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Abstract 

The cohesive energies of 3-dimensional (3-D) topological insulators bismuth 
antimony (BiSb) and bismuth selenide (Bi2Se3) were calculated. The Fritz 
Haber Institute Ab-initio molecular simulations (FHI-aims) code was employed 
for this calculation.  The output files of the FHI-aims code were used during the 
computation and the total energies at each number of iterations for single free 
atoms and bulk were then calculated. The results from this work revealed that 
bismuth atom becomes stable at 3rd iteration meanwhile both selenium and 
antimony atoms gain stability at the 5th iteration. The results also showed that 
bismuth antimony acquire stability at the 3rd iteration and bismuth selenide gain 
stability at 9th iteration. This implies that among the free atoms studied in this 
work bismuth atom is more stable and for the bulk bismuth antimony is more 
stable. The cohesive energies of BiSb and Bi2Se3 were calculated using the 
optimized parameters. The results obtained from this work compared reasonably 
well with experimental results and have little percentage errors of 1.30% for 
bismuth antimony and 29.55% for bismuth selenide. The deviation observed in 
this work may be due to the DFT calculation of the solid rather than the atoms 
themselves. 
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1. INTRODUCTION 

 The electrical conductor, insulator, semiconductor, and the 
superconductor were the first electronic phase of matter to be defined. Recent 
work has, however, discovered a new electronic phase called a topological 
insulator. The most exciting thing about this new electronic phase is the 
behaviour. Materials in this new phase behave strangely. The topological 
insulator can insulate on the inside but conduct on the outside. This new 
electronic phase of matter are said to be materials with non-trivial symmetry 
protected topological order that behaves as an insulator in its interior but whose 
surface contains conducting states [1]. The materials in this phase are unique in 
the sense that the conducting electrons arrange themselves into spin-up 
electrons travelling in one direction, and spin-down electrons travelling in the 
other. This imply that electrons can only move along the surface of the material. 

 The conducting surface possessed by topological insulator is however not 
unique to them only, ordinary band insulators also support conductivity on the 
surface states. The only distinctive thing about topological insulators is that 
their surface states are symmetry protected by particle number of conservation 
and time reversal symmetry [2-4]. 

 In the bulk of a non-interacting topological insulator, the electronic band 
structure resembles an ordinary band insulator, with the Femi level falling 
between the conduction and valence bands. On the surface of a topological 
insulator there are special states that fall within the bulk energy gap and allow 
surface metallic conduction. Carriers in these surface states have their spin 
locked at a right-angle to their momentum (spin-momentum locking). At a 
given energy the only other available electronic states have different spin, so the 
U-turn scattering is strongly suppressed and conduction on the surface is highly 
metallic. Non-interacting topological insulators are characterized by an index 
known as the Z2 topological invariants similar to the genus in topology [5]. 

 The protected conducting states in the surface are required by time-
reversal symmetry and the band structure of the material. The states cannot be 
removed by surface passivation if it does not break the time-reversal symmetry, 
which does not happen with potential or spin-orbit scattering but happens in 
case of true magnetic impurities such as spin- scattering [6]. 

 Topological insulators have a rather unusual history because unlike 
almost every other exotic phase of matter, topological insulators were 
characterized theoretically before being discovered experimentally. This new 
electronic phase of matter was discovered in 2007 experimentally. The first 
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realized 3D topological state (symmetry-protected surface states) discovered 
experimentally in bismuth-antimony (BiSb) [7]. Shortly thereafter symmetry-
protected surface states were discovered in pure antimony (Sb), bismuth 
selenide (Bi2Se3), bismuth telluride (Bi2Te3) and antimony telluride (Sb2Te3) 
[8]. 

 Today, many semiconductors within the large family of Heusler materials 
are now believed to exhibit topological surface states [9]. In some of these 
materials Femi level actually falls in either the conduction or valence bands due 
to naturally occurring defects and must be pushed into the bulk gap by doping 
or gating [10]. 

 This recent discovery did draw the attention of many Solid-State 
Physicists. A related topological property known as the quantum Hall effect had 
already been found in 2D ribbons in the early 1980s but the discovery of the 
first example of a 3D topological phase reignited that earlier interest. Given that 
the 3D topological insulators are fairly standard bulk semiconductors and their 
topological characteristics can survive to high temperatures [11]. Other notable 
research on topological insulators is in energy generation of electricity by 
converting thermal gradients occurring naturally or from waste heat sources into 
useful electrical energy [12] and Raman Spectroscopy determination of Debye 
temperature and atomic cohesive energy [13]. In this work however, the 
researchers intend to calculate the cohesive energies of bismuth selenide 
(Bi2Se3) and bismuth antimony (BiSb) using density functional theory. 

 Cohesive energy is amount of energy involved when a crystalline solid is 
formed from infinity separated atoms or the amount of energy required to 
separate atoms in a crystalline solid to infinite distance. In Physics however, 
cohesive energy means the difference between the average energy of the free 
atoms and that of the atoms of a solid especially a crystal. It is the quantity 
which determines the structure, because different possible structures would have 
different cohesive energies [14]. The magnitude of cohesive energy also tells us 
about the stability and chemical reactivity of solids.  

2. THEORETICAL FRAMEWORK 

 Density Functional Theory (DFT) is a computational quantum 
mechanical modelling method used in Physics, Chemistry and material science 
to investigate the electronic structure (especially the ground state) of many-body 
systems, in particular atoms, molecules, and the condensed phase. Applying this 
theory, the properties of a many-electron, which in this case is the spatially 
dependent electron density. DFT has been the dominant method for quantum 
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mechanical simulation of periodic systems. In recent years it has also been 
adopted by quantum chemistry and is now very widely used for simulation of 
energy surfaces in molecules [15]. 

 Traditional methods in electronic structure theory, particularly the 
Hatree-Fock theory and its descendants are based on the complicated many-
electron wave function. The main objective of DFT is to replace the many-body 
electronic wave function with the electronic density as the basic quantity. 
Thereby making many-body wave function dependent on 3N variables, three 
special variables for each of the N electrons, the density is only a function of the 
three variables and is simpler to deal with both conceptually and practically 
[16]. 

2.1. The Hohenberg-Kohn Theorem 

 The Hohenberg –Kohn (H-K) theorem states that the electrons density of 
any system determines all ground-state properties of the system. In this case the 
total ground state energy of a many-electron system is a function of the density. 

 The theory assumes a system of N-interacting electrons under an external 
potential	ܸ(ݎ). This potential is usually the coulomb potential of the nuclei. If 
the system has a non-degenerate ground state, it is obvious that there is only one 
ground state charge density that corresponds to a given ܸ(ݎ). Hohenberg and 
Kohn demonstrated that there is only one external potential ܸ(ݎ) that yields a 
given ground state charge density ݊(ݎ).  

 Hohenberg and Kohn demonstrated that for many-electron Hamiltonian 
ܪ = ܶ + ܷ + ܸ, with ground state wave function, ߰. Whereas ܶ,ܷ,ܸ are the 
kinetic energy, electron-electron interaction and the external potential 
respectively. The charge density ݊(ݎ) is defined by: 

(ݎ)݊ = ܰ ∫ห߰൫ݎଵ,ݎଶ,ݎଷ … ே൯หݎ
ଶ
 ே    (1)ݎ݀.ଶݎ݀

Differentiating the Hamiltonian ܪᇱ = ܶᇱ + ܷᇱ + ܸᇱ. The potential ܸ and its 
derivatives ܸᇱ does not differ by a constant. That is to say ܸ − ܸᇱ ≠ constant 
with the ground state wave function ψ. 

 Assuming that the ground state charge densities are the same (i.e. 
݊[ܸ] = ݊ᇱ[ܸᇱ]. The following inequality will hold [17-18]. 

ܧ < ⟨߰ᇱ|ܪ|߰ᇱ⟩ = ⟨߰ᇱ|ܪᇱ|߰ᇱ⟩+ ⟨߰ᇱ|ܪ −  ᇱ|߰ᇱ⟩   (2)ܪ

ܧ < ᇱܧ + ⟨߰ᇱ|ܶ + ܷ + ܸ − ܶ − ܷ − ܸᇱ|߰ᇱ    (3) 

This implies that 
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ܧ < ᇱܧ + (ݎ)݊∫ {ܸ − ܸᇱ}݀(4)      ݎ 

The reverse relation of equation (4) will now be 

ᇱܧ < ܧ − ܸ}(ݎ)݊∫ − ܸᇱ}݀(5)      ݎ 

Adding equation (4) and equation (5) gives 

ܧ + ᇱܧ < ᇱܧ +  Contradiction!      (6)   ܧ

The inequality in the above equation is strict because ψ and ߰ᇱ are different, 
being eigen state of different Hamiltonian. Reversing the prime and unprime 
quantities, one obtain an inconsistent result. This showed that no two potentials 
can have the same density. The first Hohenberg-Kohn theorem that has a 
straight forward consequence is that of the ground state energy E. The theory 
also uniquely determined by the ground state charge density. It is a function of 
density [19] [(ݎ)݊]ܧ and can be written mathematically as: 

[(ݎ)݊]ܧ = (߰|ܶ + ܷ + ܸ|߰) = (߰⌈ܶ + ܷ⌉߰) + (߰|ܸ|߰) = [(ݎ)݊]ܨ +  (7) ݎ݀(ݎ)ܸ(ݎ)݊∫

 also (ݎ)ܸ but not of (ݎ)݊ is a universal function of the charge density [(ݎ)݊]ܨ
known as the H-K functional [20]. For this functional variation principle holds 
and the ground state energy is minimized by the ground state charge density. In 
this way, the DFT exactly reduces the N-body problem to determine a 3-
dimensional function ݊(ݎ) which minimizes a functional	[(ݎ)݊]ܧ. 

2.2. The Kohn-Sham (KS) Equations 

Kohn and Sham in 1965 reformulated the problem in a more familiar form and 
opened up the practical application of DFT. Here, the system of interacting 
electrons is mapped onto a fictitious system of non-interacting electrons having 
the same charge density ݊(ݎ). K-S represented the ground state energy charge 
density by a system of non-interacting electrons over one-electron orbitals also 
known as K-S orbitals ߰௜ as: 

(ݎ)݊ = 2∑ |߰௜(ݎ)|ଶ௜       (8) 

Where ݅ runs from 1 to ே
ଶ
. If we assume a double occupancy of all states and 

Kohn-Sham orbitals are solutions to the Schrodinger equation 

(ݎ)௜߰௜ܧ = ቆ− ћమ

ଶ௠
∇ଶ + ௞ܸ௦(ݎ)ቇ߰௜(ݎ)    (9) 

Where m is the electron mass. Obeying orthogonality constraints we write: 

∫߰௜∗(ݎ)߰௝(ݎ)݀ݎ =  ௜௝      (10)ߜ
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The existence of a unique potential ௞ܸ௦(ݎ) having ݊(ݎ) as its ground state 
charge density is a consequence of the Hohenberg and Kohn theorem which 
holds irrespective of the form of the electron-electron interaction U. 

3. METHOD  

 The main task in the DFT method is the computation of the total energy 
and derived quantities of molecules and solids of condensed matter in its 
electronic ground state [21]. To calculate the cohesive energies of bismuth 
selenide and bismuth antimonite, the ground state total energies of Bi, Se, and 
Sb for single free atom and bulk were calculated first. The energies were then 
converted to cohesive energies of Bi2Se3 and BiSb using the equation below: 

௖௢௛ܧ = ா್ೠ೗ೖିோೌ೟೚೘
ே

= − ቂா್ೠ೗ೖ
ே

−  ௔௧௢௠ቃ    (11)ܧ

 The calculations were carried out using FHI-aims code upgrade 6 version 
071711_6. The code works on any Linux operating system. The computation 
can only be done after building an executable binary file. The FHI-aims 
package is distributed in a source code form and requires a working Linux 
based operating system (Ubuntu 11.10 in this case). The code also require a 
working FORTRAN 95 (or later) compiler. In this work, a × 86 type computer 
and an Intel’s ifort (specifically composerxe 2011.6.233) was installed. The 
compiler version of laplack library, and a library providing optimized basic 
linear algebra subroutines (BLAS).  Standard labraries such as Intel’s mkl or 
IBM’s essl provide both lapack and BLAS support. Intel’s composerxe 
2011.6.233 comes with mkl. 

 The FHI-aims requires two input files (i.e., control.in that contains all 
runtime-specific information and geometry. It also contains information directly 
related to the atomic structure for a given calculation). The two input files must 
be place in the same directly from where the FHI-aims binary file is invoked at 
the terminal. All necessary adjustment were made for building the executable 
binary file for the running of the code and the program was successfully build. 

4. RESULTS AND DISCUSSION  

 The output files of the FHI-aims code were used to obtain the results for 
this work. The total energies and the number of iterations for single free atoms 
and bulk were obtained in this work. The graphs of total energies against the 
number of iterations were plotted in order to obtain the optimized parameters 
for HCP (Bi, Se, and Sb) lattices within the local density approximation (LDA). 
The cohesive energies of Bi2Se3 and BiSb were then calculated using the 
optimized parameters. The results obtained from this work are presented below: 
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Figure 1 : Bismuth (Bi) binding curve for total energy against the 
number of iteration. The figure above showed that the total energy 
of bismuth atom became stable at the 3rd iteration. 

 

Figure 2: Selenium (Se) binding curve for total energy against the 
number of iterations. The above graph showed that the total energy 
of selenium atom gain stability at the 5th iteration 
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Figure 3: Antimony (Sb) binding curve for total energy against the 
number of iterations. This figure showed that the total energy of 
antimony atom becomes a bit stable at the 5th iteration. 

 

Figure 4: Bismuth antimonite (BiSb) binding curve for total energy 
against the number of iterations. The binding curve for the total 
energy showed that bismuth antimonite (bulk) is stable at the 3th 
iteration.  
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Figure 5: Bismuth selenide (Bi2Se3) binding curve for total energy 
against the number of iterations. The total energy of antimony 
telluride become stable at the 9th iteration. 

 The binding energy curve for single free atoms of Bi, Se, and Sb 
shown in figure 1 to 3 showed that the total energy of bismuth atom 
become stable at the 3rd iteration but selenium, and antimony atoms 
gain their stability at the 5th iteration. This showed that the total 
energy of bismuth atom converges faster than that of Se, and Sb 
atoms. The total energy of bismuth atom acquire stability beginning 
from 3rd iteration. Meanwhile the total energy of selenium, and 
antimony atom begin their stability at the 5th iteration. 

 The cohesive energies of bismuth selenide (Bi2Se3) and bismuth 
antimonite (BiSb) were calculated using the following relations: 

௖௢௛ܧ = ଶ݅ܤ)௧௢௧ܧ + ܵ݁ଷ) −  (ଶܵ݁ଷ݅ܤ)௧௢௧ܧ

௖௢௛ܧ = (ܾܵ݅ܤ)௧௢௧ܧ −  (ܾܵ݅ܤ)௧௢௧ܧ

The cohesive energy of bismuth antimony was calculated to be 
1.02eV in this work and that of cohesive energy of bismuth selenide 
calculated in work is 1.76eV.  This result is in reasonable agreement 
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with the cohesive energy obtained from T-dependent Raman shift 
method for bismuth selenide which is 1.09eV and 1.24eV 
respectively [13].  

 The binding curve for Bi2Se3 and BiSb are shown in figures 4 and 
5 above. The binding curve in figure 5 showed that the total energy 
of BiSb becomes stable at 3rd iteration whereas that of Bi2Se3 
become stable at the 9th iteration see figure 5 above. This behaviour 
exhibited by bismuth antimonite indicate that the alloy’s total energy 
converges faster than that of bismuth selenide. 

Conclusion 

 The cohesive energies of bismuth antimony and bismuth 
selenide were calculated within the local density approximation 
(LDA). The results of the total energy required for separating the 
condensed compound during the optimized process is found to 
converge faster with the 12 × 12 × 12 k-grid points in the Brillioun 
zone of the FHI-aims code. The result presented above have 
confirmed a faster and more accurate study of the solid considered 
when compared to literature report of other studies. The values 
obtained are in agreement with experimental value [13] within some 
reasonable percentage errors. The calculated cohesive energies for 
bismuth antimony and bismuth selenide are observe to differ by 
1.30% and 29.55% respectively. The major measure source of this 
deviation may come from the present DFT calculation of the solid 
rather than the atom.  
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