1

with at least one of the numbers a\.1,...,an Not equal to zero, then the vectors f,,...,f,
would be linearly dependent, contrary to the construction. Hence the dimension of the
space V over L is no less than n—1. On the other hand, this dimension cannot be
greater than n—1, since if n—1| +1 vectors h;...,h,,,; say, were linearly independent
over L, then the vectors h;...,h,,4,f;,...,f, of which there are more than n, would be

linearly independent in V. Therefore the dimension of V over L is precisely n—1.

2.3.The hyperfinite direct sum

Definition 2.10.We say that a linear space L is the hyperfinite direct sum of given
subspaces Ly,...,Lm < L,m e NAN if: (a) For every x € L there exists an expansion
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m
x - Bxt- 3 x, (2.18)
i=1

where x1 € L1,..,Xm € Lm;
(b) This expansion is unique, i.e., if

m m
X = Bxt- ) xi = Bxt- )y, (2.19)
i=1 i=1

where xj e Lj,yj e Lj,1<j<m,thenz =0,1<j<m.
However, the validity of condition (b) is a consequence of the following simpler
condition: (b') If

Ext- >z =0 (2.20)
i=1

wherezi e Li,1<i<m,thenz =0,1<i<m

m m
In fact, given two expansions x = Ext-» _ i, x = Ext-) _ yisuppose (b') holds. Then
i=1 i=1

m

subtracting the second expansion from the first, we get 0 = Ext-Z(xi -Vi),
i=1
and hence x1 = y1,...,Xm = Ym, because of (b'). Conversely, (b') follows from (b) if
we set X = 0,x1 =...= Xm = 0.It follows from condition (b) that every pair of subspaces
Li,...,Lm has only the element O in common. In fact, if z € L; and z € Ly, then using
(b) and comparing the two expansions z=z+0,z€ L;,0 € Lyand z= 0+ 20 € L;,
z € Lg,we find that z = 0. Thus an n-dimensional space V, is the hyperfinite direct sum
of the n one-dimensional subspaces determined by any n linearly independent vectors.
Moreover, the space V, can be represented in various ways as a direct sum of
subspaces not all of dimension 1.
Remark 2.2.Let L be a fixed subspace of an n-dimensional space V,. Then there
always exists a Subspace M c V,, such that the whole space V, is the direct sum of L
and M.To prove this, we use the vectors f,,f,,...,f,, constructed above, which are
linearly independent over the subspace L. Let M be the subspace consisting of all
linear

combinations of the vectors f,,,,f,,...,f,. Then M satisfies the stipulated requirement.
In fact, since the vectors f,,f,,...,f,, form a basis in V,, every vector X € L has
an expansion of the form

| n
X = EXt'Z(Zifi+EXt'Zaifi =y+2z (2.21)
i=1 i=l+1
where
| n
y = Ext- ) aif, € Lz = Ext- »_ aif; € M. (2.22)
i=1 i=l+1

Moreover x = 0 implies a; = 0,1 < i < n, since the vectors f;,1 <i < nare linearly
independent. Therefore conditions (a)-(b') are satisfied, so that V, is the direct sum
of L and M.

Remark 2.3.1f the dimension of the space Lk equals ri, 1 < k < mand if ri linearly
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independent vectors f, ,f,,... ,fkrk are selected in each space Ly, then every vector x
of
k
the sum L = Ext-Z L; can be expressed as a linear combination of these vectors.
i=1
Hence the dimension of the sum of the spaces L1,...,Lx does not exceed the sum of
k

the dimensions of the separate spaces. If the hyperfinite sum Ext-Z L; is direct, then
i=1

the vectors fll,...,flrl...,fkl,... fr....fm,,, are all linearly independent, so that in this

Ty
case the dimension of the sum is precisely the hyperfinite sum of the dimensions.
Remark 2.4.In the general case, the dimension of the sum is related to the
dimensions of the summands in a more complicated way. Here we consider only the
problem of determining the dimension of the sum of two hyperfinite-dimensional
subspaces P and Q of the space V, of dimensions p and g, respectively. Let L be the
intersection of the subspaces P and Q, and let L have dimension |. First we choose a
basis e1,ey,...,€ in L. Then, using the argument mentioned above, we augment the
basis ey, e, ...,€ by the vectors f,,;,f, ,,...,f, to make a basis for the whole subspace

P
and by the vectors g,,;,9;., - --,9, t0 make a basis for the whole subspace Q. By
definition, every vector in the sum P + Q is the sum of a vector from P and a vector
from Q, and hence can be expressed as a linear combination of the vectors

el,ez, . .,e|,f|+l,f|+2, s ’fp’g|+l’g|+2’ . .,gq. (2.23)
We now show that these vectors form a basis for the subspace P + Q. To show this, it
remains to verify their linear independence. Assume that there exists a linear relation

of
the form

| p q
Ext- D aie+ BExt- D Bif, + Ext- ) 7ig;, (2.24)
i=1

i=l+1 i=l+1
where at least one of the coefficients ay,...,yq is different from zero. We can then
assert that at least one of the numbers y.1,...yq, is different from zero, since
otherwise the vectors ey, e, ...,&,f,;,f.,...,f, would be linearly dependent, which is
impossible in view of the fact that they form a basis for the subspace P. Consequently
the vector

q
X = Ext-Zyigi +0 (2.25)

i=l+1
for otherwise the vectors g,,;,9,,5,--.,9, would be linearly dependent. But it follows
from (2.24) that

| p

—x = Bxt- D aies + Ext- ) Bif, (2.26)
i=1 i=l+1

while (2.25) shows that x € Q. Thus x belongs to both P and Q, and hence belongs

to the subspace L.But then
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q |
X = Ext- ) yig; = Ext- D _ Aie, (2.27)
i=1

i=l+1
and since the vectors e, ey,...,€,9,1,9,;2, -- -, are linearly independent, we have

Yi+1,---,¥Yq = 0.This contradiction shows that the vectors (2.23) are actually linearly
independent, and hence form a basis for the subspace P + Q. It follows from Theorem
2.9 that the dimension of P +Q equals the number of basis vectors (2.23). But

this number equals p+q-— 1.

Theorem 2.11.The dimension of the sum of two subspaces is equal to the sum of
their dimensions minus the dimension of their intersection.

Corollary 2.1. Let V,, and Vg, be two subspaces of dimensions p and g respectively,
of an n-dimensional space V,,n € N\N, and suppose p+q > n. Then the intersection
Vp N Vg is of dimension no less than p+q—n.

2.4.Factor spaces

Definition 2.11.(a) Given a subspace L of a linear space V, an elementy € V is
said to be comparable with an element y € V (or comparable relative toL) if x—y € L.
Obviously, if x is comparable with y, then y is comparable with x, so that the relation of
comparability is symmetric. Every element x € V is comparable with itself. Moreover,
if X is comparable with y and y is comparable with z, then x is comparable with z, since
X—z=X-y)+(y-2 € L.
(b) The set of ail elements y € V comparable with a given element x € Vis called a
class, and is denoted by [Xx]. As just shown, a class [x] contains the element y itself,
and every pair of elements y € [x],z € [x] are comparable with each other. Moreover,
if u= [x], then u is not comparable with any element of [x]. Therefore two classes
either
have no elements in common or else coincide completely. The subspace L itself is a
class. This class is denoted by [0], since it contains the zero element of the space V.
(c) The whole space V can be partitioned into a set of nonintersecting classes
(XL [yl
This set of classes will be denoted by V/L.
We now introduce linear operations in V/L as follows: Given two classes [x],[y] and
two elements a, pof the field *R%, we wish to define the class a[x] + B[y]. To do this,
we choose arbitrary elements x; € [x], y1 € [y] and find the class [z] containing the
element z = ax; + PBy1. This class is then denoted by a[x] +p[y]. Clearly, a[x] +p[y] is
uniquely defined. In fact, suppose we choose another element x; of the class [x] and
another ement y; of the class [y]. Then (ax1 + By1) — (aX+ BY) = a(X1 — X) + B(y1—Y)
belongs to the space L, since x; — x and y; — y both belong to L. It follows that
axi + By1
belongs to the same class as ax+ py.
In particular, the above prescription defines addition of two classes [x] and [y], as well
as multiplication of a class by a number a € *R¥. We now show that these operations
obey the axioms of a linear space, mentioned above. In fact, the validity of these
axioms
for classes follows at once from their validity for elements of the space V. Moreover,
the
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zero element of the space V/L is the class [0] (consisting of all elements of the
subspace

L), while the inverse of the class [X] is the class consisting of all inverses of elements
of

the class [x]. Thus all axioms are satisfied for the set of classes V/L. The resulting
linear

space V/L is called the factor space of the space V with respect to the subspace L.
Theorem 2.12. Let V = V,n € N*\N be an n-dimensional linear space over the field
*R%,and let L = L,c V be an I-dimensional subspace of V. Then the factor space V/L
is of dimension n—1.

Proof. Choose any basis f,,f,,...,f, € L, and augment it, as mentioned above, by
vectors f,,,f,,...,f,, to make a basis for the whole space V. Then the classes
(f..1[f,].....[f,] form a basis in the space V/L. To see this, we note that given

any x € V, there is a representation

n
k=1

and hence a representation

[x] = Ext- D auff, ]

k=I+1
for the class [x]. Moreover, the classes [f,,],[f,],...,[f,] are linearly independent.

n
In fact, if Eth ai[f,] = [0] € VIL for any ax,1 < k < nin *R, then, in particular,
k=I+1

n
there would be a relation Eth ak[f, ] € L.Butf,,f ..., , are linearly independent
k=I+1
over L, and hence «a; = 0,1 +1 <i < nasrequired.Thus the n—1 classes
[X|+l]1 sy [Xn]
form a basis in V/L.It follows from Theorem 4.15.9 that V/L is of dimension n—1.

2.5.Linear Manifolds

An important way of constructing subspaces is to form the linear manifold spanned by
a given hyperfinite system of vectors.

Definition 2.11.Let x;,1 < i < k,k € N“\N be a system of vectors of a linear space V.
Then the linear manifold spanned by x;,1 < i < kis the set of all linear combinations

k
Ext- ) aiX; (2.28)
i=1

with coefficients a;,1 < i < kin the field *RZ.

It is easily verified that this set has properties (a) and (b) of Sect. 2.1. Therefore the
linear manifold spanned by a system x;,1 <i < kis a subspace of the space V.
Obviously, every subspace containing the vectors xi,1 < i < k also contains all their
linear combinations (2.28). Consequently, the linear manifold spanned by the vectors
Xi,1 <1 < k. is the smallest subspace containing these vectors. The linear manifold
spanned by the vectors x;,1 < i < kis denoted by L ({xi}{,).

Examples
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(i) The linear manifold spanned by the basis vectors ej, e,,...,e,,n € N\N of a space
V,, is obviously the whole space V.

(i) The linear manifold spanned by the system of functions 1,t,t2...,t",n € N\N
consists of the set of all external hyper polynomials in the variable t with
coefficients in the field *R¥ of degree no higher than n.

(ii) The linear manifold spanned by the system of functions 1,t,t?...,t",n € NN
consists of the set of all external hyper polynomials in the variable t with
coefficients in the field *C% of degree no higher than n.

Lemma 2.1. If the vectors {xi’}ik:l belong to the linear manifold spanned by the

vectors {x;}+,, then the linear manifold L ({x;}{,) contains the whole linear manifold

L(X0):

Proof. Since the vectors {x/}, belong to the subspace L ({xi}¥,) then all their linear

combinations, whose totality constitutes the linear manifold L ({x{}:‘ﬂ), also belong to

the subspace of the L ({xi}{,).

Lemma 2.2. Every vector of the system {xi}ikzl which is linearly dependent on the

other vectors of the system can be eliminated without changing the linear manifold

spanned by {xi}£,.

Proof. If the vector X1, say, is linearly dependent on the vectors {xi}ikzz this means

that x e L ({x},). It follows from Lemma 2.1 that L ({xi}&,) < L ({x},).

On the other hand, obviously L ({xi},) = L ({xi}{,).Together these two relations

imply L ({xi ;) =L ({xi}5,).

We now will consider the problem of constructing a basis for a linear manifold and

determining the dimension of a linear manifold. In solving this problem, we will
assume

that the number of vectors {x;}£, spanning the linear manifold L ({xi}+, ) is
hyperfinite,

although some of our conclusions do not actually require this assumption.

Suppose that among the vectors {xi}!‘zl spanning the linear manifold L ({xi}ik:1> we
can

find r € N* linearly independent vectors {X;}/_;, say, such that every vector of the
system

{xi}¥, is a linear combination of {X;}I_,. Then the vectors {X;}|_, form a basis for

the space L ({xi}!‘zl) Indeed, by the very definition of a linear manifold, every vector z

can be expressed as a linear combination of a hyperfinite number of vectors of the

system {Xi}ik=l' But, by hypothesis, each of these vectors can be expressed as a linear

combination of {X;}_;. Thus eventually the vector z can also be expressed as a linear

combination of the vectors {X;}._,. This, together with the assumption that the vectors

{Xi}{_, are linearly independent, shows that {X;}|_, indeed form a basis, as asserted.

According to Theorem 2.10, the dimension of the space L ({xi}ik:1> is equal to the

number r. Since there can be no more than r linearly independent vectors in an

r-dimensional space, we get the following:

(a) If the number of vectors {x;}£, spanning L ({xi}{*,) is larger than the number r,

then the vectors {xi}ikzl are linearly dependent. If the number of these vectors equals
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then the vectors are linearly independent.

(b) Every set of r + 1 vectors from the system {xi}:‘zl is linearly dependent.

(c) The dimension of the space L ({xi},) can be defined as the maximum number
of linearly independent vectors in the system {xi}ikzl.

3.Algebra of external hyperfinite Polynomials.

Definition 3.1. A linear space V over field *R¥ or over field *C% = *R¥ + i*R¥

is called an algebra over *R? (or over “C# = *R¥ +i*R¥) if there is defined on the

elements x,y,... of V an operation of multiplication, denoted by xy, which satisfies the

following conditions:

(1)  alxy) = (ax)y = x(ay) for every x,y € V(or € *C¥%) and every a € *RE(*C¥);

(2) (xy)z = x(yz) for every x,y,z € V (the associative law);

(3) (x+y)z=xz+yzforevery x,y,z € V (the distributive law).

In general, multiplication may not be commutative, i.e., we may have xy + yx.

Definition 3.2.If multiplication is commutative, i.e., if

(4) xy = yx for every x,y € V, then the algebra V is said to be commutative.

Definition 3.3.An element e € Vis called a left unit if ex = x for every x € V, a right

unit if xe = x for every x € V, and a two-sided unit or simply a unit if ex = xe = x for

every x € V.

Definition 3.4.An element x € Vis called a left inverse of the element y € Vif xy is

the unit of the algebra V; in this case, y is called a right inverse of x. If an element z
has

both a left and a right inverse, then the two inverses are unique and in fact coincide.

The element zis then said to be invertible, and its inverse is denoted by z.

The product zu of an invertible element zand an invertible element u is an invertible

element with inverse u='z%. If the element u is invertible, then the equation ux = v

has the solution x = u=v. This solution is unique, being obtained by multiplying the

equation ux = v on the left by u.In the commutative case, we write x = v/u or

x = v : u, calling the element x the quotient of the elements v and u.

Definition 3.5.An algebra V over field *R% (*C%) is said to have hyperfinite

dimension nif V has dimension n e N\N regarded as a linear space. We will denote

such algebra by V,.

Example 3.1.An example of a nontrivial commutative algebra over a field*R%(*C¥%)

is given by the set IT1# of all hyperfinite polynomials

m
P(1) = BExt- ) ahk, (3.1)

k=0
m e NAN, with coefficients in *R¥(*C%), equipped with the usual operations of
addition and multiplication. This “polynomial algebra” has a unit, namely the
polynomial e(1) with ap = 1 and all other coefficients equal to 0.
Example 3.2.The linear Space M,(*R¥) of all matrices of order n € N*\N with
elements in *R%, with the usual definition of matrix multiplication, is an example of a
hyperfinite dimensional noncommutative algebra of dimension n?.
Example 3.3.A more general example of a hyperfinite dimensional
noncommutative algebra Ln(*R¥) with a unit is the linear space of all linear operators
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acting in a linear space V,,n € N\N with the usual definition of operator multiplication.

Definition 3.6.A subspace L c V, is called a subalgebra of the algebra V, if x € L,

y € L,implies xy € L. A subspace L c V,is called arightideal in Vpifxe L,y € K

implies xy € L and a left ideal in V if X € L,y € K implies yx € L. An ideal which is both

a left and a right ideal is called a two-sided ideal. In a commutative algebra there is no

distinction between left, right and two-sided ideals. There are two obvious two-sided

ideals in every algebra V,, i.e., the algebra V, itself and the ideal {0} consisting of the

zero element alone. All other one-sided and two-sided ideals are called proper ideals.

Every ideal is a subalgebra, but the converse is in general false. Thus the set of all

polynomials P(1) satisfying the condition P(0) = P(1) is a subalgebra of the algebra I'1

which is not an ideal, while the set of all polynomials P(1) satisfying the condition

P(0) = Ois a proper ideal of the algebra IT.

Definition 3.7.Let L < V, be a subspace of the algebra V,, and consider the factor

space V,/L,i.e., the linear space consisting of the classes X of elements

x € V, which are comparable relative to L. If L is a two-sided ideal in V,, then, besides

linear operations, we can introduce an operation of multiplication for the classes

X e Vy/L. In fact, given two classes X and Y, choose arbitrary elements x € X,y € Y

and interpret XY as the class containing the product xy. This uniquely defines XY,

sinceif X' € X,y € Y, then xy' —xy = x'(X-y) + (X = X)y,

and hence xy — xy belongs to L together with y' — y and X' — x. Moreover, since

conditions (1)-(3) of Definition 3.1 hold in V,, the analogous conditions hold for the

classes X € V,/L. Therefore the factor space V./L equipped with the above operation

of multiplication, is also an algebra, called the factor algebra of the algebra V, with

respect to the two-sided ideal L. If the algebra V, is commutative, then obviously so is

the factor algebra V,/L.

Definition 3.8.Let V, and V,, be two algebras over a field *R% (*C%). Then a

morphism o of the space V,, into the space V}, is called a morphism of the algebra V,,

into the algebra V;, if besides satisfying the two conditions:

() oX +Y) = o(X) + w(y') for every X',y' € Vp,

(i) o(ax") = an(X') for every X' € V,, and every a € *R¥(a € *C¥),

(i) o(X'y") = o(X)w(y') for every X',y' € V.

Remark 3.1.Let w be a morphism of an algebra V,, into an algebra V. Then the

set If of all vectors x' € V,, such that w(x') = 0, which is obviously a subspace

of V, is a two-sided ideal of the algebra V,,. In fact, if X' e L,

y' € Vy, then o(Xy'") = o(X)w(y") =0,

so that X'y’ € L', and similarly y'x' € L', i.e., L' is a two-sided ideal of V,, as asserted.

As in Remark 3.1 let Q be the monomorphism of the space V,/L' into the space

V, which assigns to each class X' € V,/L' the (unique) element o(x'),x' € X'. Then

is @ monomorphism of the algebra V,/L' into the algebra V. In fact, choosing

x' e X',y € Y,we have X'y’ € X'Y" and

QX'Y') = o(Xy) = o(X)a(y) = QXHQY).

If the morphism o is an epimorphism of the algebra V' into the algebra V", then the

morphism Q is an isomorphism of the algebra V'/L’ onto the algebra V".

Let A be a linear operator acting in a space V over a field *C%. Since addition and

multiplication by constants in *C#% are defined for linear operators acting in V, with
every
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m

polynomial P(1) = Ext-)_ axA* we can associate the operator
k=0

m
P(A) = Ext- ) aA¥ (3.2)
k=0
acting in the same space V as A itself. Then the rule associating P(1) with P(A) has
the properties: (1) if

m m m
P(2) = P1(A) + P2(1) = Ext- > adk + Ext- D bk = BExt- D _(ax + bi) Ak, (3.3)
k=0 k=0 k=0
then
m m m
P(A) = Ext- Y _(ax + bi) A*=Ext- )" a A + Ext- D bkAX = P1(A) + P2(A). (3.4)
k=0 k=0 k=0
Similarly (2) if

Q1) = P1(M)P2(2) = (Ext-ZaW) (Ext-Zbk,lk> -
i=0 k=0

m m (3.5)
Ext-Z(Ext- aibkl”"),
i=0 k=0
then
Q(A) = Eﬂ-Z(Eﬂ-ZaWA‘“) — P1(A)P2(A) (3.6)
i=0 k=0

by the distributive law for operators .

Note that the operators P1(A) and P2(A) always commute with each other, regardless

of the choice of the polynomials P1(X) and P2(X).

The resulting morphism of the algebra IT# of polynomials into the algebra L,(*R%) of

linear operators acting in V,, (Example 3.3) is in general not an epimorphism, if only

because operators of the form P(A) commute with each other, while the whole algebra

Ln(*R%) is noncommutative.

There exists an isomorphism between the algebra Ln(*R#%) of all linear operators
acting

in the n-dimensional space V, and the algebra M,(*R¥) of all matrices of order n with

elements from the field *R%.

This isomorphism is established by fixing a basis es..., e, in the space V,, and
assigning

for every operator A € My(*R%) its matrix in this basis. Both algebras L,(*R%) and

Mn(*R%) have the same hyperfinite dimension n?.

The set of all hyperfinite polynomials of the form P(1)Qo(4), where Qo(4) is a fixed

polynomial and P(1) an arbitrary polynomial, is obviously an ideal in the commutative

algebra IT# of all polynomials P(1) with coefficients in a field *R% (*C¥)

(Example 3.1).

Conversely, we now show that every ideal | # {0} of the algebra IT# is of this
structure,

i.e., is obtained from some polynomial Qo(A) by multiplication by an arbitrary
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polynomial
hyperfinite P(1). To this end, we find the nonzero polynomial of lowest degree, say q,
in
the ideal I, and denote it by Qo(1). We then assert that every polynomial Q(4) in | is of
the form P(1)Qo(1), where P(1) € IT%. In fact, as is familiar from elementary algebra,

Q1) = P(M)Qo(A) + R(2), (3.7)
where R(1) is the quotient obtained by dividing Q(1) by Qo(4) and P(1) is the
remainder,
of degree less than the divisor Qo(4), i.e., less than the number g. But the polynomials
Q(A) and Qo(A) belong to the ideal I, and hence, as is apparent from (3.7), so does
the remainder P(1). Since the degree of P(1) is less than g and since Qo(4) has the
lowest degree, namely g, of all nonzero polynomials in I, it follows that P(1) = 0, and
the requireed assertion is proved.The polynomial Qo(A) is said to generate the ideal I.
Remark 3.2.The polynomial Qo(4) is uniquely determined by the ideal | to within a
numerical factor. In fact, if the polynomial Q1(1) has the same property as the
polynomial Qo(4), then, as just shown, Q1(1) = P1(1)Qo(4),Qn(1) = Po(1)Q1(4).
It follows that the degrees of the polynomials Q1(4) and Qo(4) coincide and that P1(4)
and Po(4) do not contain A and hence are numbers, as asserted.
Remark 3.3.Given polynomials Q1(4),...,Qm(4) not all equal to zero and with no
common divisors of degree > |, we now show that there exist polynomials
P(A),...,P%(1) such that

Ext- Y PA(MQi(A) = 1. (3.8)

=0
In fact, let | be the set of all polynomials of the form

Ext- > PP()Qi(A) (3.9)
i=0

with arbitrary P1(4),...,Pm(2) in IT#. Then | is obviously an ideal in IT*.
In particular

Q1(A) = S1(M)Go(A),...,Qm(A) = Sn(1)Go(2), (3.10)
where S;(4),...,Sn(A4) are certain polynomials, from which it follows that Qo(1) is a

common divisor of the polynomials Q1(1),..., Qm(4). But, by hypothesis, the degree of
Qo(A) is zero, and hence Qo(4) is a constant ap, where ag + 0 since otherwise | = {0}.

Multiplying (3.9) by ag* and writing P2(1) = 5E(A)a51, we get (3.8), as required.

4.Canonical Form of the Matrix of an Arbitrary Operator

Let A denote an arbitrary linear operator acting in an n-dimensional space Vn,n € NN
Since the operations of addition and multiplication are defined for such operators , with
every hyperfinite external polynomial

P(1) = Ext- ) axAk (4.1)
k=0

we can associate an operator
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m
P(A) = Ext- ) aA¥ (4.2)
k=0
acting in the same space V,, where addition and multiplication of polynomials
corresponds to addition and multiplication of the associated operators in the sense of
Sect. 3. In fact, if

m m m
P(2) = P1(A) + P2(1) = Ext- > adk + Ext- D bdk = BExt- D _(ax + bi) Ak, (4.3)
k=0 k=0 k=0
then
m m m
P(A) = Ext- Y (ax + bi) A*=Ext- )" aA* + Ext- D bkAK = P1(A) + P2(A). (4.4)
k=0 k=0 k=0
Similarly, if

Q1) = P1(M)P2(2) = (Ext-ZaW) (Ext-Zbk,lk> -

i=0 k=0

. - (4.5)
Ext-Z(Ext- aibkxl”k),
i=0 k=0
then
Q(A) = Ext-Z(Ext-ZaibkA”k) = P1(A)P2(A) (4.6)
i=0 k=0

by the distributive law for operator multiplication. In particular, the operators P1(A) and
P2(A) always commute.

Thus the mapping o(P(1)) = P(A) is an epimorphism of the algebra IT* of

all hyperfinite polynomials with coefficients in the field *R% (*C%) into the algebra

I1% of all linear operators of the form P(A) acting in the space V,. By Sect.3, the
algebra IT% is isomorphic to the factor algebra IT%/1 o, where | A is the ideal consisting
of all polynomials P(1) such that o(P(1)) = P(A) = 0.

We now analyze the structure of this ideal.

As noted in Example 3.3, the set of all linear operators acting in a space V,,n € NN
is an algebra of hyperfinite dimension n? over the field *R# (*C%). Hence, given any
operator A, it follows that the first n? + 1 terms of the hyperfinite sequence

Ao= E,A,A2,,,.,A™ ...must be linearly dependent. Suppose that

m
Ext- D aAk =0, (4.7)
k=0

where m < n2. Then, by the correspondence between polynomials and operators
mentioned above the hyperfinite polynomial

Q(A) = Bxt- ) Ak (4.8)
k=0

must correspond to the zero operator. Every polynomial Q(1) for which the operator
Q(A) is the zero operator is called an annihilating polynomial of the operator A, Thus
we have just shown that every operator A has an annihilating polynomial of degree
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< n2.The set of all annihilating polynomials of the operator A is an ideal in the algebra
I1#. By Sect. 3.1 there is a polynomial Qo(1) uniquely determined to within a numerical
factor such that all annihilating polynomials are of the form P(1)Qo(1) where P(1) is an
arbitrary polynomial in IT#, In particular, Qo(1) is the annihilating polynomial of lowest
degree among all annihilating polynomials of the operator A. Hence Qo(4) is called the
minimal annihilating polynomial of the operator A.

Theorem 4.1. Let Q(A4) be an annihilating polynomial of the operator A, and

suppose that Q(1) = Q1(1)Q2(1),where the factors Q1(1) and Q2(A) are relatively
prime. Then the space V, can be represented as the direct sumV,=T:1® T

of two subspaces T and T both invariant with respect to the operator A, where
Q1(A)x2 = 0,Q2(A)x;1 = Ofor arbitrary x; € T1,X2 € T2, so that Q1(1) and Q2(1) are
annihilating polynomials for the operator A acting in the subspaces T, and T,

respectively.
Proof. By Sec. 4.16 there exist polynomials P1(4) and P2(4) such that
P1(1)Q1(4) + P2(1)Q2(4) = 1, (4.9)
and hence
P1(A)Q1(A) + P2(A)Q2(A) = E. (4.10)

Let T,k = 1,2 denote the range of the operator Qx(A), i.e., the set of all vectors of the
form Qk(A)X,X € V. Then obviously y = Qx(A)x € T implies Ay = Qx(A)AX € Ty, SO
that the subspace Ty is invariant with respect to the operator A,

Given any x; € T3, there is a vector y € V,, such that

Q2(A)X1 = Q1(A)Q2(A)z= Q(A)z= 0, and similarly, given any x> € T», there is a
vector z € V,, such that Q1(A)X2 = Q1(A)Q2(A)z= Q(A)z = 0.

Moreover, given any x € V,, we have

X = Q1(A)P1(A)X+ Q2(A)P2(A)X = X1 + X2,Where

Xk = Qk(A)Pk(A)X € Tk, k = 1, 2.

It follows that V, is the sum of the subspaces T; and T,. If Xo € T1 NT2, then
Q1(A)Xo = Q2(A)Xo = 0, and hence Xo = P1(A)Q1(A)Xo + P2(A)Q2(A)xo = 0.
Therefore T1 N T2 = {0}, and the sum V,, = T1 & T is direct.

Remark 4.1. By construction, the operator Q1(A) annihilates the subspace T,
while the operator Q2(A) annihilates the subspace Ti, We now show that every
vector x annihilated by the operator Q1(A) belongs to T, while every vector x
annihilated by the operator Q2(A) belongs to T;. In fact, suppose Qi1(A)x = 0. We
have x = X1 + X2,where x; € T1,X2 € T2, and hence Q1(A)x1 = Q1(A)x— Q1(A)x2 =0
since Q1(A)x2 = 0. But Q2(A)xy = 0 as well, since x; € T;. It follows that

X1 = P1(A)Q1(A)X1 +P2(A)Q2(A)X1 =0,x = Xz € To.

Similarly, Q2(A)x = 0 implies x € T4, and our assertion is proved.

Remark 4.2.Representing the polynomials Q1(1) and Q2(4) themselves as
products of further prime factors, we can decompose the space V, into smaller
subspaces invariant with respect to the operator A and annihilated by the
appropriate factors of Q1(4) and Q2(4). Suppose the annihilating polynomial Q(1)
has a factorization of the form

QW) = Bxt-[ J(a - 4™, (4.11)

k=1
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where 11,...,An are all the (distinct) roots of Q(4) and r is the multiplicity of Ax. For
example, such a factorization is always possible (to within a numerical factor) in the

field *C% .
Theorem 4.2. Suppose the operator A has an annihilating polynomial of the form
(4.17.10). Then the space Vy,n € N\N can be represented as the direct sum
m
Vi = e VK (4.12)
of m subspaces Ty,...,Tm, all invariant with respect to A, where the subspace Tfc is
annihilated by Bfc*, the rkth power of the operator By = A — A«E.

Proof. Apply Theorem 4.1 repeatedly to the factorization (4.11) of Q(1) into m
relatively prime factors of the form (1 — 1;)".

5.The Solution of the Invariant Subspace Problem.
The proof for convenience of the readers divided in 5 parts, see Subsections 5.1-5.5.

5.1.Stage |. Embedding |2 < 15, < Vn,n € N¥/N.
An classical sequence space that is a subspace of the set of all sequences real or
complex numbers X = (X1,X2,...) = (Xi)i;.
The set of all R-valued (or C-valued) countable sequences we denote by |,,.
For any k € N let ex = e([i] be the sequence defined by

A R 611
T o ik o

The space I, (of square-summable sequences of real or complex numbers) is the set
of infinite sequences of real or complex numbers such that
Xl = 250 i < oo (5.1.2)
I, is isomorphic to all separable, infinite dimensional Hilbert spaces.
There is a canonical countable basis {ex}i; such that
e =(1,0,...),e2 = (0,1,...),etc.
Remark 5.1.1. Note that there is the canonical embeding r - *r [10]:

R <, *R (5.1.3)
and we denote emadge of this embeding by
Rg¢ < *R. (5.1.3)
Thus we replace (2.1.2) by
1"l = 225, I*Xi [ < oo (5.1.4)

Definition 5.1.1.The space |, is the set of all *“Rg-valued (or *Cg-valued) countable
sequences such that

1"l = Ext-257 ["Xi|* < co. (5.1.5)
Remark 5.1.2. Note that in general case [|*x||, # [*X[ ,,Since in general case
Dol # Bxt- 200 il < oo, (5.1.6)

see subsect. 3.12.

Remark 5.1.3.The set of all *R#-valued (or *C#-valued) countable sequences we
denote by I3,
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Definition 5.1.2.Let V,,n € N¥/N be a hyperfinite-dimensional vector space over
external

non-Archimedian field *R%. Such vector space consists of all external and internal

“R#-valued hyperfinite sequences (called a vector) x = {x;}=1 = {xi};_, of hyperreal

numbers, called the coordinates or components of vector x. The vector sum of

X = {x} = andy = {yi} ] is

X+Y = {Xi+Yyi}7. (5.1.7)
If a € R% is a hyperreal number, the scalar multiple of x by a is
axx={axx}7. (5.1.8)

there is a canonical hyperfinite basis {e/} 1 <i < n,n € N¥/N such that
e; = (*1,70,...),e2 = (*0,*1,...),..., see subsect. 3.1.

Remark 5.1.4. Note that there is the natural embeding I# < V,,n e N¥/N
defined by mapping e - €/,i € N.

5.2.Stage |l.Extending of the bounded operator A : |, - I>

A
up to operator A : V,, - V.
Remind that bounded operators A : |, - |, admit matrix representations completely
analogous to the well known matrix representations of operators on finite dimensional
spaces [19].
We choose any orthonormal basis {ex}, , in 12 and let Aex = ¢k € |2,
(Aex, &) = aix (5.2.1)
and therefore
Ck = D, QikEi, (5.2.2)
where Y~ ” Jai|* < o,k € N.We introduce the infinite matrix A,,

dilz A aiz -

dp1 Az QA3 - (5.2.3)

dz; Az aAzz -

of which the elements of the k-th column are the components of the vector into which
the

operator A maps the Ath coordinate vector. If the operator A is bounded, then it is
uniquely

determined by the infinite matrix (aix) or the proof of this assertion it is necessary to

show how to represent (he operator in terms of the matrix and the orthonormal basis

{&} - Thus, we have

Aex = 221 aike;. (5.2.4)

Since the operator Ais linear, it is well defined on the linear envelope of (he given

basis, i.e., for all vectors each of which has only a finite number of nonzero

components relative to the basis. Since A is continuous, the value of Af for an
arbitrary
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vector f € |, may be found by the limit.It is not difficult to write a simple formula for the
components of the vector Af indeed, if

f=3" X (5.2.5)
then

Af =37 Yk, (5.2.6)
where

Yk = D akiXi (5.2.7)

Definition 5.2.1. If the operator A : |, - |, is defined everywhere in |, and if its value
for any vector (5.2.5) is given by the formulas (5.2.6) and (5.2.7), then we say that the
operator A admits a matrix representation relative to the orthogonal basis {ex} ;.
Theorem 5.2.1.Every bounded linear operator A : |, - |, defined on the entire space
admits a matrix representation with respect to each orthogonal basis.
Proof.Letfy = > x€then Afy = 37 yi e, where yi” = 3" awx;.By the
boundedness of the operator A, we get

Y = (Af,8) = liMnooe (Afn, &) = liMnaso Y = liMnese D @GX = D @aXi- (5.2.8)
Theorem 5.2.2. If an operator A : |, — |, defined everywhere in a separable space |,
admits a matrix representation (5.2.3) with respect to some orthogonal basis {ex} ,,
then it is bounded.
Proof. By hypothesis, the series (Af,ex) = Zil axX; converges for each vector
f=3 . Xewhere {e};, the orthonormal basis, mentioned in the theorem, with

respect to which the operator A admits a matrix representation. Therefore, by the
theorem of Landau (see [19] Section 18), one obtains

> lawl? < o,k € N, (5.2.9)

We introduce the sequence of vectors c; = Zi“;l aie, k € N and by means of them,
define the linear operator A*. First, let A*ex = ¢ and then use linearity to define A*
on the linear envelope of the set of vectors ex. Finally, extend A* by continuity to all
of I,. It is easy to prove that for any f,g € |, (Af,g) = (f,A*g) after which, to complete
the proof, it remains to apply Hellinger and Toeplitz theorem, see [19] Section 26.
Remark 5.2.1.In view of the inequality (5.2.9), the expression

DOy (f) = 221 aiXi k e N (5.2.10)

defines a linear functional of f = > * xex and therefore,Pn(f) = /> ®2(f),ne N

defines a convex continuous functional of f. Since the sequence {Pn(f)} ., is
bounded for each f € |,. On the basis of the corollary of the lemma concerning
convex functionals [19], the functional
P(f) = sup Pn(f) = limn.o Pa(f) = D OF(F) = ||Af]| (5.2.11)
neN
is continuous, i.e., there exists a constant M such that P(f) < M||f||, but this implies
that the operator A is bounded.
Remark 5.2.2.The proof of the theorem can be formulated also in the following form:
if for arbitrary numbers xi, k € N such that
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Dbl < oo (5.2.12)
the inequality
Y A | < o (5.2.13)
holds, then there exists a constant M such that
o0 o0 2 o0
2k=l|2i=l akixi| < M22k=1|xk|2- (5.2.14)

Definition 5.2.2. A sequence {xk},, € |2 is admissible sequence if
Dor il = Ext- D 2. (5.2.15)
k=1

Definition 5.2.3. Let {ex}, , be Schauder basis in |2,i.e.,the standard unit vector
basis in I2.Vector f = 3~ ° xcex € |, is admissible vector of I, if sequence {x};, € I2
is admissible sequence.

Remark 5.2.3.Note that if vector f = > " x«ex is admissible vector of I, then

f= Zf:l Xk€k = EXt_ZE:l XkEk.

Definition 5.2.4.We extend now the operator A : |, - |, is given on |, by the
Eq.(5.2.6)-Eq.(5.2.7) up to the operator ALt o £his given on £* by the w-sum

is given by the Eq.(5.2.16)-Eq.(5.2.17)

Af = Ext-30, 9k, (5.2.16)
where

yk = Ext- Z.Cil aki X . (5. 2. 17)
Theorem 5.2.3.Assume that a sequence {xx},, € |2 is admissible sequence and
letf=73"" xex € lo. Let {§,}, be a sequence is given by the Eq.(5.2.17).
Then (i) sequence {9, },,is admissible sequence and (ii) {9, },, € |2
Proof. If sequence {x«},, € |2 is admissible sequence, then by Definition 5.2.2

we get
Do xi? = Ext- D xil?. (5.2.18)
k=1
From the equality (5.2.18) by Theorem 3.12.6 we obtain
liMm. Ext- D _xi|? = 0. (5.2.19)
k=m
From the equality (5.2.17) we get for all k € N
19, < Bxt->-7 Jawixi| < ax(Bxt-27 Xi[?), (5.2.20)
where ay = Ext-Zi‘il|aki |> < c0.We set now x; = 0,i < min (5.2.20) and therefore
19m| = [Ext-257 auxi| < Ext-27 Jauxi| < a(Ext-2-" xi[?), (5.2.21)

From the inequality (5.2.21) by the equality (5.2.19) for the all k € N we get
iMimce | Fim] = 1M |[EX- 27 aiXi | < liMme (Bxt-257 ) =0 (5.2.22)
and therefore
Iimmw|yk’m| =0. (5.2.23)
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From the equality (5.2.18) by Theorem 3.12.6 we get for all k € N that
Y = Ext- Zi“imakixi = Z;’imamxi = Vk. (5.2.24)

Thus we get for allk e Nthat §, = y«.
Theorem 5.2.4. Assume that a vector f = 3 ° xkex is admissible vector of |, then

~\ N
for all n e N vector (A) f is admissible vector of I.

Proof.Immediately by Definition 5.2.3 from Theorem 5.2.3.

The operator A Vih = Vh.

Using the canonical imbedding R <, *R(5.1.3) we imbed now the infinite matrix
Ao = (aij);;(5.2.3) into the infinite matrix A;, = (*a;j), ;. (5.2.25) such that

*ar fap e+ fam

a faz -+ Yanm

A

*anl *anz oo *ann e ) (5225)

where *a; € *Rg,i,j € N.

We imbed now the infinite matrix A}, = ("&ij); jen (5.2.3) into the hyperfinite matrix
ALm = (*aij)iim,jgm,where m e N*\N and for i,j € N¥\N the conditions (i)-(ii) are
satisfied (i)*a;; = *0ifi = j, (ii) *a&;; = *1if i = j,see subsection (4.1.3).

Thus A}, i is hyperfinite external matrix of the following literal form

*al1n fap e *fain e+ 0 *O ...
*Ao1 *azx e+ *faoy e+ O *O e

e *O *O oo
*ant A e+ *am ccc O *O ...
Al = (5.2.26
m . R R )
*0 O eee YO eee *1 *O e
e *O *1 .o

*O *0 PR *O *O *O *0 *1

where *ajj € *Rg,1 <i <m,1<j<m.The matrix A}, is defined an external
linear operator Aon Vm by the formula
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Af =
*ag1 *ar e+ *ayn e+ *0 *0 ... X1 Y1
an *azp e+ *am -+ 0 0 ... X2 y2
e *0 *0 ...
A *Anz +++ *Am +++ 0 Y0 ... L Xn _ Yr (5.2.27)
o *0 *O e o o . .
*O  *Q eee O eee *1 *Q oo
C 0 L een X1 Y1

where f = EXt'ZEll Xkek € Vn and where the multiplication x is defined by
m
yi = Bxt- ) *auXi, (2.2.28)
k=1

where 1 <i < m, see subsection 4.4.

/\ . -
5.3.Stage lll.Proof that operator A has a non-trivial
infinite-dimensional invariant subspaces
A1,A2 & |§w < Vn.

Theorem 5.3.1. Suppose the operator A has an annihilating polynomial of the form

Q) = Bxt- [ JIExt-(4 — 1™, (5.3.1)

k=1
where: (i) the function Ext-(1 — Ax)"™, for all rx € N* is defined by the following formula

p
Ext-(A — Ak)"* = Ext- H@i(/l,),k), (5.3.2)
i=1
where ry < p € NAN, @i(4,Ak) = (A — Ak) forall 1 <i < r¢y and ©i(4, k) = 1 for all
i > ry, and
(ii) the function Ext-(1 — i)', for rx = w is defined by the formula
Ext-(A — 4™ = Bxt- [ [ ©i(2, ), (5.3.3)
jeN#
with @i(A,Ak) = (A — Ak) for alli € N and ®i(A,4x) = 1for alli € N*\N.In this case we
denote it by
Ext-(A - Ak)” = Ext- [ [ ©i(4, 40). (5.3.4)

i1
Here A1,...,Am are all the (distinct) roots of Q(1) and r is the multiplicity of A«. For

example, such a factorization is always possible (to within a numerical factor) in the
field *C% [8],see Appendix A.
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Remark 5.3.1.Then the external linear space Vi,m € N*\N can be represented as the
direct sum

Vi = Ext- @D, | T (5.3.5)

of r subspaces Ti,...,T;,r € N* all invariant with respect to A, where the subspace Tk
is annihilated by B}, the ry -th power of the operator Bx = A — A«E, see

subsection 4.17.2.

The all vectors x €V, has the form x = {xi}:j‘.Thus we can represent the vector

X €V as the sum x = X1 + X2,where

X1 = {xf“}ieN (5.3.6)
and
X2 = {Xi(Z)}ieN#\N (5.3.7)
with i < m.Then the space Vn, can be represented as the direct sum
Vi = VY @ VR, (5.3.8)

where the subspace Vii’ contains the all vectors of the form x1 = {x{" } _, and
the subspace Vi’ contains the all vectors of the form x, = {x®} _ withi <m.
The hyperfinite matrix A}, is a direct sum A}, = A} @ D,where D is infinite
diagonal matrix D =diag(*0, *0,...,*1,*1,...,*1). Thus operator A has the following
form: A = A;+A,where Ay = A VP and A, = A 1 V.

We will be consider now the following three possible cases.

. There is no invariant subspace of V& with respect to A;. In this case we obtain
Q1) = Ext-(1 — A1), where 1; € R% It follows from Theorem 1.5.4 that 1; € *Rg
and infinite matrice A}, (5.2.25) is diagonal.Thus in this case operator A : 1, - |, has
a form

A =11 x 1L (5.3.9)
[l.There is countable set of subspaces {T«} . all invariant with respect to /A\l, where
for all k e N,dimTy < o0 and where
Vi = ext-@P,_, T (5.3.10)

Let Njand N> be a subsets of N such that Ny UNz = Nand N; NNz = &.Now we
choose an countable set of subspaces {Ti} ., & {Tk} oy SUch that

ieNy

{Mtien = {Titian, U ATiF ey (5.3.11)
where {Tj}., = {Tih e \{Ti}io, - LEt A1and A, be a subspaces of Vi’ such that
Ay = Ext-@keNl Tw (5.3.12)
and
As = Ext-@keNz Tw (5.3.12)

correspondingly and therefore
VR = A1 @ As. (5.3.13)
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[l.There is only finite set of subspaces {T«},.,.r € N all invariant with respect to ,/A\l,
where for all 1 < k < r,dimTyk = o« and where

&=, T (5.3.14)

IV.There is countable set of subspaces {T«},, all invariant with respect to /A\l, where
for all k e N,dimTy = o« and where

1 _ ©
m = @kzl Tk. (5.3.15)

5.4.Stage IV.Proof that there exists an admissible vector
YeloanYels,

Theorem 5.3.4.There exists an admissible vector ¥; in subspace A; and there exists
an admissible vector ¥, in subspace A..
Proof. Note that subspace A; has an countable basis {bfl’}il,where

1) Z 1)

b EXt ky=1 bkllekl,
1) (l)

b EXt Zk -1 klzekl,

... (5.4.1)
b{® = Ext- 2 1b(k1|)ek1,
and similarly subspace A has an countable basis {b(z) _Where
1
b(Z) Ext- Zk 1bl(<ﬂek11
b5 = Bxt-20 _, bieen,
... (5.4.2)

b{® = Ext- 2 1b(k1|)ek1,
and {b(l’}k . ﬂ{b(z) = @, where {ki};_, N {ka}i , = @ and
{kl}kl=l U {k2}k2=
We represent now basis vectors bi(l),i = 1,2,... as infinite columns (bi(l)>T,i =12,...

of the following literal form
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(b®)" =

Remark 5.4.1.Note that the infinite columns (bf”)T,i — 1,2,...are linearly

independent.

Similarly we represented basis vectors bi(z),i =12,..

(bi(l)y,i = 1,2,...0f the following literal form

<o)

(1)
bll

@)
b21

(1)
bi1

€]
bk1+11

@)
bll

@)
b21

b

(2)
bk+11

(69" -

(08)

@
b12

@
b22

(1)
by;2

€]
bk1+12

@
b12

@)
b22

2)
bi2

(2)
bk2+12

<b(l)

(b(z)

b

p®d

(1)
bii;

)
b

kiky

1)
k1+1k1

. as infinite columns

@)
bii

@)
b

2

bkzkz

b

(2
k2+lk2

Remark 2.4.1. Note that{(b(1)> }k ﬂ{( (2)> }k = @,since
1= 27

B} NBEY, -2

Using the columns (5.4.3) we formed the following infinite matrix of the following

literal form

(5.4.3)

(5.4.4)



UNDER PEER REVI EW

Ql,w =

And similarly using columns (5.4.4) we formed the following infinite matrix of the

following literal form

QZ,(O =

It follows directly from Theorem 4.14.2, see subsection 4.14, that

and

@)
bll
@
b21

1)
bi1

€]
bk1+ll

@)
bll

@)
b21

@)
bica

2)
bk2+ll

@
b1

W
b22

(1)
by2

€]
bk1+12

@)
b12

@
b2

2)
bi2

(2
bk2+12

detQi, + 0

detQ,, + 0.
We conseder now the following infinite system of the linear equations

W
bl
W
b

)
bk1k1

)
bk1+lk1

@)
b

@)
b

(2)
bick,

(2)
bk2+lk

b(2)

€]
b1k1+l

(1)
b

1)
bk1k1+l

1)
bk1+1k1+l

@)
blk2+l

@)
b,

k2k2+l

(2
bk2+lk2+l

(5.4.5)

(5.4.6)

(5.4.7)

(5.4.8)
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(1) (1) (1) 1) 1
b1y b3 by i y§ ) X1
1) (1) 1) 1) 1)
b3y b3 b b3 Y2 X2
\ ) (5.4.9)
(1) (1) (1) (1) (1)
bk]_l bk12 bk]_k]_ bk1k1+l ykl Xkl
1) (1) 1) (1) 1)
Drn Pipiaz S ST DT Yia+ Xi+1
and the following infinite system of the linear equations
(2) (2) (2) (2) 2
bi7 b1z b1 b1k2+1 y(l ) X1
(2) (2) (2) (2) 2
b3y b b2y b2, y(z ) X2
' ' (5.4.10)
(2) (2) (2) (2) )
b1 b2 Dik,  Digkor1 Yk Xko
(2) (2) (2) (2) (2)
bigiir Pigii © bl BiGinge Yo i1

where a sequences {Xi, }_; € |2 and {X, }\,; € l.are admissible sequences such
that {Xi, } -1 N Xk, } 1 = D, See Definition 2.2.2.

It follows directly from (5.4.5) by Theorem 4.12.2 that the system (5.4.7) has a
unique

solution namely {y(k?}f _ and similarly it follows directly from (5.4.7) by
-
Theorem 5.12.2 that the system (5.4.9) has the unique namely {y&'}~ .
-

Thus finally we conclude that there is an admissible vector ¥; :

Py = Ext-Y ) Xkex (5.4.11)
such that
Wi =30 Xl = BXE0Y X8 € At (5.4.12)
and there is an admissible vector ¥, :
P2 = EXC-D00 ) XiBh (5.4.13)
such that
W2 =D 4 Xl = EXED00 ) Xilk, € Az (5.4.14)

Note that the statements (5.4.12) and (5.4.14) finalized the proof of Theorem 5.3.4.
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5.5.Stage V.Proof the main result by a contradiction.

Assumption 5.5.1.We assume now that the a bounded linear operator A : |, - |»
hasn’t non trivial closed invariant subspace.
Let W1 be any admissible vector ¥ € I, given by Eq.(5.4.12) and let ¥, be any
admissible vector ¥, € |, given by Eq.(5.4.14).

~\ N
It follows by Theorem 5.5.4 that for all n € N for all n € N vector (A) Yiis

admissible vector of I».
Proposition 5.5.1. Let ® be any vector ® € |, and let {c;};", be R-valued sequence

such that
O = Zzl cifi. (5.5.1)
where
f = (A) ¥ N (5.5.2)
and where a series in RHS of the Eq.(5.5.1) converges absolutely in the norm ||+,
and
therefore
2alillifill, < . (5.5.3)
Let sh,n € N be a partial sum
sh= >, Cifi. (5.5.4)
There is a subsequence {C,,}m, & {Ci}; such that
© = 37 Cifi = Syp + EXt- 200 ([Sypy — Vinl- (5.5.5)
Proof. We will choose now rapidly increasing sequence of indices {c,,,}., such that
Vil
> S = Snlly < e (5.5.6)
k:Vm+l

It follows from (5.5.3) that for any n € N such that vin < N < vipa

10 = sall, < 10— Sumll, + EXt- D lISvis = Suill, =

i=m

o o T vin . (5.5.7)
= Z ||Ckfk||2+EXt-Z|: Z ||Ckfk||2:| = 2n]1-+1 + 2?;1 - 0.

k=vm+1 i=m |_k=vi+1 i=m ilase
From the Eq.(5.5.1) and (5.5.7) we obtain
©=> " cfi=s,+2 " [Svpi—Vml. (5.5.8)

where both series in RHS of the Eq.(5.5.8) converges absolutely in the norm ||-][,.
Let ®; be the external sum

O1 = Sy + Ext-3°7 [Syps — Vil (5.5.9)
From Eq.(5.5.9) we obtain
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101 Snll, < IS0 = Sumll o+ BXE D ISy = Sui 1, =

i=m

. o [ via " (5.5.10)
- Z ||ckfk||2+Ext-Z|: Z ||Ckfk||2:| =< 2n1»l +Ext-2 251 = 0.
k=vm+1 i=m | k=vi+1 i=m
From Eq.(2.5.9), Eq.(2.5.4) and (2.5.8) we obtain for any n € N such that
Vm <n< Vm+1
[@1-sll, = O. (2.5.11)
Mmoo
by Theorem 3.12.6 we obtain that
O1 = Syg + EXt-D 00 ([Svpa = Vim] = Suo + 25 o[Svma = V] (5.5.12)
From Eq.(5.5.8) and Eq.(5.5.12) finally we get
©=> " cifi=s,+Ext-2_" [Syp; = Viml. (5.5.13)

Proposition 5.5.2.The all basis vectors {ex},, of |2 also are in subspace Aj.

Proof.It follofs from Assumption 5.5.1 that any vector ® € |, has a representative
(5.5.1) and by Proposition 5.5.1 we obtain that: ® € |, = © € A;.

Theorem 5.5.1.I1f A : |, - |, is a bounded non-trivial linear operator on a complex
space |, it follow that A has a non-trivial closed invariant subspace.

Proof.Assume that the a bounded linear operator A : |, - 1>

hasn’t non trivial closed invariant subspace. It follow by Proposition 5.5.2 that A1 = I3,
but this is a contradiction,since A; & 15, = V&) = A1 @ A2. This contradiction finalized
the proof.

Conclusion

Though the history of infinitesimals and infinity is long and tortuous,nonstandard
analysis, as a canonical formulation of the method of infinitesimals, is only about 60
years old. Hence, definitive answers for many of its methodological issues are yet to
be
found. In 1960, Abraham Robinson, exploiting the power of the theory of formal
language reinvented the method of infinitesimals, which he called nonstandard
analysis because it used nonstandard models of analysis. K. Hrbacek argue for
acceptance of BNST* (Basic Nonstandard Set Theory plus additional Idealization
axioms) [20]. BNST* has nontrivial consequences for standard set theory; for example,
it implies existence of inner models with measurable cardinals.It has been proved in
[21]-[22] that any set theory wich implies existence of inner models with measurable
cardinals is inconsistent. However hyper Infinitary first-order logic 2L*, with restricted
rules of conclusions obviously can save BNST* from a triviality.
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Remind that a hyperfinite polynomial in a single indeterminate x can always be written
symbollicaly in the form

pP(X) = Ext-(anX" + an 1 X" + -+ + apX? + arX + ao), (1)

where ay, ...,a, are constants and x is the indeterminate.The word indeterminate
means

that x represents no particular value, although any value may be substituted for it. The

mapping that associates the result of this substitution to the substituted value is a

function, called a polynomial function of the hyperfinite degree n e N*\N.

Definition 1. The external polynomial function of the hyperfinite degree n € NN

is given by

p(x) = Ext- D axk. 2)
k=0

A.1l.Topological proof.

For topological proof by contradiction, suppose that the polynomial p(z) has no roots,

and consequently is never equal to 0. Think of the polynomial as a map from the

complex plane C% into the complex plane C%. It maps any circle |z= Rinto a closed
loop,

a curve P(R). We will consider what happens to the winding number of P(R) at the

extremes when Ris very large and when R = 0. When Ris a sufficiently infinite large

number, then the leading term z" of p(z) dominates all other terms combined; in other

words,

|Z"> [Ext-(an-12"t + -+ + Qo). (1.1)

When ztraverses the circle Rx (Ext-exp(if)) (0 < 6 < 2z ) , then

Z" = R" x (Ext-exp(ind)) winds n times counter-clockwise ( 0 < 6 < 2z4n ) around the

origin (0,0), and P(R) likewise. At the other extreme, with |z= 0, the curve P(0)is
merely

the single point p(0), which must be nonzero because p(z) is never zero. Thus p(0)
must

be distinct from the origin (0,0), which denotes 0 in the complex plane C%. The winding

number of P(0) around the origin (0,0) is thus 0. Now changing R continuously will

deform the loop continuously. At some R the winding number must change. But that

can only happen if the curve P(R) includes the origin (0,0) for some R. But then for

some zon that circle [z= R we have p(z) = 0, contradicting our original assumption.

Therefore, p(z) has at least one zero.

A.2.Complex #-analytic proofs
We assume by contradiction that a = p(z) # 0, then, expanding p(z) in powers of
Z— 12
we can write
p(2) = Ext-(@+ ck(z— 20)% + Cuu1(z— 20)% + -+ + Ca(z— 20)"). (2.1)

Here, the c; are simply the coefficients of the polynomial z -~ p(z+ z), and we let k be
the index of the first coefficient following the constant term that is non-zero. But now
we
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see that for z sufficiently close to z this has behavior asymptotically similar to the
simpler polynomial q(z) = a+ ck(z— 2)* in the sense that (as is easy to check) the
P2 — a2
(Z— Zo)k+l
neighborhood of z,. Therefore, if we define 6y = (arg(a) + 7» — arg(ck)) and let
z=2o+r x (Ext-exp(ifo)) , then for any sufficiently small positive number r € R,
since the bound M mentioned above holds and using the triangle inequality we see
that

function is bounded by some positive constant M € R¥ in some

P la@hrket| HEZAD | o

la+ (=1)ckr¥|(Ext- exp[i(arg(a) — arg(ck))])| + Mrkit =
= lal-lcklrk + M+,

(2.2)

When r is sufficiently close to 0 this upper bound for |p(z)| is strictly smaller than [a, in

contradiction to the definition of zo. (Geometrically, we have found an explicit direction
0o

such that if one approaches z, from that direction one can obtain values p(z) smaller in

absolute value than |p(zo)|.)

A.3.Proof by generalized Liouville’s theorem

Another analytic proof can be obtained along this line of thought observing that, since
[p(2)[> |p(0)| outside D,the minimum of |p(z)| on the whole complex plane is achieved at
Zy. If |p(zo)|> O, then 1/p(z) is a bounded #-holomorphic function in the entire complex
plane since, for each complex number z |1/p(2)[< |1/p(zo)|. Applying generalized
Liouville’s theorem [4], which states that a bounded entire function must be constant,
this would imply that 1/p(2) is constant and therefore that p(z) is constant. This gives a
contradiction, and hence p(z) = 0.

A.4.Proof by the argument principle.

Yet another analytic proof uses the argument principle. Let R be a positive hyperreal

number large enough so that every root of p(z) has absolute value smaller than R,
such

a number must exist because every non-constant polynomial function of degree

n € N\ has at most n zeros. For each r > R, consider the number

1 p' (2
S ) P d#z, (2.3)

where c(r) is the circle centered at 0 with radius r oriented counterclockwise; then the

argument principle says that this number is the number N of zeros of p(z) in the open
ball

centered at 0 with radius r, which, since r > R, is the total number of zeros of p(z). On
the

other hand, the integral of n/zalong c(r) divided by 2zi is equal to n. But the
difference

between the two numbers is
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1 P@ _ﬂ) by 1 (2 —np@@) 4 24
2y c(r)( p2 “ 4= 2 a2 ¢z (24)
The numerator of the rational expression being integrated has degree at most n— 1

and
the degree of the denominator is n + 1. Therefore, the number above tends to 0 as
r - +oo”, But the number is also equal to N—nand so N = n.



