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Abstract 

The resulting mean of the optimal solutions of minimization problems, whose objective 
functions are the uncertainty like functionals, are known as uncertainty mean. The 
uncertainty mean satisfies all the basic properties of the classical mean, weighted 
homogeneous mean as well as many others are special cases of uncertainty mean. The 
indeed paper deals with comparison property and asymptotic demeanour of the 
uncertainty mean.   
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1. Introduction: 

In 2007, Ulrich Bodenhofer [2, 3] considered two T-equivalences  1,0: 2
11 XE , 

 1,0: 2
22 XE , a T- 1E -ordering  1,0: 2

11 XL , and a T- 2E -ordering  1,0: 2
22 XL . 

Moreover, let 
~
T  be a t–norm that dominates T. Then the fuzzy relation [10]  21

,
,Lex ~ LL

TT
:

   1,02
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is a fuzzy ordering [11] with respect to T  and the T -equivalence 
     1,0:,Cart 2

2121~  XXEE
T

 defined as the Cartesian product [10] of 1E  and 2E : 
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Definition 1.1 If 1L  is a crisp ordering, then  21
,

,~ LLLex
TT

 defined as above and coincides with 

the fuzzy relation L  defined as follows. 
 Let us consider a crisp ordering   1,0: 2

11 XL , a T equivalence  1,0: 2
22 XE , and a T-

2E - ordering  1,0: 2
22 XL . Then the fuzzy relation    1,0: 2

21  XXL  defined as 
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is a fuzzy ordering with respect to T  and the T - equivalence    1,0: 2
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Note that, if both components 1L  and 2L  are crisp orderings, then L as defined above is 
equivalent to the following  constructions  2.1  and  3.1 . 
Definition 1.2 For any given two orderings 1  and 2 on non-empty domains 1X  and 2X , 
respectively, the lexicographic composition is an ordering   on the cartesian product 21 XX  , 
where    2121 ,, yyxx   if and only if  
       2221111111 yxyxyxyx  .                       2.1  
Rewriting 11111 yxyx   as 111 yx  (i.e. the strict ordering induced by 1 )and taking into 
account that 1111 yxyx   is a tautology and that 1  is reflexive, we obtain that  2.1  is 
equivalent to 
      111222111 yxyxyx  .                            3.1   
Moreover, E  as defined above is nothing else but the Cartesian product of the crisp equality 
with 2E .  
Consequently, if both components 1L  and 2L  are crisp orderings, then  21

,
,Lex ~ LL

TT
is 

equivalent to the constructions  2.1  and  3.1 . Construction  1.1  is based on one specific 
formulation of lexicographic composition, namely  3.1 . 

Definition 1.3 A function  QPD ,  of P  and Q will be considered as a measure of directed 
divergence [9] of the probability distribution P  from the probability distribution Q if 

(i)   0, QPD , 

(ii)   0, QPD  iff ii qp   for each i , 

(iii)  QPD ,  is a convex function of both nppp ,.....,, 21  and nqqq ,.....,, 21 . 

Let the logarithmic mean [5, 8] of the positive number ݔ and ݕ be defined by 

,ݔ)ܮ (ݕ = ௫ି௬
୪୭୥ ௫ି୪୭୥ ௬

ݔ           , ≠  ,ݕ



,ݔ)ܮ (ݔ =  .ݔ

Note that ܮ is symmetric and homogeneous in ݔ and ݕ and continuous at ݔ =  It is not widely .ݕ
known that ܮ separates the arithmetic and geometric [12] means: 

(ݕݔ)
భ
మ ≤ ,ݔ)ܮ (ݕ ≤ ௫ି௬

ଶ
, 

with strict inequalities if ݔ ≠ -shows that the above result is equivalent to well ݕ Division by .ݕ
known inequalities in the single variable ݓ = ݔ ⁄ݕ , but the beauty of the above result comes 
from its symmetry in two variables. The symmetry is somewhat slighted by retaining the 
unnecessary condition ݔ ≥  The left hand inequality is stated by Carlson [7], who obtained the .ݕ
above result by specializing some rather general integral inequalities to the case of the 
representation 

ଵ
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௨௫ା(ଵି௨)௬

ଵ
଴ . 

If ݔ and ݕ are the two unequal positive numbers, then 

(ݕݔ)
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భ
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ଶ
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ቁ
ଶ

< ௫ା௬
ଶ

.   

Since the asymptotic property for the mean of order ݌ ݅. ݁.  

,ଵߙ)ఋݖ                                                     … … (௡ߙ, = (∑ ௜௣௡ߙ௜ݓ
௜ୀଵ )

భ
೛  

is given by        ݖ௣(ߙଵ + ߬, … … ௡ߙ, + ߬) − ߬ → ∑ ௜௡ߙ௜ݓ
௜ୀଵ ,     ߬ → +∞. This result is proved for 

some special values of ݌. This results were extended to unweighted power means of all orders 
and homogeneous means. 

Given a set of positive numbers naaa ,.....,, 21 , we define their mean value as any function 

 naaaf ,......,, 21  which satisfies the following six conditions: 

(i)       nnn aaaaaafaaa ,.....,,max,......,,,......,,min 212121  , 

(ii)   naaaf ,......,, 21  is a permutationally symmetric function of naaa ,......,, 21 i.e. it does not 

change when naaa ,.....,, 21  are interchanged among themselves, 

(iii)  If aaaa n  .....21 , then   aaaaf n ,.....,, 21 , 

(iv)     nn aaaaaa ,....,,max,.....,,min 2121   

       nnn aaaaaafaaa ,.....,,max,.....,,,.....,,min 212121  , 



(v)   naaaf ,......,, 21 is homogeneous or scale invariant, i.e. 

   ,,....,,...., 2121 nn aaafaaaf    

(vi)  naaaf ,......,, 21  is a monotonic increasing function of each of its arguments. 

Sometimes, we consider weighted means [4], when positive weights nwww ,......,, 21  are 

associated with naaa ,......,, 21 . A weighted mean is a number which lies between 

 naaa ,......,,min 21  and  naaa ,.......,,max 21 , which does not change when pairs  ii wa ,   are 
permuted among themselves, which reduces to a when a1 = a2 =……..= an = a and which 
satisfies conditions  (iv), (v) and (vi) above. Some important means are [7, 9] 
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The last mean is the most general mean [6, 11] since the other six means can be obtained as its 
special cases. Another general mean is given by 
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where f (.) is a one-one function defined from   RR .All these means satisfy the six 
conditions given above. 

2. Our Results: 

Theorem 2.1 Let ߜଵ,ߜଶ ∈ ∆ and  ߜఢ(ݐ) = (ݐ)ଵߜ߳ + (1 − ߳ ∀ Then .(ݐ)ଶߜ(߳ ∈ [0,1] 

                                       min൛ݖఋ̅భ(ߙ), ൟ(ߙ)ఋ̅మݖ ≤ (ߙ)ఋ̅೔ݖ ≤ max൛ݖఋ̅೔(ߙ),  .	ൟ(ߙ)ఋ̅మݖ

Proof.  ∀  ߳ ∈ [0,1] and ߜఢ ∈ ∆. Now ݖఋ̅ച ∈ ∆. Now ݖఋ̅ച  is obtained from  

                                               ∑ ௜ݓ ቄ߳ߜଵ
, ቀ௭̅ഃച

ఈ೔
ቁ + (1− ଶߜ(߳

, ቀ௭̅ഃച
ఈ೔
ቁቅ௡

௜ୀଵ                                     (2.1.1) 

Letting, ݖఋ̅ച < min൫ݖఋ̅భ , ଵߜ ఋ̅మ൯ then sinceݖ
, ଶߜ,

,  are strictly increasing we have with (2.2.1) 

                                       ߳ ∑ ଵߜ௜ݓ
, ቀ

௭̅ഃభ
ఈ೔
ቁ + (1− ߳)௡

௜ୀଵ ∑ ଶߜ௜ݓ
, ቀ

௭̅ഃమ
ఈ೔
ቁ > 0௡

௜ୀଵ .                         (2.1.2) 

But, from the optimality conditions for ݖఋ̅భ  and ݖఋ̅మ , the left hand of (2.1.2) is equal to zero, thus 
the contradiction. Similarly for ݖఋ̅ച > max൛ݖఋ̅೔(ߙ),   .ൟ. This completes the proof(ߙ)ఋ̅మݖ

Example 2.1 If ߜଵ(ݏ) = − ln ݏ + ݏ − 1 and ߜଶ(ݏ) = ݏ) − 1)ଶ. Also ݖఋ̅భ = ఋ̅మݖ and (ߙ)ܣ =

߳ Consider for .(ߙ)ܪ = ଶ
ଷ
(ݏ)ఒߜ , = (ݏ)ଵߜ߳ + (1 − ఋ̅ഊݖ Then .(ݏ)ଶߜ(߳ = ඥ(ߙ)ܪ.(ߙ)ܣ. Indeed as 

predicted by theorem 2.1, since ܣ(ܽ) ≥ (ܽ)ܣ and (ܽ)ܪ ≥ ඥ(ߙ)ܪ.(ߙ)ܣ ≥   .(ܽ)ܪ



Theorem 2.2 Let ߜଵ,ߜଶ ∈ ∆ and ݖఋ̅భ ఋ̅మݖ ,  denotes their corresponding uncertainty means. If there 
exists a constant ܭ ≠ 0 such that 

ଵߜܭ                                                            
, (ݏ) ≤ ଶߜ

ݏ∀          (ݏ), ∈  ା\{1}ࡾ

with optimality condition                 ∑ ᇱߜ௜ݓ ቀ
௭̅ഃ
ఈ೔
ቁ = 0௡

௜ୀଵ  

then,                                                    ݖఋ̅భ(ߙ) ≥       (ߙ)ఋ̅మݖ

Proof: By the optimality condition    ∑ ᇱߜ௜ݓ ቀ
௭̅ഃ
ఈ೔
ቁ = 0௡

௜ୀଵ  

we get the following results 

                                                            ∑ ଵߜ௜ݓ
, ቀ

௭̅ഃభ
ఈ೔
ቁ = 0௡

௜ୀଵ                                                    (2.2.1) 

and                                                      ∑ ଶߜ௜ݓ
, ቀ

௭̅ഃమ
ఈ೔
ቁ = 0௡

௜ୀଵ .                                                  (2.2.2) 

Again, if ݖఋ̅భ < ఋ̅మݖ . Since ߜଶ is strictly convex ߜଶ
, is strictly increasing. Now, using the given 

condition ߜܭଵ
, (ݏ) ≤ ଶߜ

ݏ∀ ,(ݏ), ∈   ା\{1} we get the following resultࡾ

ଵߜܭ                                                    
, ቀ

௭̅ഃభ
ఈ೔
ቁ ≤ ଶߜ

, ቀ
௭̅ഃభ
ఈ೔
ቁ < ଶߜ

, ቀ
௭̅ഃమ
ఈ೔
ቁ.         1 ≤ ݅ ≤ ݊.            (2.2.3) 

Now, multiplying by ݓ௜ > 0 and summing the inequality (2.2.3) from 1 ≤ ݅ ≤ ݊ we get the 
following result 

∑ܭ                                                     ଵߜ௜ݓ
, ቀ

௭̅ഃభ
ఈ೔
ቁ <௡

௜ୀଵ ∑ ଶߜ௜ݓ
, ቀ

௭̅ഃమ
ఈ೔
ቁ௡

௜ୀଵ . 

Hence from (2.2.1) and (2.2.2), it implies 0 < 0 a contradiction. This completes the proof. 

Example 2.2 We show that the classical inequalities ܣ(ܽ) ≥ (ܽ)ܩ ≥  are an easy (ܽ)ܪ
consequence of the Theorem 2.2. If ߜଵ(ݏ) = − ln ݏ + ݏ − 1 and ߜଶ(ݏ) = ݏ ln ݏ − ݏ + 1 also, 
ఋ̅భݖ = ఋ̅మݖ and ܣ = ଵߜܭ Given .ܩ

, (ݏ) ≤ ଶߜ
ܭ is satisfied with (ݏ), = 1. Indeed, by the convexity 

of ݏ ln ݏ∀ it follows that ݏ > 0, ln ݏ ≥ 1 − ଵ
௦
, that means ߜଶ

, (ݏ) ≥ ଵߜ
ܣ and hence (ݏ), ≥  .ܩ

Again, if ߜଵ(ݏ) = ݏ ln ݏ − ݏ + 1 and ߜଶ(ݏ) = ݏ) − 1)ଶ also, ݖఋ̅భ = ఋ̅మݖ and ܩ =  From the .ܪ
concavity of ln ݏ∀ it follows that ݏ > ݏ ,0 − 1 ≥ ln ܭ with ݏ = 2 the condition ߜܭଵ

, (ݏ) ≤ ଶߜ
 (ݏ),

is satisfied that means ߜଶ
, (ݏ) ≤ ଵߜ2

ܩ and hence (ݏ), ≥  .ܪ

Theorem 2.3 Suppose ߜ ∈ ∆ and assume that ߜ is three times continuously differentiable in the 
neighborhood of ݏ = 1. If ߙଵ, … … ߬ ,௡ are fixedߙ, → +∞ and ݖఋ(ߙ) is homogeneous mean 
satisfying ݖఋ(1) = ,ఋ(1ݖ … … ,1) = 1. Then, the asymptotic result  



ଵߙ)ఋݖ                                      + ߬, … … ௡ߙ, + ߬) = ߬ + ∑ ௜ߙ௜ݓ + ߟ ቀଵ
ఛ
ቁ௡

௜ୀଵ .  

Proof: Suppose ݖఋ  is a weighted mean and given that ݖఋ(ߙ) is homogeneous mean. So  

                                           డ௭ഃ
డ௔ೕ

(1, … … ,1) = ௝ݓ ,              ݆ = 1, … … ,݊.    

                                                               ∑ ᇱߜ௜ݓ ቀ
௭ഃ(ఈ)
௔೔

ቁ = 0௡
௜ୀଵ . 

On differentiating the identity in terms of ߙ with respect to ௝ܽ we get 

                             డ௭ഃ(ఈ)
డ௔ೕ

∑ ௪೔
௔೔
ᇱᇱߜ ቀ௭ഃ(ఈ)

௔೔
ቁ = ௪ೕ

ఈೕ
మ ᇱᇱߜ ൬

௭ഃ(ఈ)
௔ೕ

൰ ௡(ߙ)ఋݖ
௜ୀଵ ,    ݆ = 1, … … ,݊.            (2.3.1)                                                                                                                             

Taking ܽ௜ = 1, 1 ≤ ݅ ≤ ݊ and using ݖఋ(1) = ᇱᇱ(1)ߜ,1 = 1 and ∑ ௜ݓ = 1௡
௜ୀଵ . Hence from (2.3.1) 

we get ൬డ௭ഃ
డ௔ೕ
൰ (1, … … ,1) = ݆ ,௝ݓ = 1, … … , ݊. On the other hand, the differentiability assumption 

of ߜ implies that ݖఋ(. ) Is twice continuously differentiable in the neighborhood of (1, … … ,1). 
Hence, the asymptotic result follows. 

Example 2.3 Suppose the mean of order ݌ is ߜ௣(ݏ) = ቀ ଵ
௣ିଵ

ቁ ଵି௣ݏ) − (݌ + ݌ ,ݏ ≠ ݌ ,1 > 0. Then 

the optimality condition equation ∑ ᇱߜ௜ݓ ቀ
௭
௔೔
ቁ = 0௡

௜ୀଵ  yields – ௣ିݖ ௜௣ߙ௜ݓ∑ + 1 = 0, hence 

(ߙ)௣̅ݖ = (∑ ௜௣௡ߙ௜ݓ
௜ୀଵ )

భ
೛. To extend ݖ௣̅(ߙ) for negative order, one may choose ߜ௤(ݏ) = (௦೜ି௦௤)

(௤ିଵ)
+

ݍ ,1 > ݍ ,0 ≠ 1, which yields ݖ௤̅(ݍ) = ቀ൫∑ ௜ߙ௜ݓ
ଵି௤௡

௜ୀଵ ൯ቁ
భ

భష೜. Note that ߜሚ௤(ݏ) = ௤ߜݏ ቀ
ଵ
௦
ቁ, hence 

strictly convex for all ݏ > 0 and ߜሚ௤(ݏ) = ݌ for (ݏ)௣ߜ = ݍ = ଵ
ଶ
 yielding the root mean square ܴ, 

while ݍ = 2 gives the harmonic mean ܪ. A simple application of L’ Hospital’s rule shows that 
the arithmetic and geometric mean are re-obtained respectively by choosing for ߜ, the limiting 
cases lim௣→ଵ (ݏ)௣ߜ = − ln ݏ + ݏ − 1 and lim௤→ଵ (ݏ)ሚ௤ߜ = ݏ ln ݏ − ݏ + 1.   

 

Conclusion: However, by the help of homogeneous and weighted means, we defines the 
asymptotic demeanour and also the comparison theorem for the uncertainty means are developed 
under the optimality conditions but, both are useful to derive classical inequalities.  

 

 

References: 



 
1. Borwein, J. M. and Borwein, P. B. (1987): Pi and A.G.M. a Study in analytic number 

theory and computational complexity, “Canadian Mathematical Society Series of 
Monographs”, Wiley-Interscience, New York. 

 
2. Bodenhofer, U. (2000): A similarity-based generalization of fuzzy orderings preserving the 

classical axioms, Internat. J. Uncertain; Fuzziness Knowledge-Based Systems. 8(5), 593-610. 
 
3. Bodenhofer, U. (2003): Representations and constructions of similarity-based fuzzy 

orderings, Fuzzy Sets and Systems. 137(1), 113-136. 
 
4. Brenner, J. L. and Carlson, B. C. (1987): Homogeneous mean values: Weights and 

asymptotics. J. Math. Anal. Appl. 123,265-280. 
 
5. Bhatia, R. and Holbrook, J. (2006): Non-commutative Geometric Mean, Mathematical 

Intelligencer, Vol. 28, pp. 32-39. 
 
6. Bullen, P. S., Mitrinovic, D. S. and Vasic, P. M. (2007): Means and their Inequalities, 

Princeton Series in Applied Mathematics, Chapters 4-6. 
 
7. Carlson, B.C. (1972): The logarithm mean, M.A.A. Monthly 79, 615-618. 
 
8. Chakraborty, S. (2007): A Short Note on the Versatile Power Mean, Resonance, Vol. 12, 

No. 9, pp. 76-79. 
 
9. Kapur, J. N. (1997): Measures of information and their  applications, Wiley Eastern, New 

Delhi. 
 
10. Matkowski, J. (2013): Iterations of the mean-type mappings and uniqueness of invariant 

means, Annales Univ. Sci. Budapest, Sect. Comp. 41, 145-158. 
 
11. Mercer, P. R. (2017): Cauchy’s mean value theorem meets the logarithmic mean, Math. 

Gaz. 101(550): 108-115. 
 
12. Zou, L., Jiang, Y. (2015): Improved arithmetic-geometric mean Inequality and its 

application, J. Math. Ineq. 9(1): 107-111. 
 

   

 

      

          

 



         

 


