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Abstract 

The resulting mean of the optimal solutions of minimization problems, whose objective 

functions are the uncertainty like functionals, are known as uncertainty mean. The 

uncertainty mean satisfies all the basic properties of the classical means, weighted 

homogeneous mean as well as many others are special cases of uncertainty measns. The 

indeed paper deals with comparison property and asymptotic demeanour of the 

uncertainty mean.   
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1. Introduction: 

In 2007, Ulrich Bodenhofer [2, 3] considered two T-equivalences  1,0: 2

11 XE , 

 1,0: 2

22 XE , a T- 1E -ordering  1,0: 2

11 XL , and a T- 2E -ordering  1,0: 2

22 XL . 

Moreover, let 
~

T  be a t–norm that dominates T. Then the fuzzy relation  21
,

,Lex ~ LL
TT

:

   1,0
2

21  XX  defined as 

       212121
,

,,,,~ yyxxLLLex
TT
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,,,min,,,, xyLNyxLyxLyxLT T                   1.1  

UNDER PEER REVIEW

Editor-39
Typewritten text
Original Research Article



is a fuzzy ordering with respect to T  and the T -equivalence      1,0:,Cart
2

2121~  XXEE
T

 

defined as the Cartesian product of 1E  and 2E : 

           222111

~

212121 ,,,,,,,~ yxEyxETyyxxEECart
T

  

Note that, if 1L  is a crisp ordering, then  21
,

,~ LLLex
TT

 defined as above and coincides with the 

fuzzy relation L  defined as follows. 

 Let us consider a crisp ordering   1,0: 2

11 XL , a T equivalence  1,0: 2

22 XE , and a T-

2E - ordering  1,0: 2

22 XL . Then the fuzzy relation    1,0:
2

21  XXL  defined as 

    

 

 














,otherwise0

,,

,1,1

,,, 11222

11111

2121 yxifyxL

yxLandyxif

yyxxL  

is a fuzzy ordering with respect to T  and the T - equivalence    1,0:
2

21  XXE  defined as  

    
 



 


otherwise.0

,,
,,,

11222

2121

yxifyxE
yyxxE  

Note that, if both components 1L  and 2L  are crisp orderings, then L as defined above is 

equivalent to the following  constructions  2.1  and  3.1 . 

Given two orderings    1  and 2 on non - empty domains 1X  and 2X , respectively, the 

lexicographic composition is an ordering   on the Cartesian product 21 XX  , where 

   2121 ,, yyxx   if and only if  

       2221111111 yxyxyxyx  .                       2.1  

Rewriting 11111 yxyx   as 111 yx  (i.e. the strict ordering induced by 1 )and taking into 

account that 1111 yxyx   is a tautology and that 1  is reflexive, we obtain that  2.1  is 

equivalent to 

      111222111 yxyxyx  .                            3.1   

Moreover, E  as defined above is nothing else but the Cartesian product of the crisp equality 

with 2E .  

Consequently, if both components 1L  and 2L  are crisp orderings, then  21
,

,Lex ~ LL
TT

is 

equivalent to the constructions  2.1  and  3.1 . Construction  1.1  is based on one specific 

formulation of lexicographic composition, namely  3.1 . 

A function  QPD ,  of P  and Q will be considered as a measure of directed divergence of the 

probability distribution P  from the probability distribution Q if 

(i)    0, QPD , 
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(ii)   0, QPD  iff ii qp   for each i , 

(iii)  QPD ,  is a convex function of both nppp ,.....,, 21  and nqqq ,.....,, 21 .  

Given a set of positive numbers naaa ,.....,, 21 , we define their mean value as any function 

 naaaf ,......,, 21  which satisfies the following six conditions: 

(i)       nnn aaaaaafaaa ,.....,,max,......,,,......,,min 212121  , 

(ii)   naaaf ,......,, 21  is a permutationally symmetric function of naaa ,......,, 21 i.e. it does not 

change when naaa ,.....,, 21  are interchanged among themselves, 

(iii)  If aaaa n  .....21 , then   aaaaf n ,.....,, 21 , 

(iv)     nn aaaaaa ,....,,max,.....,,min 2121   

       nnn aaaaaafaaa ,.....,,max,.....,,,.....,,min 212121  , 

(v)   naaaf ,......,, 21 is homogeneous or scale invariant, i.e. 

   ,,....,,...., 2121 nn aaafaaaf    

(vi)  naaaf ,......,, 21  is a monotonic increasing function of each of its arguments. 

Sometimes, we consider weighted means [4], when positive weights nwww ,......,, 21  are 

associated with naaa ,......,, 21 . A weighted mean is a number which lies between 

 naaa ,......,,min 21  and  naaa ,.......,,max 21 , which does not change when pairs  ii wa ,   are 

permuted among themselves, which reduces to a when a1 = a2 =……..= an = a and which 

satisfies conditions  (iv), (v) and (vi) above. Some important means are [5, 6] 
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Harmonic mean, H 
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Lehmer mean 
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The last mean is the most general mean since the other six means can be obtained as its special 

cases. Another general mean is given by 

 
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where f (.) is a one-one function defined from   RR .All these means satisfy the six 

conditions given above. 

 

2. Our Results: 
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Theorem 2.1 Let         and    ( )     ( )  (   )  ( ). Then     ,   - 

                                          {  ̅ 
( )   ̅ 

( )}    ̅ 
( )     {  ̅ 

( )   ̅ 
( )} . 

Proof.       ,   - and     . Now   ̅ 
  . Now   ̅ 

 is obtained from  

                                               ∑   {   
 .

 ̅  

  
/  (   )  

 .
 ̅  

  
/} 

                                       (2.1.1) 

Letting,   ̅ 
    (  ̅ 

   ̅ 
) then since   

    
 
 are strictly increasing we have with (2.2.1) 

                                        ∑     
 .

 ̅  

  
/  (   ) 

   ∑     
 .

 ̅  

  
/    

   .                         (2.1.2) 

But, from the optimality conditions for   ̅ 
 and   ̅ 

, the left hand of (2.1.2) is equal to zero, thus 

the contradiction. Similarly for   ̅ 
    {  ̅ 

( )   ̅ 
( )}. This completes the proof.   

Theorem 2.2 Let         and   ̅ 
,   ̅ 

 denotes their corresponding uncertainty means. If there 

exists a constant     such that 

                                                               
 ( )    

 ( )                * + 

Proof: If we the optimality conditions on 

Then, we get the following results 

                                                            ∑     
 .

 ̅  

  
/    

                                                      (2.2.1) 

and                                                      ∑     
 .

 ̅  

  
/    

   .                                                  (2.2.2) 

Again, if   ̅ 
   ̅ 

. Since    is strictly convex   
 
 is strictly increasing. Now, using the given 

condition    
 ( )    

 ( ),       * + we get the following result  

                                                       
 .

 ̅  

  
/    

 .
 ̅  

  
/    

 .
 ̅  

  
/.              .            (2.2.3) 

Now, multiplying by      and summing the inequality (2.2.3) from       we get the 

following result 

                                                     ∑     
 .

 ̅  

  
/   

   ∑     
 .

 ̅  

  
/ 

   . 

Hence from (2.2.1) and (2.2.2), it implies     a contradiction. This completes the proof. 
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Theorem 2.3 Suppose     and assume that   is three times continuously differentiable in the 

neighborhood of    . If          are fixed,      and   ( ) is homogeneous mean 

satisfying   ( )    (      )   . Then, the asymptotic result  

                                       (            )    ∑       .
 

 
/ 

   .  

Proof: Suppose    is a weighted mean and given that   ( ) is homogeneous mean. So  

                                           
   

   
(      )    ,                      .    

                                                               ∑    
 .

  ( )

  
/    

   . 

On differentiating the identity in terms of   with respect to    we get 

                                           
   ( )

   
∑

  

  
   .

  ( )

  
/  

  

  
    (

  ( )

  
)   ( ) 

   ,                     .   

                                                                                                                                                (2.3.1)    

Taking     ,       and using   ( )       ( )    and ∑      
   . Hence from (2.3.1) 

we get (
   

   
) (      )    ,         . On the other hand, the differentiability assumption 

of   implies that   ( ) Is twice continuously differentiable in the neighborhood of (      ). 

Hence, the asymptotic result follows.  

 

 

Conclusion: However, by the help of homogeneous and weighted means, we defines the 

asymptotic demeanour but it may be useful to derive classical inequalities. Also the comparison 

theorem for the uncertainty means are also developed under the optimality conditions. 
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