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1 Introduction

The theory of rough sets, proposed by Pawlak [11] in 1982 is a powerful mathe-

matical tool for uncertain data while modelling the problems in computer science,

medical science, data analysis and many other diverse fields [13,18,21]. The the-

ory of rough sets is an extension of set theory, in which a subset of a universe is

described by a pair of ordinary sets the lower and upper approximations. A basic

notion in the pawlak rough set model is an equivalence relation. The equivalence

classes ar the building blocks for the construction of the lower and upper approxi-

mations. The lower approximation of a given set is the union of all the equivalence

classes which are subsets of the set, and the upper approximation is the union of all
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the equivalence classes which have a non-empty intersection with the set.

An algebraic approach to rough sets has been studied by Iwinski [5]. The notion

of rough subgroup was introduced by Biswas and Nanda [1]. On the other hand,

Kuroki and Wang [6] gave some properties of the lower and upper approximation

with respect to normal subgroup and Davvaz [2] introduced the notion of rough

subring (respectively ideal) with respect to an ideal of ring. In 2002, J.F.Peters de-

veloped the near set theory as a generalization of rough set theory. Peters utilized

the features of object to develop the nearness of objects [17] and consequently, the

classification of our universal, set with respect to the object information available.

The concept of near set theory was motivated by immage analysis and inspired by a

study of the perception of the nearness of familiar physical objects was carried out

in cooperation with pawlak in 2007 [14]. The near set approach leads to partitions

of ensembles of sample objects with measurable information content and an ap-

proach to feature selection. A probe function is a real valued function representing

a feature of physical objects such as images or behaviours of individual biological

organisms.

The main objective of this paper is to introduce topological near groups, which ex-

tends the notion of a topological group to include the algebraic structures of near

groups. In section 2, some basic notions of near sets, near groups and topological

groups are given. In Section 3, new definition of topological near group is intro-

duced and its properties are given; and some examples for topological near groups

are also discussed. In section 4, topological near normal subgroup is defined and

some properties of it are proved.

2 Preliminaries

In this section, some definitions and results about near sets, near groups and topo-

logical groups used in this paper are given
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2.1 Object Description [3]

Objects are known by their description. An object description is defined by means

of a tuple of function values ψ(x) associated with an object x ∈ X . The important

thing to notice is the choice of functions ψi ∈B used to describe an object of inter-

est.

Table 1: Description Symbols

Symbol Interpretation

ℜ Set of real numbers

O Set of perceptual objects

X X ⊆ O,set of sample objects

x x ∈ O,sample perceptual object

F A set of functions representing object features,

B B⊆ F ,set of functions representing object features

ψ ψ : O→ℜL, object description

L L is a description length

i i≤ L

ψi ψi ∈ B, where ψi : X →ℜ,probe function,

ψ(x) ψ(x)=(ψ1(x),ψ2(x),ψ3(x), .....,ψi(x), .....,ψL(x)).

The intuition underlying a description ψ(x) is recording of measurements from

sensors, where each sensor is modelled by a function ψi. Assume that B ⊆ F is a

given set of functions representing features of sample objects X ∈ O. Let φi ∈ B,

where φi :O→ℜ. The value of ψi(x) is a measurement associated with a feature of

an object x ∈ X . The function ψi is called a probe. In combination, the functions

representing object features provide a basis for an object description ψ : O→ℜL, a

vector containing measurements (returned values) associated with each functional

value ψi(x), where the description length |ψ|= L.
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Object Description : ψ(x) = (ψ1(x),ψ2(x), .....,ψi(x), .....ψL(x))

2.2 Nearness Objects [3]

Sample objects X ⊆ O are near each other if, and only if the objects have similar

descriptions. Recall that each description ψ1 defines a description of an object.

Then let ∆ψi denote

∆ψi = ψi(x
′
)−ψi(x),

where x,x
′ ∈ O. The difference ∆ψ leads to a definition of the indiscernibility rela-

tion ∼B introduced by Zdzislaw Pawlak [12].

Table 2: Set, Relation, Probe Function Symbols

Symbol Interpretation

∼B {(x,x′) | f (x)= f (x
′
) ∀ f ∈ B,},indiscernibility relation

[x]B [x]B={x ∈ X | x′ ∼B x},elementary granule (class)

O/∼B O/∼B= {[x]B|x ∈ O},quotient set

ξB Partition ξB = O/∼B

∆ψi ∆ψi = ψi(x
′
)−ψi(x),probe function difference.

Definition 2.1. [15] Let x,x
′ ∈ O, B⊆ F. Then

∼B= {(x,x
′
) ∈ O×O|∀ψi ∈ B,∆ψi = 0}

is called the indiscernibility relation on O,where the description length i≤ |ψ|.

Definition 2.2. [15] Let B ⊆ F be a set of functions representing features of

objects x,x
′ ∈ O. Objects x,x

′
are called minimally near each other if there exists

ψi ∈ B such that x∼{ψi} x
′
,∆ψi = 0.

Definition 2.3. [15]

Let X ,X
′ ⊆ O,B ⊆ F. Set X is near X

′
if and only if there exists x ∈ X ,x

′ ∈ X
′
,

ψi ∈ B such that x∼ψi x
′
.
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Remark 2.4. [15] If X is near X
′
, then X is a near set relative to X

′
and X

′
is a

near set relative to X.

Definition 2.5. [15] Let X ⊆ O and x,x
′ ∈ X. If x is near x

′
, then X is called a

near set relative to itself or the reflexive nearness of X.

Theorem 2.6. [15] The objects in a class [x]B ∈ ξB are near objects.

Definition 2.7. [15] Let (O,F,∼Br ,Nr,νNr) be a nearness approximation space

and let ”·” be a binary operation defined on O. Let X ⊆ O and Br ⊆ F,r ≤ |B|. An

indiscernibility relation∼Br on O is called a complete indiscernibility relation∼Br

on perceptual objects O, if [x]Br [y]Br = [xy]Br for all x,y ∈ X.

A nearness approximation space (NAS) is a tuple NAS=(O,F,∼Br ,Nr,νNr) where

the approximation space NAS is defined with a set of perceived objects O, set of

probr functions F representing object features, indiscernibility relation∼Br , defined

relative to Br ⊆B⊆ F collection of partitions (families of neighbourhoods Nr(B),

and overlap function νNr .

Theorem 2.8. [3] Let (O,F,∼Br ,Nr,νNr) be a nearness approximation space

and X ,Y ⊂ O, then the following statement hold;

(1) Nr(B)∗(X)⊆ X ⊆Nr(B)∗(X)

(2) Nr(B)∗(X ∪Y ) =Nr(B)∗(X)∪Nr(B)∗(Y )

(3) Nr(B)∗(X ∩Y ) =Nr(B)∗(X)∩Nr(B)∗(Y )

(4) X ⊆ Y implies Nr(B)∗(X)⊆Nr(B)∗(Y )

(5) X ⊆ Y implies Nr(B)∗(X)⊆Nr(B)∗(Y )

(6) Nr(B)∗(X ∪Y )⊇Nr(B)∗(X)∪Nr(B)∗(Y )

(7) Nr(B)∗(X ∩Y )⊆Nr(B)∗(X)∩Nr(B)∗(Y )

Definition 2.9. [19] A topological group is a group (G,∗) together with a topol-

ogy on G that satisfies the following two properties:
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(1) The mapping f : G×G→ G defined by f (x,y) = xy is continuous when G is

endowed with the product topology.

(2) The inverse mapping g : G→ G defined by g(x) = x−1 is continuous

We remark that item (1) is equivalent to the statement that, whenever W ⊆G is open,

and W ∈ N(x1x2), then there exists open sets V1 and V2 such that V1 ∈ N(x1);V2 ∈

N(x2) and V1V2 = {x1x2/x1 ∈ V1;x2 ∈ V2} ⊆W. Also, item (2) is equivalent to

showing that whenever V ⊆ G is open, then V−1 = {x−1|x ∈V} ∈N(x−1) is open.

Let G be a topological group and let H be a subgroup of G. Then H becomes a

topological group when endowed with the topology induced by G.

Definition 2.10. [3] Let NAS=(O,F,∼Br ,Nr,νNr), be a nearness approximation

space and let · be a binary operation defined on O. A subset G of perceptual objects

O is called a near group if the following properties are satisfied

(1) ∀x,y ∈ G,x · y ∈Nr(B)∗G

(2) ∀x,y,z ∈ G,(x · y) · z = x · (y · z) property holds in Nr(B)∗G.

(3) ∃e ∈ Nr(B)∗G such that ∀x ∈ G,x · e = e · x = x,e is called the near identity

element of the group G.

(4) ∀x ∈G,∃y ∈G such that , x ·y = y ·x = e,y is called the near inverse element of

x in G.

Proposition 2.11. [3] Let G be a near group

(1) ∀x,y ∈ H,x · y ∈Nr(B)∗H

(2) ∀x ∈ H,x−1 ∈ H

(3) There is one and only one identity element in near group G.

(4) ∀x ∈ G, there is only one y such that x · y = y · x = e; we denote it by x−1.

(5) (x−1)−1 = x.

(6) (x · y)−1 = y−1 · x−1.

Proposition 2.12. [3] Let G be a near group. For all a,x,x
′
,y,y

′ ∈ G

(1) If a · x = a · x−1 then x = x
′
.

(2) If y ·a = a · y−1 then y = y
′
.
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Definition 2.13. [3] A nonempty subset H of a near group G is called its sub

neargroup, it it is itself a near group with respect to the operation (·).

The only guaranteed trivial sub neargroup of near group G is G itself. A necessary

and sufficient condition for {e} to be a trivial sub neargroup G is e ∈ G.

Definition 2.14. [3] A necessary and sufficient condition for a subset H of anear

group G to be a sub neargroup is that:

(i) ∀x.y ∈ H,xy ∈Nr(B)∗H,

(ii) ∀x ∈ H,X−1 ∈ H.

Definition 2.15. [3] A sub neargroup N of a near group G is called a normal sub

neargroup if a ·N =N ·a for all a ∈ G.

3 Topological Near Group

Definition 3.1. A topological near group is a near group (G,∗) together with a

topology τ on Nr(B)
∗G satisfying the following two properties,

(a) f : G×G→ Nr(B)
∗G defined by f (a,b) = ab is continuous with repect to prod-

uct topology on G×G and the topolgy τG on G induced by τ .

(b) g : G→ G defined by g(a) = a−1 is continuous with respect to the topology τG

on G induced by τ .

(a) is equivalent to the statement that T ⊆ Nr(B)
∗G is open and T ∈ N(a1,a2),∃

open sets E1 ⊆G and E2 ⊆G such that E1 ∈ N(a1),E2 ∈ N(a2) and E1E2 = {a1a2 :

a1 ∈ E1;a2 ∈ E2 ⊆ T} ⊆ T.

(b) is equivalent to the statement that whenever E ⊆G is open then E−1 = {a−1|a∈

E} ∈ N(a−1) is open.

Example 3.2. Let X = {0,1,2,3} be a set of perceptual objects,B= {ψ1,ψ2,ψ3}be

a set of functions with respect to addition modulo 4 and (∗) be a binary operation.
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Sample values of the probe function {ψi} are defined as,

ψ1 : X →V1de f inedbyψ1(n) = n(n−1) ∀n ∈ X

ψ2 : X →V2de f inedbyψ2(n) = n(n−1)(n−2) ∀n ∈ X

ψ3 : X →V3de f inedbyψ1(n) = n(n−1)(n−2)(n−3) ∀n ∈ X

0 1 2 2

ψ1 0 0 2 6

ψ2 0 0 0 6

ψ3 0 0 0 0

Let us construct the equivalence classes for each combination, these equivalence

classes are defined as

[0]{ψ1} ={x′ ∈ X |ψ1(x
′
) = ψ1(0) = 0},

= {0,1}

[2]{ψ1} ={x′ ∈ X |ψ1(x
′
) = ψ1(2) = 2},

= {2}

[3]{ψ1} ={x′ ∈ X |ψ1(x
′
) = 3},

= {3}

Hence we have ξ{ψ1} = {[0]{ψ1}, [2]{ψ1}, [3]{ψ1}

[0]{ψ2} ={x′ ∈ X |ψ2(x
′
) = ψ2(0) = 0},

= {0,1,2}

[3]{ψ2} ={x′ ∈ X |ψ2(x
′
) = ψ2(3) = 3},

= {3}

Thus ξ{ψ2} = {[0]{ψ2}, [3]{ψ2}

[0]{ψ3} ={x′ ∈ X |ψ3(x
′
) = ψ3(0) = 0},

= {0,1,2,3}

Therefore as ξ{ψ3} = {[0]{ψ3}}
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Therefore , for r = 1 a classification of X is

N1(B) = {{ξ{ψ1},{ξ{ψ2}},{ξ{ψ}}} Then,

N1(B)∗S =
⋃

x:[x]ψi∩S 6= /0
[x]{ψi}

= {{0,1}∪{2}∪{3}∪{0,1,2}∪{3}∪{0,1,2,3}}

= {0,1,2,3}

From Definition

(1) ∀a,b ∈ G,ab ∈ Nr(B)∗(G)

(2) The Property ∀a,b,c ∈ G,(a ·b) · c = a · (b · c) holds in Nr()
∗(G)

(3) ∃0 ∈ Nr(B)∗(G) such that ∀a ∈ G,a ·0 = 0 ·a = a

(4) ∀a ∈ G,∃b ∈ G such that a ·b = b ·a = e(b is called a near inverse of a in G)

G is a near group

Let τ = { /0,Nr(B)∗(G),{1},{2},{3},{2,3},{1,3},{1,2},{1,2,3}}on Nr(B)∗(G)

Then, τG = { /0,G,{1},{2},{3},{2,3},{1,3},{2,3}} is the relative topologyon G

From Def (3.1)

(a) 1∗1 = 2, for T ∈ N(2)⊆ τ, there exist open set

U = {1} ∈ N(1)⊆ τG, such that UU ⊆ T

2∗2 = 0, for T ∈ N(0)⊆ τ , there exist open set

U = {2} ∈ N(2)⊆ τG, such that UU ⊆ T

3∗3 = 2, for T ∈ N(2)⊆ τ , there exist open set

U = {3} ∈ N(3)⊆ τG, such that UU ⊆ T

2∗3 = 1, for T ∈ N(1)⊆ τ , there exist open set

U = {2} ∈ N(2)⊆ τG,and

V = {3} ∈ N(3)⊆ τG such that UV ⊆ T

1∗3 = 0, for T ∈ N(0)⊆ τ , there exist open set

U = {1} ∈ N(1)⊆ τG,and

V = {3} ∈ N(3)⊆ τG such that UV ⊆ T

1∗2 = 3, for T ∈ N(3)⊆ τ , there exist open set

U = {1} ∈ N(1)⊆ τG,and
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V = {2} ∈ N(2)⊆ τG such that UV ⊆ T

1∗2∗3 = 2, for T ∈ N(2)⊆ τ , there exist open set

U = {1} ∈ N(1)⊆ τG, V = {2} ∈ N(2)⊆ τG,and

W = {3} ∈ N(3)⊆ τG such that UVW ⊆ T

(b) {1}−1 = {3} is open

{2}−1 = {2} is open

{3}−1 = {1} is open

{2,3}−1 = {2,1} is open

{1,3}−1 = {3,1} is open

{1,2}−1 = {3,2} is open

Therefore G is a topological near group.

Proposition 3.3. Let G be a topological near group. If G =Nr(B)∗G, then G is

topological group.

Proof. Let G be a topological near group and G =Nr(B)∗G

(1) we have ∀a,b ∈ G, a ·b ∈ Nr(B)∗G = G

(2) ∀a,b,c ∈ G; (ab)c = a(bc), association property holds in Nr(B)∗G = G

(3) ∃0 ∈Nr(B)∗G such that ∀a ∈ G,a ·0 = 0 ·a = a (0 is the near identity element

of the near group G. As Nr(B)∗G = G,0 ∈ G)

(4) ∀a ∈ G,∃b ∈ G such that a ·b = b ·a = e (b is called a near inverse of a in G)

Therefore G is a group.

Since G is a topological near group and G =Nr(B)∗G, we have the maps

(a) f : G×G→ G defined by G f (a,b) = ab is continuous

(b) g : G→ G, defined by a = a−1 is continuous

Hence G is a topological group.

Definition 3.4. Let G be a topological near group. For a fixed element a in G,

we define
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(i) A mapping La : G→Nr(B)∗G which is defined by La(x) = ax is called left trans-

formation from G into Nr(B)∗G.

(ii) A mapping Ra : G→ Nr(B)∗G which is defined by Ra(x) = xa is called right

transformation from G into Nr(B)∗G.

Proposition 3.5. Let G be a topological near group and fix a ∈ G. Then,

(i) The map La : G→Nr(B)∗G defined by La(x) = ax is one - to - one and continu-

ous, for every x ∈ G.

(ii) The map Ra : G→Nr(B)∗G defined by Ra(x) = xa is one - to - one and contin-

uous, for every x ∈ G.

(iii) The map f : G→G defined by f (a) = a−1is a homeomorphism for every a∈G.

Proof. (i) For every x1,x2 ∈ G,

La(x1) = La(x2)

⇒ ax1 = ax2

⇒ a−1(ax1) = a−1(ax2)

⇒ (a−1a)x1 = (a−1a)x2

⇒ x1 = x2

Hence La is one - to - one.

LetT ∈ N(ax) ⊆ Nr(B)∗G.By defined of topological near group ∃U ∈ N(a) ⊆ τG

and V ∈ N(x) ⊆ τG such that UV ⊆ T . Since aV ⊆ UV ⊆ T . La(V ) = aV ⊆ T .

Therefore La is continuous on x. Since x is an arbitrary element of G, then La is

continuous on G.

(ii) For every x1,x2 ∈ G,

Ra(x1) = Ra(x2)

⇒ x1a = x2a

⇒ (x1a)a−1 = (x2a)a−1

⇒ x1(aa−1) = x2(aa−1)

⇒ x1 = x2
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Hence Ra is one - to - one.

LetT ∈ N(xa) ⊆ Nr(B)∗G.By defined of topological near group ∃U ∈ N(a) ⊆ τG

and V ∈ N(x) ⊆ τG such that UV ⊆ T . Since Va ⊆ UV ⊆ T . Ra(V ) = Va ⊆ T .

Therefore Ra is continuous on x. Since x is an arbitrary element of G, then Ra is

continuous on G.

(iii) The map f : G→G defined by f (a) = a−1 is one-to-one and onto, sine inverse

element is unique in a group G. By definition of topological near group f is contin-

uous. The continuity of the inverse mapping f−1 : G→G defined by, f−1(a) = a−1

also holds good.

Therefore f is a homeomorphism.

Remark 3.6. The map La and Ra defined previously are not onto. Further-

more,the maps La and Ra are not open.Let G = {1,2,3},

τ = { /0,Nr(B)∗(G),{1},{2},{3},{1,3},{1,2},{2,3},{1,2,3}} and,

τG = { /0,G,{1},{2},{3},{1,3},{1,2},{2,3}} from the Example 3.2 2 ∈ G and

V ∈ {2} ⊆ τG. Thus V ⊆ τG is open, but then L2({2}) = 2+2 = {0} is not open in

τ .

Proposition 3.7. Let G be a topological near group and V ⊆ G. Then V is open

(Closed)⇔V−1 is open (Closed).

Proof. Let V be open in G. By Proposition 3.5, f : G→G defined by f (a) = a−1is

a homeomorphism. (i.e) f : G→G and f−1 : G→G are continuous. f (V ) =V−1is

open in G. Similarly, if V−1 is open ⇒ f−1(V−1) = V is open in G. Hence V is

open in G⇔V−1 is open in G.

Proposition 3.8. Let G be a topological near group. Let G,{e} ∈ Nr(B)∗G be

an open subsets of Nr(B)∗G.

(i) If e ∈ G,{e}∩G = {e} ⊆ τG. Therefore {e} is open in space G.

(ii) If e /∈ G,then there exists an open subset V ⊆ G such that V =V−1
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Proof. (i) Let e ∈ G. Since f : G×G→Nr(B)∗G is continuous. f−1({e}) is open

in G×G and ee = e ∈ {e} ∈ τ.∃ open sets V1,V2 ∈ G with e ∈ V1,e ∈ V2 with

V1V2 ⊆ {e} ∈N{e}.

(ii) Let e /∈ G. Since G is a topological near group and {e} ⊆ Nr(B)∗G is an open

subset, then from definition of topological near group f−1({e}) is open in G×G.

So ∀a,b ∈ G,ab = e,∃ open sets V1 ∈ N(a) and V2 ∈ N(b) such that V1V2 ⊆ {e} ∈

N{e}.

Proposition 3.9. Let G be a topological near group and T ⊆ Nr(B)∗G be an

open subset with e ∈ T . Then there exists an open set V , with e ∈ V such that

V =V−1 and VV ⊆ T .

Proof. Since f : G×G→ Nr(B)∗G is continuous, f−1(T ) is open in G×G and

ee = e ∈ T ∈ τ. Hence, there exists open sets V1,V 2 ∈ τG with e ∈ V1,e ∈ V2 such

that V1V2⊆ T.V−1
1 ,V−1

2 are open, by Proposition 3.7. hence V =V1∩V2∩V−1
1 ∩V−1

2

is also open. Thus e ∈V,V =V−1 and VV ⊆V1V2 ⊆ T .

4 Topological sub neargroup and topological normal

sub neargroup

In this section we introduce the concept of topological sub neargroup and topologi-

cal normal sub neargroups. We consider the relative topology on a sub neargroup

Definition 4.1. Let G be a topological near group and let A be a subgroup of G.

Then, A is called a topological sub neargroup of G if

(1) fA : A×A→Nr(B)∗A defined by fA(a,b) = ab is continuous where the topology

on Nr(B)∗A is topology induced by Nr(B)∗G.

(2) gA : A→ A defined by gA(a) = a−1 is continuous.
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Proposition 4.2. Let A1 and A2 be two topological sub neargroups of the topo-

logical near group G. A sufficient condition for intersection of two topological sub

neargroups of a topological neargroup to be a topological sub neargroup is

Nr(B)∗(A1)∩Nr(B)∗(A2) =Nr(B)∗(A1∩A2).

Proof. Suppose A1 and A2 are two topological sub neargroups of G. It is obvious

that A1∩A2⊂G. Let a,b∈ A1∩A2, Because A1 and A2 are sub neargroups, we have

ab∈Nr(B)∗(A1),ab∈Nr(B)∗(A2) and a−1 ∈A1,b−1 ∈A2, i.e. ab∈Nr(B)∗(A1)∩

Nr(B)∗(A2) and a−1 ∈A1∩A2. Assuming Nr(B)∗(A1)∩Nr(B)∗(A2)=Nr(B)∗(A1∩

A2), we have ab ∈Nr(B)∗(A1∩A2) and a−1 ∈ A1∩A2. Thus A1∩A2 is a sub near-

group of G.

Proposition 4.3. If f : G×G→Nr(B)∗G defined by f (a,b) = ab is continuous,

and A is a sub neargroup of G. Then its restriction fA : A×A→ Nr(B)∗A defined

by fA(a,b) = ab is continuous.

Proof. Let T ⊆Nr(B)∗A be open, and T ∈NA(a,b). Then T = T ′∩A,T ′ is open in

Nr(B)∗G and T ′ ∈NG(a,b). For every V ′1 ∈NG(a) and V ′2 ∈NG(b)⇒V ′1V ′2 ⊂ T ′.

Therefore f is continuous. V ′1 ∩A = V1 ∈ NA(a) and V ′2 ∩A = V2 ∈ NA(b).V1V2 =

(V ′1∩A)(V ′2∩A)∈NA(a,b). Also V1V2⊆Nr(B)∗A.V1V2 =(V ′1∩A)(V ′2∩A)⊆V ′1V ′2∩

A⊂ T ′∩A = T. Therefore fA : A×A→Nr(B)∗A is continuous.

Proposition 4.4. If g : G→G defined by g(a) = a−1 is continuous and A is a sub

neargroup of G. Then its restriction gA : A→ A defined by gA(a) : a−1 is continuous.

Proof. Since g is continuous, g|A is continuous by proposition 3.7.

Proposition 4.5. Let G be a topological near group. Then every sub neargroup

A of G with relative topology is a topological sub neargroup.

Proof. Since the restriction mapping f : G×G→Nr(B)∗G, fA : A×A→Nr(B)∗A

and inverse mapping gA : A→ A defined by gA(a) = a−1 are continuous (by Propo-

sition 4.3 and 4.4). Hence A is a topological sub neargroup of G.
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Proposition 4.6. Let A1 and A2 are two topological sub neargroup of the topo-

logical near group G with (Nr(B)∗A1)(Nr(B)∗A2) =Nr(B)∗(A1A2). Then A1A2 is

a topological sub neargroup of the topological near group G iff A1A2 = A2A1 where

A1A2 = {a1a2|a1 ∈ A1,a2 ∈ A2}

Proof. ⇒ Let A1 A2 be a topological sub neargroup of G. We prove that A1A2 =

A2A1. Suppose that a2a1 ∈ A2A1 Then (a2a1)
−1 = a−1

1 a−1
2 ∈ A1A2 since A1A2 is

a sub neargroup then, (a−1
1 a−1

2 )−1 = a2a1 ∈ A1A2 thus A2A1 ⊆ A1A2. Again sup-

pose that x ∈ A1A2. Since A1A2 is a sub neargroup, x−1 = a1a2 ∈ A1A2, where

a1 ∈ A1 and a2 ∈ A2. Thus (x−1)−1 = a−1
2 a−1

1 ∈ A2A1 so A1A2 ⊆ A2A1. Conse-

quently A1A2 = A2A1.

⇐ Let A1A2 = A2A1 we prove that A1A2 be a topological sub neargroup of G. Sup-

pose that a1a2,b1b2 ∈ A1A2. Then

(a1a2)(b1b2) = a1(a2b1)b2

= a1(b1a2)b2

= (a1b1)(a2b2)

∈Nr(B)∗A1Nr(B)∗A2

Since Nr(B)∗A1Nr(B)∗A2 =Nr(B)∗A1A2 we have (a1a2)(b1b2) =Nr(B)∗(A1A2).

Since associativity holds in A1 and A2, it holds good in A1A2 also e ∈ A1,e ∈ A2⇒

e · e = e ∈ A1A2. Let a1a2 ∈ A1A2. Then, (a1a2)
−1 = a−1

2 a−1
1 ∈ A2A1. But A1A2 =

A2A1 so (a1a2)
−1 ∈ A1A2. Thus A1A2 is a sub neargroup.

Definition 4.7. A topological sub neargroup N of a topological near group G is

called a topological normal sub neargroup if, for all a ∈G, a ·N = N ·a where ′·′ is

the binary operation in G.

Proposition 4.8. A necessary and sufficient condition for a topological sub near-

group N of a topological near group G to be a topological normal sub neargroup is
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that

a ·N ·a−1 = N for all a ∈ G

Proof. Suppose N is topological normal sub neargroup of G. By definition 4.7

∀a ∈ G we have a ·N = N ·a

This implies (a ·N) ·a−1 = (N ·a)a−1

a ·N ·a−1 = N(a ·a−1)

a ·N ·a−1 = N

Suppose N is a topological sub neargroup of G and for all a ∈ G,a ·N ·a−1 = N.

Then (a ·N · a−1) · a = N · a i.e a ·N = N · a. Thus N is a topological normal sub

neargroup of G.

Proposition 4.9. If A1 and A2 are two topological normal sub neargroups of

the topological near group G with (Nr(B)∗A1)(Nr(B)∗A2) = Nr(B)∗(A1A2). Let

A1A2 = A2A1 then A1A2 is a topological normal sub neargroup of the topological

near group G.

Proof. By proposition 4.6, A1A2 is a topological sub neargroup of G. Then sub

neargroup a(A1A2) = a(A1)A2 = (A1a)A2⇒ A1(aA2) = A1(A2a) = (A1A2)a,∀a ∈

G. Hence A1A2 is a topological sub neargroup of G.

Proposition 4.10. A necessary and sufficient condition for a topological sub

neargroup N of the topological near group G to be a topological normal sub near-

group is that a ·n ·a−1 ∈ N for all a ∈ G and n ∈ N

Proof. Necessary that N is a topological normal sub neargroup of the topological

near group G. We have, a ·N ·a−1 = N for all a ∈ G For any n ∈ N,a ·n ·a−1 ∈ N.

Sufficiency N is a topological sub neargroup of the topological near group G. Sup-

pose a · n · a−1 ∈ N for all a ∈ G and n ∈ N. To prove that a ·N = N · a. Let

x∈ a ·N. Therefore x = an for some n∈N ·x = (a ·n ·a−1)a∈N ·a,a ·N ⊆N ·a. Let

x∈N ·a. Therefore x=N ·a for some n∈N. x= a(a−1 ·n ·a) = a(a−1 ·n(a−1)−1)∈
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a ·N,N ·a⊆ a ·N, so N ·a = a ·N. Thus N is a topological normal sub neargroup of

G.

5 Conclusion

In this paper the topological space is endowed with the algebraic structure called

near group to form a new structure called topological near group. This structure

is a generalization of topological group. Having obtained this structure, efforts

have been made to get the similar existing algebraic results out of it. Wherever

possible, some new hypothesis are introduced to get matching results as abstract

algebra. Further scope is to define homomorphisms on this sturcture and develop

its properties.

References

[1] R. Biswas and S. Nanda, Rough groups and rough subgroups, Bull. Pol. Acad.

Sci. Math. 42 (1994) 251-254.

[2] B. Davvaz, Roughness in rings, Inform. Sci. 164 (2004) 147-163.

[3] E. Inan and M. A. Ozturk, Near groups on nearness approximation spaces,

Hacet. J. Math. Stat. 41(4) (2012) 545-558.

[4] E. Inan and M. A. Ozturk, Erratum and notes for near groups on nearness

approximation spaces, Hacet. J. Math. Stat. 43(2) (2014) 279-281.

[5] T. B. Iwinski, Algebraic approach to rough sets, Bull. Pol. Acad. Sci. Math 35

(1987) 673- 683.

[6] N.Kuroki, P.P.Wang, The lower and upper approximation in a fuzzy group,

Information Sciences 90(1996)203-220.



18

[7] M. A. Ozturk, M. Uckun and E. Inan, Near group of weak cosets on nearness

approximation spaces, Fund. Inform. 133 (2014) 433-448.

[8] Z. Li,T.Xie, and Q.Li, Topological structure of generalized rough sets, Comput

Math.with Appl.63(2012)1066-1071.

[9] D. Miao,S.Han, D.Li, and L.Sun, Rough Group, Rough Subgroup and

their properties, D. Slkezak et al Springer-Verlag Berlin Heidelberg,

(Eds):RSFDGrC 2005,LNAI 3641, (2005)104-113

[10] A.F.Ozcan, N. Bagirmaz, H. Tasbozan, i. icen, topologies and Approximation

Operators Induced by Binary Relations IECMSA-2013, Sarajevo, Bosnia and

Herzegovina, August 2013.

[11] Z. Pawlak, Rough Sets, Int. J. Comput. Inform. Sci. 11(5) (1982) 341-356.

[12] Z. Pawlak, Classcification of objects by means of attributes, Institute of Com-

puter Science, Polish Academy of Sciences, Research Report PAS 429 1981.

[13] Z. Pawlak, Rough sets and intelligent data analysis, Inform. Sci.147 (2002)1-

12.

[14] Pawlak, Z., Peters, J.F. and Blisko, J. How near, Systemy Wspomagania De-

cyzji I 57 (109),2002-2007.

[15] J. F. Peters, Near Sets. General theory about nearness of objects, Applied

Mathematical Sciences 1(53-56) (2007) 2609-2629.

[16] J. F. Peters, Near sets, Special theory about nearness of objects, Fund. Inform.

75(1-4) (2007) 407-433.

[17] J. F. Peters, Classification of perceptual objects by means of features, Int .j.

Info. Techmol Intell. Comput.3(2),1-35,2008.



19

[18] L. Polkowski and A. Skowron, Eds., Rough Sets and Current Trends in Com-

puting, Vol.1424,Springer, Berlin, Germany, 1998.

[19] Pontryagin, Lev. S., Topological groups, Princeton Univ. Press (Translated

from Russian) 1958.

[20] A.Skowron, on the topology in information systems, Bull.Polish

Acad,Sci.Math.36 (1988) 477-480.

[21] M.L. Thivagar, C.Richard, and N.R.Paul, Mathematical Innovations of a Mod-

ern Topology in Medical Events,Internat.J.Inform.Sci. 2 (4) (2014) 33-36.

[22] A. Wiweger, On topological rough sets, Bull. Polish Acad. Sci. Math.

37(1988) 51-62.


