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ABSTRACT 
 
In the study, some bivariate distributions were developed from mixture model offspring, using 
the Independent (Product) distribution approach. These developments are categorized under the 
IID and IInD: where the Bivariate Exponential distribution, Bivariate Lindley distribution and Bivariate 
Juchez distribution are constructed as IIDs; and Bivariate Exponential-Lindley distribution, Bivariate 
Exponential-Juchez istribution and Bivariate Lindley-Juchez distribution as (IInDs). The properties of 
these distributions which involve: the shape of the bivariate PDFs, moments, moment generating 
function, mean, covariance, coefficient of variance and coefficient of correlation, maximum likelihood 
estimator, reliability analysis, renewal property, inverse cumulative distribution and probability patterns, 
are studied randomly across the distributions. Finally, under renewal properties, functions are derived 
which can model two-dimensional queuing and renewal processes, for events where the arrival and 
service times are dependent.       
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1. INTRODUCTION 
Distribution development is one such that constantly evolves as events unfold. These developments are 
theoretically categorized in to three kinds namely: univariate, bivariate and multivariate representations. 
The exhaustive nature of univariate development is a huge credit to researchers who have developed very 
many distributions within the past three decades. Specifically, mixture model which recently received an 
avalanche use has played a huge part in the recent univariate innovations. Examples are Exponential and 
Lindley distribution as developed in the works of Epstein (1954) and Lindley (1958). Recently, Juchez 
distribution was developed by Echebiri and Mbegbu (2022); other univariate distribution types are 
Frechet, Weibull, Pareto, Sujatha, Odoma, Shanker, Pranav, Aradhana, Amarendra, Devya and Shambhu 
distributions. However univariate distributions by default do not capture sufficiently all real life 
phenomena, that is, cases where it is inevitable to model bivariate outcomes; hence the necessitated 
development of bivariate distributions.  
 
Some of the well-known, classic bivariate distributions are bivariate normal, bivariate-t, bivariate log-
normal, bivariate gamma, bivariate extreme value, bivariate Birnbaum-Saunders distributions, bivariate 
skew normal distribution, bivariate geometric skew normal distribution etc., with the usual purpose of 
modeling the two marginal and finding the  association between them. Now, the development, study and 
applications of bivariate distributions are one of the vital areas of research in statistics field. Hutchinson 
& Lai (1990) and recently: Joe (1997), Arnold (1999), Kotz & Nadarajah (2000), Kotz & Nadarajah 
(2004), Nelsen (2006) among many, have published several papers and books on bivariate theory. 
Extensive reviews have been done by Lai (2004), Lai (2006)) and Sarabia & Gomez (2008) in the 
bivariate construction methods; where the scope covers both for discrete and continuous bivariate 
distributions. Product distribution, Marginal transformation, Copula Method, Method of Mixing and 
Compounding, Trivariate Reduction Method, Frailty Approach and Conditional Specification Method 
make up the different handy bivariate construction methods as seen in their reviews.  
 
Product distribution represents a multivariate statistical distribution whose jth marginal distributions are 
independent component probability density functions; The component distributions may be continuous or 
discrete, univariate or multivariate, and is given as: 
                                   



 

 

,ଵݔ)݃                                       … , (௡ݔ = 	∏ ௜݂(ݔ௜)௡
௜ୀଵ = ଵ݂(ݔଵ) ଶ݂(ݔଶ) … 	 ௡݂(ݔ௡)                                   (1) 

 
In as much as the study of product distributions backdated to 1940s, the first thorough treatment of the 
topic was a paper by Springer and Thompson (1966).  This is followed by an improvement in both 
theoretical and algorithmic study, and the extensive use of Monte Carlo theory and other numerical 
methods. Mixing and Compounding Method as another way for bivariate construction, is majorly used to 
particularly combine two different bivariate distributions. If ܨଵ	ܽ݊݀	ܨଶare two bivariate distribution 
functions, then the new type derivation is given by 
 
,ଵݔ)ܨ                                     (ଶݔ = ,ଵݔ)ଵܨߠ	 (ଶݔ + (1− ,ଵݔ)ଶܨ(ߠ 0					ଶ),ݔ ≤ ߠ ≤ 1                            (2) 
  
This was employed by Frechet (1960) Mardia (1970) in the derivation of bivariate families of 
distributions. Copula distribution is also another method for developing multivariate distributions. Unlike 
the product counterpart mentioned above, it has different developmental approaches that describe the 
dependence between variables. The various copula predefined kernels are used for the parameterization, 
and also they allow for the investigation of the different degrees of these dependence. Some examples are 
Archimedean kernel, Clayton kernels, Gaussian kernel, Plackett kernel, Independent or Product kernel 
and Frank kernel. Gumbel (1960 and 1961) used Farlie-Gumbel-Morgenstern (FGM) copula for the 
development of Gumbel bivariate exponential distribution and bivariate logistic distributions and it is 
given as 
 
(ଶݔଵݔ)ܨ                                                      = 1	ଶ(ݔଵݔ + 1]ߠ − −ଵ][1ݔ  ଶ])                                        (3)ݔ
 
Another approach to copula method is Sklar’s theorem which adopts product kernel that combines the 
marginal cumulative distribution functions (CDF) unto n-dimensional copula C such that for all real 
,ଵݔ ,ଶݔ ,ଷݔ … ,  :௡ݔ
 
,ଵݔ)ܨ                                                 ,ଶݔ ,ଷݔ … , (௡ݔ = ,(ଶݔ)ܨ,(ଵݔ)ܨ]ܥ …    (4)                                 [(௡ݔ)ܨ,
 
While there is strong commendation over the different bivariate distribution development and 
methodologies, it is worthy of note that mixture-model-derived distributions which in recent years have 
made significant contributions in univariate data modeling, have not been exhaustively explored 
“bivariately”; hence the development of this paper. This paper aims at development of bivariate 
distributions using independent or product distribution method; where the baseline distributions are 
strictly mixture model derived distributions. Some relevant properties will be derived as well.  
 
For the arrangement structure of the paper, the antecedent abstract and introduction is preceded by the 
mixture model bivariate development: the baseline distribution review, methodical derivations using the 
Product Distribution for the Independence approach. Finally the derivations of some relevant properties 
follow suit, as occasion serves. 
 
2. MIXTURE MODEL BIVARIATE DEVELOPMENT 
 
2.1 Baseline Distributions 

Lindley and Juchez distributions are derived from the composition of exponential and gamma 

distributions with suitable mixing probabilities; where the gamma distribution is characterized by a 

constant scale parameter	ߠ: and shape parameter ߙ = 2	for Lndley distribution; and two different shape 

parameters: ߙ = 2	and	4 for Juchez distribution. The PDFs of Lindley and Juchez distributions are 

derived from the mixture model, Lindsay (1995).   

(ݔ)݂                                           = ∑ ݀௜ ௜݃
௞
௜ୀଵ ; 		where		 ∑ ݀௜௞

௜ୀଵ = 1, ݀௜ > 0													                             (5)          



 

with their corresponding CDFs , and given as:    

(ݔ)݈݀݊݅                                      = ఏమ

ఏାଵ
	(	1 + ,	ఏ௫ି݁(	ݔ ݔ > 0, ߠ > 	0                                                  (6)   

(ݔ)݀݊݅ܮ                                     = 	1 − ቀఏାଵା	ఏ௫	
ఏାଵ

ቁ ݁ିఏ௫       
                                      
(ݔ)ܿݑ݆                                       = ఏర

ఏయାఏమା଺
	(	1 + ݔ + 	 ଷݔ 	)݁ିఏ௫ 	, ݔ > 0, ߠ > 	0                                  (7)  

(ݔ)ܿݑܬ                                       = 	1 − ቀ1 + 	 	ఏ௫	[	ఏ
మ	ା	ఏమ	௫మ	ା	ଷఏ௫	ା	଺	]	
ఏయ	ା	ఏమ	ା	଺

ቁ ݁ିఏ௫     
                             
In addition, we include the Exponential distribution, which is not a mixture model offspring; however, it 
is a vital baseline distribution in most of those mixture developments.  

(ݔ)݌ݔ݁                                      = ఏ௫ି݁ߠ	 	, ݔ > ߠ,0 > 	0                                                                       (8) 

(ݔ)݌ݔܧ                                      = 	1− ݁ିఏ௫   

2.2 Product Distribution (Independent Approach) 
 
All the bivariate constructions here are categorized under these two different phenomena:  
 

 Independent and Identical distributions (IID) and 
 Independent and Non - Identical distributions (IInD) 

 
 
Independent and Identical Distributions (IID) 
These simply represent bivariate combinations of the same distribution. So, under this category, Bivariate 
Exponential Distribution, Bivariate Lindley Distribution and Bivariate Juchez Distribution are derived 
together with their individual multivariate extensions. 
 
Let ଵܺ,ܺଶ,ܺଷ, … ,ܺ௡ be multivariate random variables, with marginal 
distributions		 ଵ݂(ݔଵ), ଶ݂(ݔଶ), …	 , ௡݂(ݔ௡), then the product distribution is given by: 
 
,ଵݔ)݃                          ଶݔ , …	 , (௡ݔ = 	∏ ௜݂(ݔ௜)௡

௜ = 	 ଵ݂(ݔଵ) ଶ݂(ݔଶ) … 	 ௡݂(ݔ௡)                                               (9) 
 
Now, if ଵܺ~	ݔ)݌ݔܧଵ;  then the bivariate pdf derivation is ,(ଶߠ;ଶݔ)݌ݔܧ	~ܺଶ				ܽ݊݀				ଵ)ߠ
 
(ଶݔଵݔ)݃                        = ݁ି(ఏభ௫భ)൧	ଵߠൣ × ݁ି(ఏమ௫మ)൧	ଶߠൣ = 	  ݁ି(ఏభ௫భାఏమ௫మ)                                    (10)	ଶߠ	ଵߠ
 
and the multivariate extension is given as :  
,ଵݔ)݃                                         ,ଶݔ ଷݔ . . . (௡ݔ = (∏ ௜௡ߠ

௜ୀଵ )	ൣ݁ି[∑ ఏ೔௫೔೙
೔సభ ]൧	                                                 (11) 

 
 

 



 

Figure 1. The shape of the PDF of the Bivariate Exponential Distribution 
                        
If ଵܺ~	݀݊݅ܮ(ݔଵ;ߠଵ)				ܽ݊݀				ܺଶ~	ݔ)݀݊݅ܮଶ;  :ଶ), then the bivariate Lindley derivation is given asߠ
 
(ଶݔଵݔ)݃                                = ቂ ఏభమ		ఏమమ

(ఏభାଵ)(ఏమାଵ)
ቃ [(1 + ଵ)(1ݔ +  ݁ି(ఏభ௫భାఏమ௫మ)                                   (12)	ଶ)]ݔ

 
and the multivariate extension is given as : 
 
,ଵݔ)݃                                ,ଶݔ .ଷݔ . . (௡ݔ = ∏ ఏ೔

మ೙
೔సభ

∏ ఊ೔೙
೔సభ

	{∏ ௜௡ߙ
௜ୀଵ }ൣ݁ି[∑ ఏ೔௫೔೙

೔సభ ]൧                                               (13) 
where  
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Figure 2. The shape of the PDF of the Bivariate Lindley Distribution 
 
More so, if ܺଵ~	ܿݑܬ(ݔଵ;ߠଵ)				ܽ݊݀				ܺଶ~	ݔ)ܿݑܬଶ;  :ଶ), then the bivariate Lindley derivation is given asߠ
                 
(ଶݔଵݔ)݃                       = ቂ ఏభర		ఏమర

(ఏభ
యାఏభ

మା଺)(ఏమ
యା	ఏమ

మା଺)
ቃ [(1 + ଵଶݔ + ଵଷ)(1ݔ + ଶଶݔ +  ݁ି(ఏభ௫భାఏమ௫మ)          (14)	ଶଷ)]ݔ

 
 
The multivariate extension is given as: 
 
,ଵݔ)݃                               ,ଶݔ .ଷݔ . (௡ݔ. = ∏ ఏ೔

ర೙
೔సభ

∏ ௔೔೙
೔సభ

	{∏ ߮௜௡
௜ୀଵ }ൣ݁ି[∑ ఏ೔௫೔೙

೔సభ ]൧                                             (15) 

where  

                                                    

⎩
⎪⎪
⎨

⎪⎪
⎧ܽଵ = ଵଷߠ + ଵଶߠ + 6
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Figure 3. The shape of the PDF of the Bivariate Juchez Distribution 

 
The bivariate cumulative distribution function (CDF) for the IID is derived thus 
 
(ଶݔଵݔ)ܩ                                                   = 	 ∫ ∫ ,ݏ)݂ ௫భݏ݀	ݐ݀	(ݐ

ିஶ
௫మ
ିஶ                                                         (16) 

 The CDF of the bivariate exponential distribution is given as  

(ଶݔଵݔ)ܩ                                          = ∫ ∫ ଶߠଵߠ 	݁ି(ఏభ௦ାఏమ௧)	݀ݐ	ݏ݀௫భ
଴

௫మ
଴                                                     (17) 

#mathematica software 
Input: ݁ݐܽݎ݃݁ݐ݊ܫ[(ܽ ∗ ܾ) ∗ ܽ))−]݌ݔܧ) ∗ (ݔ + (ܾ ∗  [ݕ,ݔ,([((ݕ

Output:										݁−(ܽݕܾ+ݔ)ඇܽ=1ߠ
2ߠ=ܾ
1ݔ=ݔ
2ߠ=ݕ

																			→ (2ݔ1ݔ)ܩ							 =  (18)                                          (2ݔ2ߠ+1ݔ1ߠ)−݁

The CDF of the bivariate Lindley distribution is given as 

(ଶݔଵݔ)ܩ                       = 	 ∫ ∫ ቂ ఏభ
మ		ఏమ

మ

(ఏభାଵ)(ఏమାଵ)
ቃ [(1 + 1)(ݏ + ௫భݏ݀	ݐ݀	(ఏభ௦ାఏమ௧)ି݁	[(ݐ

ିஶ
௫మ
ିஶ               (19) 

 
Input: Integrate[((a^2*b^2)/((a+1)*(b+1)))*((1+x)*(1+y))*(Exp[-((a*x)+(b*y))]),x,y] 

Output:          ௘
ష(ೌೣశ್೤)(ଵା௔ା௔௫)(ଵା௕ା௕௬)

(ଵା௔)(ଵା௕)
ቓ௔ୀఏభ
௕ୀఏమ
௫ୀ௫భ
௬ୀఏమ

 

 
                     → (ଶݔଵݔ)ܩ				 = ቂ1 + 	ఏభ௫భାఏమ௫మାఏభఏమ௫భାఏభఏమ௫మାఏభఏమ௫భ௫మ

ଵାఏభାఏమାఏభఏమ
ቃ	݁ି(ఏభ௫భାఏమ௫మ)                       (20) 

 

The CDF of the bivariate Juchez distribution is given as 

(ଶݔଵݔ)ܨ  = 	 ∫ ∫ ቂ ఏభర		ఏమర

(ఏభ
యାఏభ

మା଺)(ఏమ
యା	ఏమ

మା଺)
ቃ [(1 + ଶݏ + ଷ)(1ݏ + ଶݐ + ௫భݏ݀	ݐ݀	ఏమ௧)	ା	݁ି(ఏభ௦	ଷ)]ݐ

ିஶ
௫మ
ିஶ          (21) 

 
Input: {4^ܽ)))]݁ݐܽݎ݃݁ݐ݊ܫ ∗ ܾ^4)/((ܽ^3 + ܽ^2 + 6) ∗ (ܾ^3 + ܾ^2 + 6))) ∗ (1 + ݔ + ݕ + ݔ) ∗ (ݕ + 3^ݔ +
3^ݕ + 3^ݔ) ∗ (ݕ + ݔ) ∗ (3^ݕ + 3^ݔ) ∗ ((3^ݕ ∗ ܽ))−]݌ݔܧ) ∗ (ݔ + (ܾ ∗ ,ݔ,(([((ݕ  {[ݕ

Output: ቂ௘
షೌೣష್೤(଺ା଺௔௫ା௔మ(ଵାଷ௫మ)ା௔య(ଵା௫ା௫య))(଺ା଺௕௬ା௕మ(ଵାଷ௬మ)ା௕య(ଵା௬ା௬య))

(଺ା௔మା௔య)(଺ା௕మା௕య)
ቃ
ආ

ܽ=ఏభ
ܾ=ఏమ
௫భ=ݔ
௫మ=ݕ

 

 



 

 

     → (ଶݔଵݔ)ܩ	 = ൦
1 + 	ఏభ

య௫భାଷఏభమ௫భమାఏభయ௫భయ

଺ାఏభమାఏభయ
	+ 	ఏమ

య௫మାଷఏమమ௫మమାఏమయ௫మయ

଺ାఏమమାఏమయ

												+ ൫ఏభయ௫భାଷఏభమ௫భమାఏభయ௫భయ൯(ఏమయ௫మାଷఏమమ௫మమାఏమయ௫మయ)
(଺ାఏభ

మାఏభ
య)(଺ାఏమ

మାఏమ
య)

൪	݁ି(ఏభ௫భାఏమ௫మ)	                             (22) 

 
 
To verify the validity of the IIDs, it suffices to state that: 

                                         ∫ ∫ 	ଶݔଵ݀ݔ݀	(ଶݔଵݔ)݂
ஶ
ିஶ = 1ஶ

ିஶ 	                                                                    (23) 
 
ଵܺܺଶ	~	(ߠ)݌ݔܧ    

                            ∫ ∫ 	ଶݔଵ݀ݔ݀	(ଶݔଵݔ)݂
ஶ
ିஶ =ஶ

ିஶ ∫ ∫ ଶߠ	ଵߠ 	݁ି(ఏభ௫భାఏమ௫మ)	݀ݔଵ݀ݔଶ	
ஶ
଴

ஶ
଴                             (24) 

 
Input: ݁ݐܽݎ݃݁ݐ݊ܫ[(ܽ ∗ ܾ) ∗ ܽ))−]݌ݔܧ) ∗ (ݔ + (ܾ ∗ ,([((ݕ ,ݔ} 0, ,{ݕݐ݂݅݊݅݊ܫ ,ݕ} 0,  [{ݕݐ݂݅݊݅݊ܫ
Output: 1]݊݋݅ݏݏ݁ݎ݌ݔܧ݈ܽ݊݋݅ݐ݅݀݊݋ܥ,ܴ݁[ܽ, ܾ] > 0]; where ܽ = ଵߠ ,ܾ = ଶߠ , ݔ = ,ଵݔ ݕ =  ଶݔ
 
                  →																						 ∫ ∫ ଶݔଵ݀ݔ݀	݁ି(ఏభ௫భାఏమ௫మ)	ଶߠ	ଵߠ = 1ஶ

ିஶ
ஶ
ିஶ                                                   (25) 

 
ଵܺܺଶ	~	(ߠ)݀݊݅ܮ    
∫ ∫ 	ଶݔଵ݀ݔ݀	(ଶݔଵݔ)݂

ஶ
ିஶ =ஶ

ିஶ ∫ ∫ ቂ ఏభమ		ఏమమ

(ఏభାଵ)(ఏమାଵ)
ቃ [(1 + ଵ)(1ݔ + 	ଶݔଵ݀ݔ݀	݁ି(ఏభ௫భାఏమ௫మ)	ଶ)]ݔ

ஶ
଴

ஶ
଴            (26) 

 
Input: 2^ܽ))]݁ݐܽݎ݃݁ݐ݊ܫ ∗ ܾ^2)/((ܽ + 1) ∗ (ܾ + 1))) ∗ ((1 + (ݔ ∗ (1 + ((ݕ ∗ 
ܽ))−]݌ݔܧ)                                                                         ∗ (ݔ + (ܾ ∗ ,([((ݕ ,ݔ} 0, ,{ݕݐ݂݅݊݅݊ܫ ,ݕ} 0,   [{ݕݐ݂݅݊݅݊ܫ
Output: 1]݊݋݅ݏݏ݁ݎ݌ݔܧ݈ܽ݊݋݅ݐ݅݀݊݋ܥ,ܴ݁[ܽ,ܾ] > 0]; where ܽ = ,ଵߠ ܾ = ,ଶߠ ݔ = ,ଵݔ ݕ =  ଶݔ
 

           →				 ∫ ∫ ቂ ఏభమ		ఏమమ

(ఏభାଵ)(ఏమାଵ)
ቃ [(1 + ଵ)(1ݔ + 	ଶݔଵ݀ݔ݀	݁ି(ఏభ௫భାఏమ௫మ)	ଶ)]ݔ

ஶ
଴ = 1ஶ

଴                                (27) 
 
ଵܺܺଶ	~	(ߠ)ܿݑܬ  

 ∫ ∫ 	ଶݔଵ݀ݔ݀	(ଶݔଵݔ)݂
ஶ
ିஶ = ∫ ∫

൤ ఏభర		ఏమర

൫ఏభ
యାఏభ

మା଺൯൫ఏమ
యା	ఏమ

మା଺൯
൨ [(1 + ଵଶݔ + ଵଷ)(1ݔ + ଶଶݔ + 	[(ଶଷݔ

																																																			∗ ݁ି(ఏభ௫భାఏమ௫మ)݀ݔଵ݀ݔଶ

ஶ
଴

ஶ
଴ 	ஶ

ିஶ               (28) 

 
xInput:4^ܽ))]݁ݐܽݎ݃݁ݐ݊ܫ ∗ ܾ^4)/((ܽ^3 + ܽ^2 + 6) ∗ (ܾ^3 + ܾ^2 + 6))) ∗ (1 + ݔ + ݕ + ݔ) ∗ (ݕ + 3^ݔ + ଷݕ +
3^ݔ) ∗ (ݕ + ݔ) ∗ (3^ݕ + 3^ݔ) ∗ ((3^ݕ ∗ ܽ))−]݌ݔܧ) ∗ (ݔ + (ܾ ∗ ,([((ݕ ,ݔ} 0, ,{ݕݐ݂݅݊݅݊ܫ ,ݕ} 0,                                            [{ݕݐ݂݅݊݅݊ܫ
0utput: ConditionalExpression[1, Re[ܽ, ܾ] > 0]; where ܽ = ଵߠ ,ܾ = ,ଶߠ ݔ = ,ଵݔ ݕ =  ଶݔ
  

→										 ∫ ∫ ൤ ఏభర		ఏమర

൫ఏభయାఏభమା଺൯൫ఏమయା	ఏమమା଺൯
൨ [(1 + ଵଶݔ + ଵଷ)(1ݔ + ଶଶݔ + ଶଷ)]݁ି(ఏభ௫భାఏమ௫మ)ஶݔ

଴
ஶ
଴ = 1                     (29) 

 
Independent and Non - Identical distributions (IInD) 
Here, we project bivariate combinations of different distributions following same product model in 
equation (9); say, Bivariate Exponential-Lindley Distribution, Bivariate Exponential-Juchez Distribution, 
Bivariate Lindley- Juchez Distribution and Multivariate Exponential-Lindley-Juchez Distribution. 
 
Let	 ଵܺ~	ݔ)݌ݔܧଵ; ;ଶݔ)݀݊݅ܮ	~ܺଶ				ܽ݊݀				ଵ)ߠ  ଶ), then the bivariate Exponential-Lindley derivation isߠ
given thus 

(ଶݔଵݔ)݃                                        = ቂ ఏభ		ఏమ
మ

(ఏమାଵ)
ቃ (1 +  ݁ି(ఏభ௫భାఏమ௫మ)                                                      (30)	ଶ)ݔ

 



 

 

Figure 4. The shape of the PDF of the Bivariate Exponential-Lindley Distribution 
 

Let	 ଵܺ~	ݔ)݌ݔܧଵ; ;ଶݔ)ܿݑܬ	~ܺଶ				ܽ݊݀				ଵ)ߠ  ଶ), then the bivariate Exponential-Juchez  derivation is givenߠ
as 

(ଶݔଵݔ)݃                                   = ቂ ఏభ	ఏమర

(ఏమయା	ఏమమା଺)
ቃ (1 + ଶଶݔ +  ݁ି(ఏభ௫భାఏమ௫మ)                                           (31)	ଶଷ)ݔ

 

 
 

Figure 5. The shape of the PDF of the Bivariate Exponential-Juchez Distribution 
 
 
Let  ଵܺ~	݀݊݅ܮ(ݔଵ;ߠଵ)				ܽ݊݀				ܺଶ~	ݔ)ܿݑܬଶ;  ଶ), then the bivariate Lindley-Juchez derivation isߠ

(ଶݔଵݔ)݃                            = ൤ 	ఏభమఏమర

(ଵାఏభ)൫ఏమ
యା	ఏమ

మା଺൯
൨ (1 + ଵ)(1ݔ + ଶଶݔ +  ݁ି(ఏభ௫భାఏమ௫మ)                      (32)	ଶଷ)ݔ

 
 
 

 
 

Figure 6. The shape of the PDF of the Bivariate Lindley-Juchez Distribution 
 
Let	 ଵܺ~	ݔ)݌ݔܧଵ; ;ଷݔ)ܿݑܬ	~ଷܺ				݀݊ܽ				(ଶߠ;ଶݔ)݀݊݅ܮ	~ܺଶ					ଵ),ߠ -ଷ), then the multivariate Exponentialߠ
Lindley-Juchez derivation is 



 

 

(ଷݔଶݔଵݔ)݂                     = ൤ 	ఏభఏమమఏయర

(ଵାఏమ)൫ఏయయା	ఏయమା଺൯
൨ (1 + ଶ)(1ݔ + ଷଶݔ +  ఏయ௫య)                       (33)	ା	݁ି(ఏభାఏమ௫మ	ଷଷ)ݔ

 
From equation (16) the bivariate cumulative distribution function (CDF) for the IInD is derived thus: 
 
The CDF of the bivariate Exponential- Lindley distribution is given as 

(ଶݔଵݔ)ܩ                         = 	 ∫ ∫ ቂ ఏభ		ఏమ
మ

(ఏమାଵ)
ቃ (1 + ௫భݏ݀	ݐ݀	(ఏమ௧	ା	ఏభ௦)ି݁	(ݐ

ିஶ
௫మ
ିஶ                                                  (34) 

 
Input: ݁ݐܽݎ݃݁ݐ݊ܫ[((ܽ ∗ ܾ^2)/(ܾ + 1)) ∗ (1 + (ݕ ∗ ܽ))−]݌ݔܧ) ∗ (ݔ + (ܾ ∗ ,([((ݕ   [ݕ,ݔ

0utput        					௘
షೌೣష್೤(ଵା௕ା௕௬)

ଵା௕
ቓ
ආ

ܽ=ఏభ
ܾ=ఏమ
௫భ=ݔ
௫మ=ݕ

	  

     								→ (ଶݔଵݔ)ܨ																	 = ቂ1 + 	 ఏమ௫మ
ଵାఏమ

ቃ	݁ି(ఏభ௫భାఏమ௫మ)                                                                      (35) 
 
The CDF of the bivariate Exponential-Juchez distribution is given as 

(ଶݔଵݔ)ܨ                                 = 	 ∫ ∫ 	ቂ ఏభ	ఏమర

(ఏమ
యା	ఏమ

మା଺)
ቃ (1 + ଶݐ + ௫భݐ݀	ݏ݀	ఏమ௧)	ା	݁ି(ఏభ௦	ଷ)ݐ

଴
௫మ
଴ 	                        (36) 

 
Input: ݁ݐܽݎ݃݁ݐ݊ܫ[((ܽ ∗ ܾ^4) (ܾ^3 + ܾ^2 + 6)⁄ ) ∗ (1 + ݕ + (3^ݕ ∗ ܽ))−]݌ݔܧ) ∗ (ݔ + (ܾ ∗                            [ݕ,ݔ,([((ݕ
 Output:      ௘

షೌೣష್೤(଺ା଺௔௫ା௔మ(ଵାଷ௫మ)ା௔య(ଵା௫ା௫య))
଺ା௔మା௔య

ቓ
ආ

௔ୀఏభ
௕ୀఏమ
௫ୀ௫భ
௬ୀ௫మ

 

 
             → (ଶݔଵݔ)ܨ																	 = ቂ1	+ 	 ଺ఏమ௫మ	ା	ఏమ

య௫మାଷఏమమ௫మమାఏమయ௫మయ

଺ାఏమ
మାఏమ

య ቃ	݁ି(ఏభ௫భାఏమ௫మ)                                      (37)  
 
The CDF of the bivariate Lindley-Juchez distribution is given as 

(ଶݔଵݔ)ܨ                   = 	 ∫ ∫ 	൤ 	ఏభమఏమర

(ଵାఏభ)൫ఏమ
యା	ఏమ

మା଺൯
൨ (1 + 1)(ݏ + ଶݐ + ௫భݐ݀	ݏ݀	݁ି(ఏభ௦ାఏమ௧)		ଷ)ݐ

଴
௫మ
଴                  (38) 

 
Input: Integrate[((a^4*b^2)/((a^3+a^2+6)*(b+1)))*((1+x+x^3)*(1+y))*(Exp[-((a*x)+(b*y))]),x,y] 
 
Output:  						௘

షೌೣష್೤(଺ା଺௔௫ା௔మ(ଵାଷ௫మ)ା௔య(ଵା௫ା௫య))(ଵା௕ା௕௬)
(଺ା௔మା௔య)(ଵା௕)

ቓ
൦

௔ୀఏమ
௕ୀఏభ
௫ୀ௫మ
௬ୀ௫భ

 

  → (ଶݔଵݔ)ܨ	 =

⎣
⎢
⎢
⎢
⎡

1 +

ఏమయାఏమమା଺ାଵଶఏమ௫మାଶఏమయ௫మା଺ఏమమ௫మమାଶఏమయ௫మయା଺ఏమఏభ௫మାଷఏమమఏభ௫మమ

ఏమయఏభ௫మା	ఏమయఏభ௫మయା଺ఏభ௫భା଺ఏమఏభ௫మ௫భାఏమమఏభ௫భାଷఏమమఏభ௫మమ௫భ
ାఏమయఏభ௫భା	ఏమయఏభ௫మ௫భାఏమయఏభ௫మయ௫భ
଺ାఏమ

మାఏమ
యା଺ఏభାఏమ

మఏభାఏమ
యఏభ

⎦
⎥
⎥
⎥
⎤

݁ି(ఏభ௫భାఏమ௫మ)                   (39) 

 
The CDF of the bivariate Exponential-Lindley-Juchez distribution is given as 

(ଷݔଶݔଵݔ)ܨ   = 	 ∫ ∫ ∫ ൤ 	ఏభఏమమఏయర

(ଵାఏమ)൫ఏయ
యା	ఏయ

మା଺൯
൨ (1 + 1)(ݏ + ݐ + (ଷݐ
			

௫భ
଴

௫మ
଴

௫య
଴ 	݁ି(ఏభ௥ାఏమ௦ା	ఏయ௧)		݀(40)              ݐ݀ݏ݀ݎ 

 
Input:݁ݐܽݎ݃݁ݐ݊ܫ[((ܽ ∗ ܾଶ ∗ ܿସ) ൫(ܿଷ + ܿଶ + 6) ∗ (ܾ + 1)൯⁄ ) ∗ ((1 + ݖ + (3^ݖ ∗ (1 + ((ݕ ∗ 



 

 

ܽ))−]݌ݔܧ)                                                             ∗ (ݔ 		+ (ܾ ∗ (ݕ + (ܿ ∗ ,([((ݖ ,ݔ ,ݕ  [ݖ

Output: − ௘షೌೣష್೤ష೎೥(ଵା௕ା௕௬)(଺ା଺௖௭ା௖మ(ଵାଷ௭మ)ା௖య(ଵା௭ା௭య))
(ଵା௕)(଺ା௖మା௖య)

ቓ

⎣
⎢
⎢
⎢
⎢
⎡
௔ୀఏభ
௕ୀఏమ
௖ୀఏయ
௫ୀ௫భ
௬ୀ௫మ
௭ୀ௫య

 

→ (ଷݔଶݔଵݔ)ܨ							 = −

⎣
⎢
⎢
⎢
⎢
⎡

1 +

଺ఏయ௫యାଷ௫యమାఏయయ௫యାఏయయ௫యయା଺ఏమఏయ௫యାଷఏమ௫యయା
ఏమఏయయ௫యାఏమఏయయ௫యయା଺ఏమ௫మା଺ఏమఏయ௫మ௫యା௕ఏయమ௫మା	

ଷఏమ௫మ௫యయାఏమఏయయ௫మାఏమఏయయ௫మ௫యାఏమఏయయ௫మ௫యయ

଺ା଺ఏమାఏయ
మାఏమఏయ

మାఏయ
యାఏమఏయ

య

⎦
⎥
⎥
⎥
⎥
⎤

	݁ିఏభ௫భିఏమ௫మିఏయ௫య                         (41)  

 
To verify the validity of the IInDs, we recall equation (23): 

                                              ∫ ∫ 	ଶݔଵ݀ݔ݀	(ଶݔଵݔ)݂
ஶ
ିஶ = 1ஶ

ିஶ 	  
 
ଵܺܺଶ	~	݌ݔܧ −     (ߠ)݀݊݅ܮ

 
              ∫ ∫ 	ଶݔଵ݀ݔ݀	(ଶݔଵݔ)݂

ஶ
ିஶ = ∫ ∫ ቂ ఏభ		ఏమ

మ

(ఏమାଵ)
ቃ (1 + ݁ି(ఏభ௫భାఏమ௫మ)ஶ	ଶ)ݔ

଴
ஶ
଴ 	ଶݔଵ݀ݔ݀

ஶ
ିஶ                           (42) 

 
Input: Integrate[((ܽ ∗ ܾଶ) (ܾ + 1)⁄ ) ∗ (1 + (ݕ ∗ (Exp[−((ܽ ∗ (ݔ + (ܾ ∗ ,([((ݕ	 ,ݔ} 0, In inity}, ,ݕ} 0, In inity}] 
Output: ConditionalExpression[1, Re[ܽ, ܾ] > 0]; where ܽ = ,ଵߠ ܾ = ,ଶߠ ݔ = ,ଵݔ ݕ =  ଶݔ
  
                 →						 ∫ ∫ ቂ ఏభ		ఏమ

మ

(ఏమାଵ)
ቃ (1 + ݁ି(ఏభ௫భାఏమ௫మ)ஶ	ଶ)ݔ

଴
ஶ
଴ ଶݔଵ݀ݔ݀ = 1                                                    (43) 

 
ଵܺܺଶ	~	݌ݔܧ −   (ߠ)ܿݑܬ

 
∫ ∫ 	ଶݔଵ݀ݔ݀	(ଶݔଵݔ)݂

ஶ
ିஶ = ∫ ቂ ఏభ	ఏమర

(ఏమ
యା	ఏమ

మା଺)
ቃ (1 + ଶଶݔ + ݁ି(ఏభ௫భାఏమ௫మ)ஶ	ଶଷ)ݔ

଴ 	ଶݔଵ݀ݔ݀
ஶ
ିஶ                               (44) 

 
Input: ݁ݐܽݎ݃݁ݐ݊ܫ[((ܽସ ∗ ܾ) (ܽଷ + ܽଶ + 6)⁄ ) ∗ (1 + ݔ + (3^ݔ ∗ ܽ))−]݌ݔܧ) ∗ (ݔ + (ܾ ∗  ,([((ݕ
,ݔ}                                                                                                                            0, ,{ݕݐ݂݅݊݅݊ܫ ,ݕ} 0,   [{ݕݐ݂݅݊݅݊ܫ
Output: 1]݊݋݅ݏݏ݁ݎ݌ݔܧ݈ܽ݊݋݅ݐ݅݀݊݋ܥ,ܴ݁[ܽ,ܾ] > 0]; where ܽ = ,ଵߠ ܾ = ,ଶߠ ݔ = ,ଵݔ ݕ =  ଶݔ
  
                  →						 ∫ ∫ ቂ ఏభ	ఏమర

(ఏమ
యା	ఏమ

మା଺)
ቃ (1 + ଶଶݔ + ݁ି(ఏభ௫భାఏమ௫మ)ஶ		ଶଷ)ݔ

଴
ஶ
଴ ଶݔଵ݀ݔ݀ = 1                                   (45) 

 
ଵܺܺଶ	~	݀݊݅ܮ −   (ߠ)ܿݑܬ

                       

∫ ∫ 	ଶݔଵ݀ݔ݀	(ଶݔଵݔ)݂
ஶ
ିஶ = ∫ ൤ 	ఏభమఏమర

(ଵାఏభ)൫ఏమయା	ఏమమା଺൯
൨ (1 + ଵ)(1ݔ + ଶଶݔ + ଶଷ)݁ି(ఏభ௫భାఏమ௫మ)ஶݔ

଴ ଶݔଵ݀ݔ݀
ஶ
ିஶ       (46) 

 
Input:Integrate[((ܽସ ∗ ܾଶ) ൫(ܽଷ + ܽଶ + 6) ∗ (ܾ + 1)൯⁄ ) ∗ ((1 + ݔ + (3^ݔ ∗ (1 + ((ݕ ∗ 
                                                                            ൫Expൣ−൫(ܽ ∗ (ݔ + (ܾ ∗ ,൯൧൯(ݕ ,ݔ} 0, In inity}, ,ݕ} 0, In inity}]	                                                                                                                            
Output: 1]݊݋݅ݏݏ݁ݎ݌ݔܧ݈ܽ݊݋݅ݐ݅݀݊݋ܥ,ܴ݁[ܽ,ܾ] > 0]; where ܽ = ,ଶߠ ܾ = ,ଵߠ ݔ = ,ଶݔ ݕ =  ଵݔ
  
      →						 ∫ ∫ ൤ 	ఏభమఏమర

(ଵାఏభ)൫ఏమ
యା	ఏమ

మା଺൯
൨ (1 + ଵ)(1ݔ + ଶଶݔ + ݁ି(ఏభ௫భାఏమ௫మ)ஶ		ଶଷ)ݔ

଴
ஶ
଴ ଶݔଵ݀ݔ݀ = 1                      (47) 

 
ଵܺܺଶ	ܺଷ~	݌ݔܧ − ݀݊݅ܮ −   (ߠ)ܿݑܬ

∫ ∫ ∫ ଷݔଶ݀ݔଵ݀ݔ݀	(ଷݔଶݔଵݔ)݂
ஶ
ିஶ 	= 	 ∫ ∫ ∫ ൤ 	ఏభఏమమఏయర

(ଵାఏమ)൫ఏయ
యା	ఏయ

మା଺൯
൨ (1 + ଶ)(1ݔ + ଷଶݔ + ଷଷ)ஶݔ

଴
ஶ
଴

ஶ
଴

ஶ
ஶ

ஶ
ିஶ              (48) 

                                                                                               	∗ ݁ି(ఏభାఏమ௫మ	ା	ఏయ௫య)		݀ݔଵ݀ݔଶ݀ݔଷ 



 

 

 
Input:Integrate[((ܽ ∗ ܾ^2 ∗ ܿ^4) ((ܿ^3 + ܿ^2 + 6) ∗ (ܾ + 1))⁄ ) ∗ ((1 + ݖ + (3^ݖ ∗ (1 + ((ݕ ∗ (Exp[−((ܽ ∗ (ݔ +
(ܾ ∗ (ݕ + (ܿ ∗ ,([((ݖ ,ݔ} 0, In inity}, ,ݕ} 0, In inity}, ,ݖ} 0, In inity}]	                                                                                                                            
Output: 1]݊݋݅ݏݏ݁ݎ݌ݔܧ݈ܽ݊݋݅ݐ݅݀݊݋ܥ,ܴ݁[ܽ,ܾ] > 0]; where ܽ = ,ଵߠ ܾ = ,ଶߠ ܿ = ଷߠ , ݔ = ,ଵݔ ݕ = ,ଶݔ ݖ = 	  ଷݔ
  

      →						 ∫ ∫ ∫ ൤ 	ఏభఏమమఏయర

(ଵାఏమ)൫ఏయ
యା	ఏయ

మା଺൯
൨ (1 + ଶ)(1ݔ + ଷଶݔ + ଷଷ)ஶݔ

଴
ஶ
଴

ஶ
଴ ݁ି(ఏభ௫భ	ାఏమ௫మ	ା	ఏయ௫య) = 1                     (49) 

 
  
3. BIVARIATE PROPERTIES FOR THE PRODUCT DISTRIBUTIONS 

3.1 Conditional Bivariate Development 
If ଵܺ and ܺଶ  have a joint probability density function	݂(ݔଵݔଶ), then the conditional pdf of X, given 
that	ܺଶ = (ଶݔ)݂ ଶ such thatݔ ଶ, is defined for all values ofݔ > 0 0, by 
  

                                       ℎ(ݔଵ|ݔଶ) = 	 ௙(௫భ௫మ)
௙(௫మ) =  (50)                                                                          	(ଵݔ)݂

                                       ℎ(ݔଶ|ݔଵ) = 	 ௙(௫భ௫మ)
௙(௫భ) =   (51)                 (ଶݔ)݂

 
By implication, the conditional properties for the independent identical and non-identical distributions are 
given thus: 
                               ℎ௔భ:	௔మ(ݔଵ|ݔଶ) = 	

௙ೌ భ:	ೌమ(௫భ௫మ)

௙ೌ భ:	ೌమ(௫మ) = ௔݂భ:	௔మ(ݔଵ)        (52) 

                              	ℎ௔భ:	௔మ(ݔଶ|ݔଵ) = 	
௙ೌ భ:	ೌమ(௫భ௫మ)

௙ೌ భ:	ೌమ(௫భ) = ௔݂భ:	௔మ(ݔଶ)        (53) 

 
                                 ℎ௔	∶	௕(ݔଵ|ݔଶ) = 	௙ೌ	∶	್(௫భ௫మ)

௙ೌ	∶	್(௫మ) = ௔݂	∶	௕(ݔଵ)                                                                 (54) 

                                 ℎ௔	∶	௕(ݔଶ|ݔଵ) = 	௙ೌ	∶	್(௫భ௫మ)
௙ೌ	∶	್(௫భ) = ௔݂	∶	௕(ݔଶ)          (55) 

 
where ܽଵ:	ܽଶ and ܽ ∶ ܾ implies independent identical and non-identical distributions respectively.  
 
3.2 Moments 
The ݎ௧௛ moment of the Bivariate and Multivariate distributions is obtained thus: 

(௦ݔ௥ݔ)ܧ                             = ∫ ∫ ଶ௦ݔଵ௥ݔ ଶݔଵ݀ݔ݀		(ଶݔଵݔ)݂		
ஶ
଴

ஶ
଴                                                                (56) 

(௧ݔ௦ݔ௥ݔ)ܧ                         = ∫ ∫ ଶ௦ݔଵ௥ݔ ଷ௧ݔ	 ଷݔଶ݀ݔଵ݀ݔ݀		(ଷݔଶݔଵݔ)݂	
ஶ
଴

ஶ
଴                                         (57) 

௧ݔ௦ݔ௥ݔ)ܧ            (௭ݔ	… = ∫ ∫ ∫ … 	∫ ଶ௦ݔଵ௥ݔ ଷ௧ݔ	 ଷݔଶݔଵݔ)݂	௡௭ݔ… … ଷݔଶ݀ݔଵ݀ݔ݀		(௡ݔ	 ௡ݔ	…
ஶ
଴

ஶ
଴

ஶ
଴

ஶ
଴           (58) 

 
ଵܺܺଶ	~	(ߠ)݌ݔܧ  

(ଶ௦ݔଵ௥ݔ)ܧ                                = ∫ ∫ ଶ௦ݔଵ௥ݔ ଶݔଵ݀ݔ݀	)	ାఏమ௫మ	݁ି(ఏభ௫భ	ଶߠଵߠ		
ஶ
଴

ஶ
଴               (59) 

 
Output: [ߠଵ

ି௥ߠଶ
ି௦Gamma[1 + Gamma[1[ݎ + ,[ݏ Re[ݎ] > −1&&Re[ߠଵߠଶ] > 0]    

 
→ (ଶ௦ୀଵݔଵ௥ୀଵݔ)ܧ					 = 	 ଵ

ఏభఏమ
= ௫మ          (60)	௫భߤ

            
 
 ܺଵܺଶ	~	(ߠ)݀݊݅ܮ 
(ଶ௦ݔଵ௥ݔ)ܧ                          = ∫ ∫ ଶ௦ݔଵ௥ݔ 		

ఏభమఏమమ

(ଵାఏభ)(ଵାఏమ)
(1 + (1	)	ଵݔ + ଶݔଵ݀ݔ݀	)	ାఏమ௫మ	)݁ି(ఏభ௫భ	ଶݔ

ஶ
଴

ஶ
଴        (61) 

 



 

 

Output: [1ߠ
షೝ2ߠ

షೞ൫ଵା1ߠା௥൯൫ଵା2ߠା௦൯ୋୟ୫୫ୟ[ଵା௥]ୋୟ୫୫ୟ[ଵା௦]
൫ଵା1ߠ൯൫ଵା2ߠ൯

, Re[ݎ] > −1&&Re[2ߠ,1ߠ] > 0]  
 
(ଶ௦ୀଵݔଵ௥ୀଵݔ)ܧ = 	 (ଶାఏభ)(ଶାఏమ)

ఏభఏమ(ଵାఏభ)(ଵାఏమ)
	= ௫మ	௫భߤ          (62) 

 
  
 ܺଵܺଶ	~	(ߠ)ܿݑܬ 
 
(ଶ௦ݔଵ௥ݔ)ܧ = ∫ ∫ ଶ௦ݔଵ௥ݔ 		

ఏభరఏమర

൫ఏభ
యାఏభ

మା଺൯൫ఏమ
యାఏమ

మା଺൯
(1 + 	ଵݔ + (1	ଵଷ)ݔ + 	ଶݔ + ଶݔଵ݀ݔ݀	)	ାఏమ௫మ	ଶଷ)݁ି(ఏభ௫భݔ

ஶ
଴

ஶ
଴   (63)  

Output: 

[

1ߠ
షೝ2ߠ

షೞቆ1ߠ
3ା1ߠ

2(ଵା௥)ା(ଵା௥)(ଶା௥)(ଷା௥)ቇቆ2ߠ
3ା2ߠ

2(ଵା௦)ା(ଵା௦)(ଶା௦)(ଷା௦)ቇ

ୋୟ୫୫ୟ[ଵା௥]ୋୟ୫୫ୟ[ଵା௦]

ቀ1ߠ
3ା1ߠ

2ା଺ቁቀ	2ߠ
3ା2ߠ

2ା଺ቁ
, Re[ݎ] > −1&&Re[2ߠ,1ߠ] > 0]   

 

(ଶ௦ୀଵݔଵ௥ୀଵݔ)ܧ = 	 (ఏభయାଶఏభమାଶସ)(ఏమయାଶఏమమାଶସ)
ఏభఏమ൫ఏభ

యାఏభ
మା଺൯൫	ఏమ

యାఏమ
మା଺൯

= ௫మ	௫భߤ         (64) 
 
 
 ܺଵܺଶ	~	݌ݔܧ −  (ߠ)݀݊݅ܮ
 
(ଶ௦ݔଵ௥ݔ)ܧ  = ∫ ∫ ଶ௦ݔଵ௥ݔ 		

ఏభఏమమ

(ଵାఏమ)
	(1 + ଶݔଵ݀ݔ݀	)	ାఏమ௫మ	)݁ି(ఏభ௫భ	ଶݔ

ஶ
଴

ஶ
଴                                                         (65) 

 
Output: [ఏభ

షೝఏమ
షೞ(ଵାఏమା௦)ீ௔௠௠௔[ଵା௥]ீ௔௠௠௔[ଵା௦]

ଵାఏమ
[ݎ]ܴ݁, > ଵߠ]ܴ݁&&1− [ଶߠ, > 0]  

(ଶ௦ୀଵݔଵ௥ୀଵݔ)ܧ = 	 ଶାఏమ
ఏభఏమ(ଵାఏమ)

               (66) 

 

 ܺଵܺଶ	~	݌ݔܧ −  (ߠ)ܿݑܬ
 
(ଶ௦ݔଵ௥ݔ)ܧ = ∫ ∫ ଶ௦ݔଵ௥ݔ 		

ఏభఏమర

൫	ఏమయାఏమమା଺൯
	(1 + 	ଶݔ + ଶݔଵ݀ݔ݀	)	ାఏమ௫మ	ଶଷ)݁ି(ఏభ௫భݔ

ஶ
଴

ஶ
଴        (67) 

 
Output:	[

ఏభషೝఏమషೞቀఏమ
యାఏమ

మ(ଵା௥)ା(ଵା௥)(ଶା௥)(ଷା௥)ቁୋୟ୫୫ୟ[ଵା௥]ୋୟ୫୫ୟ[ଵା௦]

଺ାఏమమାఏమయ
, Re[ݎ] > −1&&Re[ߠଵ,ߠଶ] > 0]  

(ଶ௦ୀଵݔଵ௥ୀଵݔ)ܧ = 	 (ఏమయାଶఏమమାଶସ)
ఏభఏమ൫	ఏమ

యାఏమ
మା଺൯

      (68) 

 

 ܺଵܺଶ	~	݀݊݅ܮ −  (ߠ)ܿݑܬ
 
(ଶ௦ݔଵ௥ݔ)ܧ = ∫ ∫ ଶ௦ݔଵ௥ݔ 		

ఏభమఏమర

(ଵାఏభ)൫	ఏమ
యାఏమ

మା଺൯
	(1 + )(1	ଵݔ + 	ଶݔ + ଶݔଵ݀ݔ݀	)	ାఏమ௫మ	ଶଷ)݁ି(ఏభ௫భݔ

ஶ
଴

ஶ
଴                (69) 

 
Output:[ఏభ

షೝఏమషೞ(ଵା௔ା௥)(௕యା௕మ(ଵା௦)ା(ଵା௦)(ଶା௦)(ଷା௦))ୋୟ୫୫ୟ[ଵା௥]ୋୟ୫୫ୟ[ଵା௦]
(ଵା௔)(଺ା௕మା௕య)

, Re[ݎ] > −1&&Re[ܽ] > 0]  
 

(ଶ௦ୀଵݔଵ௥ୀଵݔ)ܧ = 	 (ଶାఏభ)(ఏమయାଶఏమమାଶସ)
ఏభఏమ(ଵାఏభ)൫	ఏమ

యାఏమ
మା଺൯

                                                                                                   (70) 
 
 
ଵܺܺଶܺଷ	~	݌ݔܧ − ݀݊݅ܮ −   (ߠ)ܿݑܬ

 



 

 

(ଷ௧ݔଶ௦ݔଵ௥ݔ)ܧ = ∫ ∫
ଷ௧ݔଶ௦ݔଵ௥ݔ 		

ఏభఏమమఏయర

(ଵାఏమ)൫	ఏయయାఏయమା଺൯
	(1 + )(1	ଵݔ + 	ଶݔ + 	)	ାఏయ௫య	ାఏమ௫మ	ଶଷ)݁ି(ఏభ௫భݔ

ଷݔଶ݀ݔଵ݀ݔ݀																																																																																																								

ஶ
଴

ஶ
଴            (71)  

 
Output: [

ఏభషೝఏమషೞఏయష೟(ଵାఏమା௦)ቀఏయ
యାఏయ

మ(ଵା௧)ା(ଵା௧)(ଶା௧)(ଷା௧)ቁீ௔௠௠௔[ଵା௥]ீ௔௠௠௔[ଵା௦]ீ௔௠௠௔[ଵା௧]

(ଵାఏమ)൫଺ାఏయమାఏయయ൯
,  

[ݎ]ܴ݁                                                                                                        > [ଷߠଶߠଵߠ]ܴ݁&&1− > 0]    
 
(ଷ௧ୀଵݔଶ௦ୀଵݔଵ௥ୀଵݔ)ܧ = 	 (ଶାఏమ)(ఏయయାଶఏయమାଶସ)

ఏభఏమఏయ(ଵାఏమ)൫	ఏయయାఏయమା଺൯
= 	 	௫య	௫మ	௫భߤ                                                              (72) 

 
 

3.3 Mean, Covariance and Coefficient of Variation 

Having obtained the ݎ௧௛  moment of the bivariate and multivariate distributions, we hence recall that 

evaluation: ܧ(ݔ௥ݔ௦)⌉௥,௦ୀ	ଵ and ݔ)ܧ௥ݔ௦ݔ௧ … …			,௭)⌉௥,௦,௧ݔ	 		 ,௭	ୀ	ଵ are the means of the various derived 

distributions. The covariance of a bivariate distribution is given as: ݒ݋ܥ(ܺଵܺଶ) = )ܧ ଵܺܺଶ)−

)ܧ ଵܺ)ܧ(ܺଶ). However, coefficient of variation (CV) is dependent on the covariance; since by induction 

from the univariate CV model given as ܸܥ = ఙ
ఓ

, 

ܥ                                             ௕ܸ௜௩௔௥௜௔௧௘ = 	ඥ஼௢௩(௫భ௫మ)
ఓೣభೣమ

                (73) 

 Consequently, the developed models are independent, and following calculations: ݒ݋ܥ( ଵܺ,ܺଶ) = 0. This 

implies that the coefficient of variation is zero as well, for all the distributions in this study. More so, the 

correlation coefficient ߩ = ஼௢௩(௫భ௫మ)
ఙೣభఙೣమ

 by the same implication is zero also. 

3.4 Moment Generating Function 
The moment generating function of Bivariate or Multivariate Distribution is derived thus:  
,ଵݐ)௫భ௫మܯ                 (ଶݐ 	= ௧భ௫భା௧మ௫మ݁	)	ܧ	 	) 	= 	 ∫ ∫ ݁௧భ௫భା௧మ௫మஶ

଴ ஶ(ଶݔଵݔ)݂	
଴      ଶ                            (74)ݔଵ݀ݔ݀	

,ଵݐ)௫భ௫మ௫యܯ         ଶݐ , (ଷݐ 	= ௧భ௫భା௧మ௫మା௧య௫య݁	)	ܧ	 	) 	= 	 ∫ ∫ ݁௧భ௫భା௧మ௫మஶ
଴ ஶ(ଶݔଵݔ)݂	

଴  ଶ                    (75)ݔଵ݀ݔ݀	
 
ଵܺܺଶ~(ߠ)݌ݔܧ                                       

,ଵݐ)௫భ௫మܯ                 (ଶݐ 	= ఏభఏమ
(ఏభି௧భ)(ఏమି௧భ)

             (76) 

ଵܺܺଶ~(ߠ)݀݊݅ܮ                                                              
,ଵݐ)௫భ௫మܯ                (ଶݐ 	= 	 ఏభమఏమమ(ଵାఏభି௧భ)(ଵାఏమି௧మ)

(ଵାఏభ)(ଵାఏమ)(ఏభି௧భ)మ(ఏమି௧మ)మ
      (77) 

ଵܺܺଶ~(ߠ)ܿݑܬ               
,ଵݐ)௫భ௫మܯ                  (ଶݐ = 					 	ఏభ

రఏమర(଺ା(ఏభି௧భ)మା(ఏభି௧భ)య)(଺ା(ఏమି௧మ)మ(ଵାఏమି௧మ))
(ఏభ

యାఏభ
మା଺)(ఏమ

యାఏమ
మା଺)(ఏభି௧భ)ర(ఏమି௧మ)ర

                                        (78) 

ଵܺܺଶ~݌ݔܧ −                                                       (ߠ)݀݊݅ܮ
,ଵݐ)௫భ௫మܯ                  (ଶݐ = 						 ఏభఏమమ(ଵାఏమି௧మ)

(ଵାఏమ)(ఏభି௧భ)(ఏమି௧మ)మ
	                               (79) 

ଵܺܺଶ~݌ݔܧ −                      (ߠ)ܿݑܬ
,ଵݐ)௫భ௫మܯ                  (ଶݐ = 							ఏభఏమ

ర(଺ା(ఏమି௧మ)మା(ఏమି௧మ)య)
(ఏమయାఏమమା଺)(ఏభି௧భ)(ఏమି௧మ)ర

       (80)  

ଵܺܺଶ~ܿݑܬ −                      (ߠ)݀݊݅ܮ
,ଵݐ)௫భ௫మܯ                  (ଶݐ = 						ఏభ

రఏమమ(଺ା(ఏభି௧భ)మା(ఏభି௧భ)య)(ଵାఏమି௧మ)
(ఏభయାఏభమା଺)(ଵାఏమ)(ఏభି௧భ)ర(ఏమି௧మ)మ

      (81) 

ଵܺܺଶܺଷ~݌ݔܧ − ݀݊݅ܮ −   (ߠ)ܿݑܬ



 

 

,ଵݐ)௫భ௫మ௫యܯ          ,ଶݐ (ଷݐ = 						 ఏభఏమ
మఏయర(ଵାఏమି௧మ)(଺ା(ఏయି௧మ)మ(ଵାఏయି௧య))

(ଵାఏమ)(ఏయయାఏయమା଺)(ఏభି௧భ)(ఏమି௧)మ(ఏయି௧య)ర
      (82) 

 

3.5 Maximum Likelihood Estimator 

For brevity purposes we estimate the parameters of Exponential-Lindley-Juchez distribution only. 

However, further derivations could be made for the parameters of every other independent distribution.  

Let(	 ଵܺ௜ ,ܺଶ௜ ,ܺଷ௜)	݅ = 1,2,3, … ,݊, be random vectors from Exponential-Lindley-Juchez multivariate 

distribution, the maximum likelihood estimator (MLE) is obtained thus: 

        L݂(ݔଵݔଶݔଷ,ߠ) = 	 ൬	 	ఏభఏమమఏయర

(ଵାఏమ)൫ఏయ
యା	ఏయ

మା଺൯
	൰
௡
	∏ 	(1 + ௜ଶ)൫1ݔ + ௜ଷଶݔ + ௜ଷଷݔ ൯௡

௜ୀଵ 	 

                                                                          ݁ି(ఏభ ∑ ௫೔భ	
೙
೔సభ ାఏమ ∑ ௫೔మ	

೙
೔సభ ା	ఏయ ∑ ௫೔య	

೙
೔సభ )                             (83)                   

݈݊L݂(ݔଵݔଶݔଷ,ߠଵߠଶߠଷ) = ଵߠ݈݊݊ + ଶߠ2݈݊݊ + ଷߠ4݈݊݊ − ݈݊݊(1 + (ଶߠ − ଷଷߠ	)݈݊݊	 + ଷଶߠ	 + 6) 

                                                                   +∑ ln൫1 + ௜ଷଶݔ + ௜ଷଷݔ + 	 ௜ଶݔ + ௜ଷଶݔ௜ଶݔ + ௜ଷଷݔ௜ଶݔ ൯௡
௜ୀଵ   

∑ଵߠ)−                                                                           	௜ଵݔ
௡
௜ୀଵ + ଶߠ ∑ 	௜ଶݔ

௡
௜ୀଵ + ଷߠ	 ∑ 	௜ଷݔ

௡
௜ୀଵ )             (84)  

 

  In estimation of the parameters, the estimator is maximized at     
డ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)

	డఏభ	
= 0		,				 డ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)

	డఏమ	
= 0			ܽ݊݀		 డ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)

	డఏయ	
= 0, then                    

       డ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)
	డఏభ	

= ௡
	ఏభ		

− ∑ 	௜ଵݔ
௡
௜ୀଵ 	= 0          (85) 

                                            →																		 ෠ଵߠ = 	 ଵ
௫̅భ
	   

      డ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)
	డఏమ	

= 	 ଶ௡
	ఏమ		

− ௡
	ଵାఏమ		

−	∑ 	௜ଶݔ
௡
௜ୀଵ = 0	          (86) 

      డ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)
	డఏయ	

= 		 ସ௡
	ఏయ		

− ௡൫ଷఏయమାଶఏయ൯
	ఏయయା	ఏయమା଺		

− ∑ 	௜ଷݔ
௡
௜ୀଵ 	= 0      (87) 

 

The likelihood equations in (85), (86) and (87) can easily be solved iteratively using Fisher’s scoring 
method due to the closed form equations obtained. We have thus: 
 

 డ
మ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)	

	డఏభడఏమ	
= డమ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)	

	డఏభడఏయ	
= డమ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)	

	డఏమడఏయ	
= 		0                                     (88) 

డమ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)	
డఏభ

మ		
= 	− ௡

ఏభ
మ   (89) 

డమ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)	
డఏమ

మ		
= 	−	 ଶ௡

	ఏమ
మ		

+ ௡
	(ଵାఏమ)మ		

    (90) 

డమ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)	
డఏయ

మ		
= − ସ௡

	ఏయ
మ		

+ ൫ଶఏయାଷఏయమ൯
మ

൫଺ାఏయమାఏయయ൯
మ −

ଶା଺ఏయ
଺ାఏయ

మାఏయ
మ   (91) 

Resolving the following matrix equations, the solutions of MLE (ߠ෠ଵ,ߠ෠ଶ	ܽ݊݀	ߠ෠ଷ) for ݂(ݔଵݔଶݔଷ,ߠଵߠଶߠଷ)	 
are obtained: 
 



 

 

 

⎣
⎢
⎢
⎢
⎢
⎡
డమ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)	

డఏభమ		
డమ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)	

	డఏభడఏమ	
డమ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)	

	డఏభడఏయ	
డమ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)	

	డఏమడఏభ	
డమ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)	

డఏమమ 		
డమ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)	

	డఏమడఏయ	
డమ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)	

	డఏయడఏభ	
డమ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)	

	డఏయడఏభ	
డమ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)	

డఏయ
మ 		 ⎦

⎥
⎥
⎥
⎥
⎤

቎
෠ଵߠ = 	 ଴ଵߠ
෠ଶߠ = 	 ଴ଶߠ
෠ଷߠ = 	 ଴ଷߠ

቏ = 

                                                                                                                

⎣
⎢
⎢
⎢
⎡
డ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)

	డఏభ	
డ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)

	డఏమ	
డ	௟௡୐௙(௫భ௫మ௫య ,ఏభఏమఏయ)

	డఏయ	 ⎦
⎥
⎥
⎥
⎤

            (92) 

                 
where ߠ଴ଵ , ෠ଶߠ෠ଵߠ	଴ଷ are initial values ofߠ	݀݊ܽ	଴ଶߠ	  .෠ଷߠ	݀݊ܽ	
 

3.6 Bivariate Reliability Analysis 

The Reliability function models the probability that a component will survive after a given time; whereas, 
hazard function is the likelihood that a system will terminate after a given period of time or cycle. The 
reliability ܴ(ߠ,ݔ) and hazard rate models (ߠ,ݔ)ܪ of bivariate distributions are given as: 
 
(ߠ,ଶݔଵݔ)ܴ                   = ܲ( ଵܺ ≥ ଵ,ܺଶݔ ≥ (ଶݔ = 	 ∫ ∫ ,ଵݐ)݂ ଶ)ஶݐ

௫మ
ஶ
௫భ

                                                   ଶݐଵ݀ݐ݀

,ଵݔ)ܴ            ,ଶݔ (ߠ,ଷݔ = ܲ(ܺଵ ≥ ଵ,ܺଶݔ ≥ ଶ,ܺଷݔ ≥ (ଷݔ = ∫ ∫ ∫ ,ଵݐ)݂ ଶݐ , ଷ)ஶݐ
௫య

ஶ
௫మ

ஶ
௫భ

           (93)	ଷݐଶ݀ݐଵ݀ݐ݀
                                                             
                → ,ଵݔ)ܴ										 (ߠ,ଶݔ = 1 (ଶܺ)ܩ−(ଵܺ)ܩ− + )ܩ ଵܺ,ܺଶ)     (94) 
,ଵݔ)ܴ                         ,ଶݔ (ߠ,ଷݔ = 1− (ଵܺ)ܩ −(ଶܺ)ܩ− (ଷܺ)ܩ +  (ଵ,ܺଶ,ܺଷܺ)ܩ
 
                              
We consider (random selection of) two bivariate: say, Exponential-Exponential from IID and 
Exponential-Lindley; and the Exponential-Lindley-Juchez multivariate distributions from IInD.  
 
                  ܴா௫௣ିா௫௣(ݔଵ, (ߠ,ଶݔ = 1−	 ൣ1− ݁ିఏభ௫భ൧ − ൣ1 − ݁ିఏమ௫మ൧ + ൣ݁ି(ఏభ௫భାఏమ௫మ)൧                    (95) 
 
                	ܴா௫௣ି௅௜௡ௗ(ݔଵ, (ߠ,ଶݔ = 1 − ൣ1 − ݁ିఏభ௫భ 	൧ − ቂ1− ቀఏమାଵାఏమ௫మ	

ఏమାଵ
ቁ ݁ିఏమ௫మቃ +  

                                                                                                 ቂቀ1 + 	 ఏమ௫మ
ଵାఏమ

ቁ	݁ି(ఏభ௫భାఏమ௫మ)ቃ           (96) 
 
 



 

 
Figure 7 (a)and (b). The shape of the reliability function of the Bivariate Exponential-Exponential 

distribution and the Bivariate Exponential-Lindley Distribution. 
 

	ܴா௫௣ି௅௜௡ௗି௃௨௖(ݔଵ, ,ଶݔ (ߠ,ଷݔ = 1 −	ൣ1 − ݁ିఏభ௫భ൧ − ൤1 − ൬
ଶߠ + 1 + 	ଶݔଶߠ

ଶߠ + 1
൰ ݁ିఏమ௫మ൨ 

                                                                 − ቂ1− ቀ1 + 	 	ఏ௫	ൣ	ఏ
మ	ା	ఏమ	௫మ	ା	ଷఏ௫	ା	଺	൧
ఏయ	ା	ఏమ	ା	଺

ቁ ݁ିఏ௫ቃ                          (97) 
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→ (ߠ,ଶݔଵݔ)ܪ											 = ௙(௫భ௫మ ,ఏ)

ோ(௫భ௫మ ,ఏ) ,ଵݔ)ܪ						݀݊ܽ								 ,ଶݔ (ߠ,ଶݔ = 	 ௙(௫భ ,௫మ ,௫మ ,ఏ)
ோ(௫భ ,௫మ ,௫మ,ఏ)                                          (99) 

 

 
                             



 

 
 

Figure 8 (a)and (b). The shape of the Hazard Function of the Bivariate Exponential-Exponential 
distribution and the Bivariate Exponential-Lindley Distribution. 

 

3.7 Renewal Property 

 In the modeling of two-dimensional queuing and renewal processes, in scenarios, where the arrival and 

service times are dependent; bivariate distributions can be employed. Laplace transformation as a 

function makes this mathematically possible.  

Let ଵܺܺଶ	be a random vector with joint PDF ݂(ݔଵݔଶ) then the function is derived thus: 

                                    ߮௑భ௑మ(ݐଵ, (ଶݐ = ଵݔଵݐ−)	exp]ܧ −  )]               (100)	ଶݔଶݐ

                                                          = ∫ ∫ exp	(−ݐଵݔଵ − ଶݔଵ݀ݔ݀		(ଶݔଵݔ)݂		(	ଶݔଶݐ
ஶ
଴

ஶ
଴                         (101) 

Concisely, the bivariate distributions randomly chosen for this representation are Bivariate Exponential-
Juchez, Bivariate Lindley-Lindley and Bivariate Juchez-Lindley distributionsh:  
 

                              ߮ா௫௣ି௃௨௖(ݐଵ, (ଶݐ = 	 ఏభఏమ
ర൫଺ା(ఏమା௧మ)మା(ఏమା௧మ)య൯

(ఏభି௧భ)൫଺ାఏమ
మାఏమ

య൯(ఏమା௧మ)ర ଶߠ]				, + [ଶݐ > 0             (102) 
 
                            ߮௅௜௡ௗି௅௜௡ௗ(ݐଵ, (ଶݐ = (ଵାఏభା௧భ)(ଵାఏమି௧మ)

(ఏభା௧భ)మ(ఏమି௧మ)మ ଵߠ]																	, + [ଵݐ > 0             (103) 

                              ߮௃௨௖ି௅௜௡ௗ(ݐଵ, (ଶݐ = ఏభరఏమమ(଺ା(ఏభା௧భ)మା(ఏభା௧భ)య)(ଵାఏమି௧)
(଺ାఏభ

మାఏభ
య)(ଵାఏమ)(ఏభା௧భ)ర(ఏమି௧మ)మ

ଵߠ]					, + [ଵݐ > 0                 (104) 

Which are the laplace transform of our bivariate distributions. 

  

3.8 Bivariate Probability Patterns 

In this section, random choice is also made in the selection of the bivariate distributions, with the intent to 
investigate the trend or the shape of the distributions; and at same time test whether there is consistency 
in respect of the probability axiom: 0 ≤ (ݔ)ܲ ≤ 1.     
 

            Table 1. Statistical Table for the Bivariate Juchez and Bivariate Lindley-Juchez Distribution 
       Bivariate Juchez                    (ࣂ૚ = ૙.૞	,ࣂ૛ = ૙.૞	)       Bivariate Lindley-Juchez 

 ૛ 1 2          3 4 1 2 3        4ࢄ||૚ࢄ
1 0.000318 0.007077 0.001209 0.001633 0.003606 0.003281 0.002654 0.002011 

    2 0.000707 0.001574 0.002690 0.003632 0.008021 0.007297 0.005902 0.004474 

3 0.001209 0.002690 0.004599 0.006208 0.013710 0.012474 0.010087 0.007648 



 

 

4 0.001633 0.003632 0.006208 0.008381 0.018509 0.016840 0.013618 0.010325 

5 0.001881 0.004182 0.007149 0.009651 0.021314 0.019391 0.015682 0.011890 

6 0.001942 0.004318 0.007381 0.009965 0.022007 0.020022 0.016192 0.012276 

7 0.001854 0.004123 0.007047 0.009513 0.021009 0.019114 0.015457 0.011719  

8 0.001669 0.003711 0.006344 0.008565 0.018914 0.017208 0.013916 0.010551  

9 0.001436 0.003193 0.005458 0.007368 0.016272 0.014805 0.011973 0.009077  

10 0.001191 0.002650 0.004529 0.006114 0.013502 0.012284 0.009934 0.007532  

11 0.000960 0.002135 0.003649 0.004926 0.010878 0.009897 0.008004 0.006069  

12 0.000755 0.001678 0.002869 0.003873 0.008554 0.007782 0.006294 0.004772  

13 0.000581 0.001293 0.002210 0.002984 0.006589 0.005994 0.004847 0.003675  

14 0.000440 0.000978 0.001673 0.002258 0.004987 0.004537 0.003669 0.002782  

15 0.000328 0.000729 0.001246 0.001683 0.003717 0.003382 0.002735 0.002074  

16 0.000241 0.000537 0.000917 0.001238 0.002735 0.002488 0.002012 0.001525  

17 0.000175 0.000390 0.000667 0.000901 0.001989 0.001809 0.001463 0.001109  

18 0.000126 0.000281 0.000480 0.000648 0.001431 0.001302 0.001053 0.000798  

19 0.000090 0.000200 0.000342 0.000462 0.001021 0.000929 0.000751 0.000569  

20 0.000063 0.000142 0.000242 0.000326 0.000722 0.000657 0.000531 0.000403  

 
The goal in Table 1 is to observe probability patterns; and indeed the output validate the probability 
axioms. The choice for the derived bivariate distribution used here is purely random; and carefully 
examining across the variables we notice first, an upward movement as seen at	 ଵܺ: 1 − 6; followed by a 
monotonic downward movement from ଵܺ: 7 − 20. This trend is similar for each	ܺଶ. Consequently, 
keeping both parameters constant, we could deduce that the two bivariate distributions are unimodal and 
positively skewed to the right.  
 
3.9 SIMULATION 

In bivariate analysis, the quantile function specifies the values of the random vector and is also known as 
the Inverse cumulative distribution. The quantile function for a univariate distribution can be obtained 
from this expression	ݔ = (ݔ)ܨ	which is derived from ,(ݑ)	ଵିܨ =  is the distribution (ݔ)ܨ where ;	ݑ
function; and 0 < u < 1. However, with respect to bivariate study the inverse cumulative distribution is 
given as 

)ܩ                                   ଵܺ,ܺଶ) = (ଶݑ,ଵݑ) 						→ 								 ( ଵܺ,ܺଶ) = 	   (ଶݑ,ଵݑ)ଵିܩ
 
 
CONCLUSION 
 
The paper aimed at developing different bivariate distributions, using mixture model offspring as the 
baseline distributions. Product distribution approach was used for the model developmental constructions 
of bivariate Independent Identical Distributions (IIDs) and Independent Non-Identical Distributions 
(IInD). Under IIDs, A New Bivariate Exponential, Bivariate Lindley, Bivariate Juchez Distributions are 
constructed; whereas, Bivariate Exponential-Lindley, Bivariate Exponential-Juchez and Bivariate 



 

 

Lindley-Juchez Distributions are derived under (IInDs). The validity test for these bivariate derivations, 
the verification of the statistical properties and all the mathematical bottlenecks were verified, carried out 
in both R and Mathematica software. Some properties considered are: the shape of the bivariate PDFs, 
moments, moment generating function, mean, covariance, coefficient of variance and coefficient of 
correlation, maximum likelihood estimator, reliability analysis, renewal property, inverse cumulative 
distribution and probability patterns. 
 
The probability patterns confirm with the shape of the PDFs that the various bivariate distributions, as 
derived in this study, is unimodal and non-normal. The covariance was calculated to be zero; and by 
implication coefficient of both covariance and correlation is zero. Finally the models derived under 
renewal properties could be used to model two-dimensional queuing and renewal processes, for situations 
where the arrival and service times are dependent.       
 
 
FUTURE WORK 
 
Having adopted product distribution in the development of bivariate models, using the category of 
distributions from mixture distribution, other developmental approaches like Marginal transformation, 
Copula Method, Method of Mixing and Compounding, Trivariate Reduction Method, Frailty Approach 
and Conditional Specification Method,  could be explored as well; and the performance comparison 
among other counterpart bivariate models could be done to test for better fit across models with respect to 
various bivariate  data emanating from different fields of life. 
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