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Extended Local Convergence for the Chebyshev Method
under the Majorant Condition

Short Research
Article

Abstract

In this article, we present the study on local convergence behaviour of Chebyshev’s method, which
is a third order iterative method used to solve a non-linear system in Banach space locale. In
contrast to the earlier works, we establish the convergence using restricted-majorant conditions.
As aresult, we get better convergence radius and more tighter error estimates in comparison to the
previous researches. Suitable numerical examples complement the theory.

Keywords: Non-linear equations; Fréchet derivative; Local convergence; Banach Space

1 Introduction

Finding a locally unique solution of the system of non-linear equations of the form
F(z)=0 (1.1)

is a major problem with extensive applications in the field of mathematical and engineering sciences.
Presently, there are numerous efficient methods to solve (1.1)[1-3, 13, 14]. But, in most of the
cases non-linear equations and systems arising from mathematical modeling of physical systems
does not have exact solutions. Because of this problem, scientists and researchers have focused on
proposing iterative methods for solving non-linear systems. Newton’s method is a popular iterative
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process for dealing with non-linear equations. Many novel, higher-order iterative strategies for dealing
with nonlinear equations have been discovered and are currently being used in recent years[1-5, 10,
11, 13, 14]. However, no results are discussed regarding the error distances, radii of convergence or
the region in which the solution is unique. Numerous research articles have been published recently
which deals with the study of local and semi-local convergence properties of various iterative methods
and also give results on computable convergence domain and estimates on error bounds[2-5, 10, 11,
13, 14].

Chebyshev’s method is a well-known iterative method for solving equations of type (1.1) which is
cubically convergent to the root z*. The method is given as

Tn+l = Tn — [[ + £F(xn)]BnF(xn)7 n 2 0 (1 2)

where
Bn = F'(zn) ",
Lr(zy) is defined by
1 "
SF(wn) = §BnF (w'rz)ﬁnF(iEn)y Tn € Bi,

F : Q C B1 — B is acontinuous Fréchet differentiable non-linear operator, €2 is a non-empty open
convex set, B; and B are Banach spaces.

The method (1.2) have been well studied by distinct researchers for its local and semi-local
convergence properties using different strategies such as majorizing sequences, recurrent relations
and many more as given in [2, 68, 14, 15]. The convergence properties of the Chebyshev’s method
used for finding multiple polynomial roots were studied by Kyncheva et al. [12] and Ivanov [9]. A new
type of majorant conditions were introduced by Argyros and Ren [3], Ling and Xu [13] and used to
study the local and semi-local convergence behaviour of the cubically convergent Halley’s method.
Recently, Kumari and Parida [11] followed the same criteria as in [3] and used the majorant functions
to study the local convergence analysis of the method (1.2). In the present work, we intend to provide
better convergence domains than in [11] by using a new type of restricted majorant conditions.

The other contents of this material can be summarized as follows: Section 2 discusses the
development of majorant functions for the method (1.2). Section 3 discusses the local convergence
properties of the presented method (1.2). Numerical testing of convergence outcomes are placed in
Section 4. Concluding remarks are also stated.

2 Majorant Functions

Let us consider that there exists =* € Q such that L = F'(z*)"! € Z(B1, B) with F(z*) = 0.
Suppose R > 0 be such that U(z*, R) C Q.
Some majorant conditions are introduced and compared with each other.

Definition 2.1. The operator F satisfies the center-majorant condition on the ball U(z*, R) if there
exists a function ho : [0, R) — R with hy € C* [0, R) such that

IL(F () = F" (@) < ho |z — 2*[|) — ho (0) (2.1)
forallz € U(z", R).

Suppose that the equation
ho (t) =0 (2.2)

has a smallest solution » € (0, R).
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Definition 2.2. The operator I satisfies the restricted-majorant condition on the ball U(z*,r) if
there exists a function & : [0,7) — R with h € C?[0,r) such that

IL(E (y) = F @) <h (ly =2l + lz —2"[) =~ (o —27]) (23)
forallz,y € U(z*,r), |ly — x| + ||z — =™ < r.

Definition 2.3. The operator I/ satisfies the majorant condition on the ball U(z*, R) if there exists
a function h; : [0, R) — R with h; € C*[0,r) such that

"

ILF (y) = F (@)l < ha(ly — 2l + Iz — 27[1) =~ (2 — 27]) (2.4)
forall z,y € U(z™,7); ly — || + ]z — "] < R.

Remark 2.1. It follows by these definitions that for all ¢ € [0, r)
ho(t) < ha(t) (2.5)
h(t) < ha(t), (2.6)
since r € (0, R). The functions ho and h; were used in [11] to show the local convergence of the
method (1.2). Notice that ho = ho(R2), h1 = hi(Q2), but b = h(€,[0,7)). It follows that the tighter
function h can replace h; in all the results in [11]. That is why we report only the extended results,
omit the proofs and focus on the effect of this modifications in the numerical examples. It is expected

that the convergence radius will be at least as large and the error distances ||z, — x*|| at least as
tight, since the estimates (2.5) and (2.6) hold.

The following conditions are used:
(A1) ho(0) >0, ho(0) = —1,h"(0) > 0.
(A2) hy is convex in [0,7), hy and 1" are strictly increasing in [0, 7).

(As) hg has zeroes in (0, 7).
Denote by po the smallest such zero.

(As) |LF" (2")I| < ho (0).
The following auxiliary results are needed.
Lemma 2.1. Suppose that the conditions (A1 )-(A4) hold. Then, the following assertions hold:

(i) hé) is strictly increasing and strictly convex in [0, r)
and

(i) ho(t) € (—1,0) forallt € (0,r).

Proof. Simply replace the function k1 by the function 4 in the proof of the Lemma 2.1 in [11]. O
Lemma 2.2. Suppose that ||z —z*|| < t < r and (2.1) holds on the interval [0, r). Then, the following
assertions 1 .
I () F (@) < =+ <-
ho(llz — =] ho(t)

and " " "

IF' (") F (@) < ho (e — 27 |)) < ho (1).
Proof. The proof is given in the Lemma 2.2 in [11] with h, replacing ho. O

Notice that the weaker assertion (2.1) is used in Lemma 2.2. If (2.4) is used as in [11], then we
get the less tight estimate
1 1
— < — .
ha(llz —a*[)) = ha(t)

|F' ()" F (2*)]| <
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3 Local Convergence
Define the functions on the interval [0, r) by

81(£) = (2 + ho(t)ho (£)t — 2(ho(£))?,
2 + ho(t)h (D)t

_
2O 0gwr
1
%0 = 1-5,m
1 O [25:0) £ 507 1RG0
o) = 3905 : 2w

and S4(t) = 8(t)t° — 1.

It was shown in [11] that the functions §: has a smallest solution 1 € (0, po) and that the function
04 has a smallest solution »* € (0,71). Hence, we reach the local convergence result for the method
(1.2).

Theorem 3.1. Suppose that the conditions (A1 )-(A4) hold. Then, the method (1.2) for zo € U(z™*,r™)
is well defined in the ball U (z*,r*), remains in U (z*,r*) for alln > 0 and converges to x*. Moreover,
the following assertions hold

|Zni1 — %] < 0( ") |zn —2*|° foralln =0,1,2,.... (3.1)

Remark 3.1. The special cases in Section 4 extend immediately along the same lines.

Our technique determines a ball U (z*, r) where the iterates lie that is more precise than the ball
U(z*, R) used in [11]. This also allows the construction of the restricted function & that replaces the
function h4 in [11] leading to the aforementioned advantages.

Next, we present a second way of replacing hi by a tighter function that may give better results.

Definition 3.1. The operator r satisfies the center-majorant condition on the ball U(z", R) if there
exists a function ho : [0, R) — R with hy € C?[0, R] such that

IL(F" (2) = F" (@) < ho(le — 2" [)) = ho(0). (32)
Suppose that the equation B
ho(t) =0 (3.3)
has a smallest solution 7 € (0, R). Set
p = min{r,7}. (3.4)

Moreover, suppose that (2.3) holds but for some function 2" as " but defined on the interval [0, p).
If
F<randh (t)<h (t) forallte0,p), (3.5)

then the obtained results can be rewritten with p, h replacing r, h and the new radii and error bounds
shall be at least as better than our earlier ones.
It is worth noticing that the iterates z,, exist and belong in U(z*, ro) and

ot e o] o
1 r NS = = TRe

(3.6)

for ||z — z*|| <t < po by using (3.2) instead (2.1).

Remark 3.2. If the function ho(t) is replaced by ho(t) in the conditions (A1)-(A44), and also in the
definitions of the functions 41,2, d3, and 44, we then denote the resultant functions as 61, 92, 03, ¢
and d4 respectively. Moreover, r, 71 and r* are replaced by p, 71 and 7*.
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Thus we arrive at the following theorem:

Theorem 3.2. Suppose that the conditions (A1)-(A4) hold. Then, the method (1.2) for zo € U(z*,7")
is well defined in the ball U (z*,7"), remains in U (z*,7*) for alln > 0 and converges to x*. Moreover,
the following assertions hold

[Znsr — 27| < 3(F)||xn — *|| foralin =0,1,2, ... (3.7)

That is, Chebyshev’s method (1.2) is cubically convergent to z*.

4 Numerical lllustrations

Example 4.1. Choose B1 = B =R, Q = U(z*, R) = U(0,1). Define F on Q by

— 3
F@) = (" =1, 5203 + 22, 23 4 )"
6 6
forz = (x1,22,23)". We have that z* = (zf,z3,23)" = (0,0,0)T is a zero of F. We obtain the first
and second Fréchet derivative as follows:

e 0 0
F,(Jl) _ 0 (6g1)u2 4 1 ) 0
0 0 2 +1
and
; et 0 00 0 0olo 0o o0
F()y=| 0 0 0[/0 (¢e—luz 0|0 0 O
0 0 0f0 0 0/0 0 wus

Now, we can observe that F'(z*) = F'(z*)"" = diag(1,1,1). Thus, we have L = F'(z*)"! =
diag(1,1,1) and | L|| = 1. Now, we can easily calculate the parameter values as:

" "

IF' ()" (F (2) = F (@)l < (e = Dje — a7,

sowe have hy (t) = (e — 1)t,r = - < R =1. Also,

e—1
" 1

IF' @) (F () = F (@) < em |y — 2],

hence we get h”(t) —erTt < h'l'(t) =et.
Therefore, we get

r=0.581977, 71 =0.320365 and r* = 0.308453

. Now, using the center-majorant condition on F’, we get

I @) (F' () = F'@)]| < e [ly 2
. Thus, we have B’ (t)= et =1 t)andr=T=p= i Hence, we get
p = 0.581977, 71 = 0.385386, and 7 = 0.371669.
Example 4.2. Next, we consider the non-linear integral equation of the Hammerstein-type given by

F(z)(v) = z(y) = 5H(z)(7),
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where H is any function such that

H'(2)(7) = / 62 (6)do

defined on B, = B = CI0,1], the space of all continuous functions on the interval [0,1] and let
Q=U(z* R) =U(0,1). Then, we get the Fréchet derivative F’ as

F'(2())(7) = x(7) — 157 / 622 (D)x(S)dp for all z€Q.

We can observe that z* = z* () = 0 is solution of F(x). Then, by applying the conditions (A1 )-(A4),
we have hy (t) = 7.5t. Also, observe thatr = 0.579796 < R = 1. Moreover, we get B (t) =2t <
hi (t) = 15t. Therefore, we get

r=0.579796, 7 =0.157198, and r" =0.151331.

Again, by using the center-majorant condition on F', we get B’ (t) = B’ (t)y=2tandr =7 =p=
0.579796. Thus, we get
71 =0.193937 and 7 = 0.187046.

5 Conclusions

The local convergence behaviour of the Chebyshev’'s method under restricted majorant conditions
is presented in this paper. On comparing the results obtained in the numerical illustrations, we can
conclude that new technique presented in our work determines a more precise convergence ball than
obtained in earlier works. Also, we can observe that more tighter error estimates are obtained in
comparison to the earlier works.
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