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Abstract

The behaviour of warm water discharge at a temperature Tm horizontally into a homogeneous body of cold
fresh water at a temperature T = 0 was investigated by means of a numerical model through lock-exchange.
Water density here was taken to be a quadratic function of temperature. This work as presented here is
practical and relevant to many fields of study and also enhances policy making towards the protection of the
aquatic ecosystems. Such scenarios are evident in lakes, especially in holomictic lakes and warm discharge
from thermoelectric power generating plants. Because the sudden increase in the water temperature after
discharge will leads to "thermal shock" killing aquatic life that has become acclimatised to living in a stable
temperate environment. The aim of this investigation is to better fathom and as well, gain more insight

into such studies. Cabbeling process was key as whenever fluid of different temperature come in contact
and as well as the development of Kelvin-Helmholtz instability in the interaction surface. The general
behaviours here are dependent of lock volume, density difference and Reynolds number. We noticed that
the collapsing velocity of the denser fluid within the first time frame was high, higher than every fluid
movement elsewhere. Relations that describes the various regimes of flow were also drawn, and as well as
those for the spreading distance Ldc of the density current. However, there are little variations in the scaling
laws as compared to the earlier studied cases where density difference was by the means of salt water. But
for those where density difference is as a result of temperature, we believe that these results are a good
starting point to better fathom and as well, gain more insight into such studies. Lastly, the consideration

of barrier position is key, being that the lock volume is also believed to be a factor. Researchers can also
gain more knowledge in terms of the dynamics of such flows.
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1 Introduction

Density currents are a phenomenal behaviours that occur in many practical applications both in nature

and man-made situations, and examples of such scenarios are given in [1, 2, 3, 4] . These currents (flows)
are mainly driven by difference in density between the flow fluid and the ambient fluid. Considering the

river systems, such flows are evident because part of the water in some river mouth, lakes, etc., is saltier

or colder and in turn will form density current. In some cases, the water in such areas also contains more
suspended sediment than the surrounding water. Thus, these currents are also known to be responsible

for the transportation of sediments in reservoirs [5].

Researchers have also extensively studied these behaviours experimentally, theoretically and numerically
and have given some mathematical relations and values that describes the propagation speed and spreading
distance of such currents and as well as identifying different regimes of flow [2, 6, 7]. However, earlier works
on density currents can be found in [8, 9, 10]. Where a much simplified theoretical model that describes

the evolution of the frontal head after the release of a denser fluid into a lighter ambient fluid was suggested.
A derivation of theoretical model for the initiation of a steady two-dimensional density current in a
rectangular channel, and numerical solutions by using the shallow-water equation for a two-layer fluid that
has to do with an empirical front condition were also obtained. However, in most of the configurations,

the lock-exchange method is used Fig. 1: as this enables such flow scenarios over the rough and smooth
horizontal surfaces and as well as the inclined surfaces. In such experimental cases, salt is mostly used to
create the density difference in fresh water. Example of such studies with this lock-exchange configuration
with saltwater and fresh water include [6, 7, 11, 12 - 15, 25].

More so, it is also known that when water masses on either side of the temperature of maximum density
(Tm) come in contact, cabbeling is likely to occur even as the various fluids advance in their opposite
directions. It is believed that the denser fluid will penetrate the ambient fluid on the floor and form a

density current. Such scenarios are also evident in lakes, especially in holomictic lakes and warm discharge
from thermoelectric power generating plants. We can see [2, 7, 16, 17] for more insights and a more detailed
literature review in other to minimise repetition. However, density currents flows through lock-exchange
whereby density variation is as a result of temperature difference had not received much attention as compared
to that with saltwater that is widely used [6].

Generally, gravity currents usually undergo either two or three distinct phases of flow and these include:

a slumping phase, self-similar phase and viscous phase. As also recorded by [18], after the instantaneous
removal of the gate, an initial adjustment phase where the advancing head varies with approximately constant



velocity. Followed immediately by the second phase after the ambient fluid had reflected at the rear

wall, it in turn overtakes the penetrating head of the current. If only the lock-exchange experiment was
carried out in a finite confined channel [10]. At this point in the flow, the penetrating head advances as

te=3, but decreases with front speed as tr1=3, where t is the time after which the gate was removed. Lastly,
is the phase where viscous effects overcome inertial effects and the current front velocity decreases more
rapidly as tr4=s5, with front position advancing as ti=5[19].

Recently, we have also considered a "Numerical Simulations of the Cabbeling phenomenon in Surface Gravity
Currents in Cold Fresh Water" where we have extensively discussed the behaviour of such flows taken
density as a quadratic function of temperature. Relations were also drawn that describes the propagation
speed of the frontal head and as well as the distance traveled with respect to time [2]. The behaviour

of the negatively buoyant plume as mixed fluid that have mixed up to the Tm was also key. But then,
behaviour of the descended fluid on the floor was not fully captured and as such, the propagation speed of
the density current was not detailed. Though, this might be as a result of the limited domain space used
for the computation.

These authors [20, 21] in their works have also considered density current through lock-exchange, where
density variation was as a result of temperature difference. But then, they have not really presented a
detailed description of the evolution of the frontal head and as well as obtaining some empirical scaling
laws that will describe the propagation speed and spread length of the density current. We have considered
this to be very important because there is need for comparison with previous results for more insights. For
this reason, we have decided to carryout this investigation so as to better fathom and as well, gain more
insight into such studies. Thus, taken into consideration here is the motion of fluids with Tm (which is
3:98_C for fresh water at atmospheric pressure, (i.e., approximately 4_C in some numerical calculation))
initially at rest but separated by a vertical barrier in a rectangular domain with an ambient fluid with
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Fig. 1: Schematic presentation of Lock-exchange flow in a channel of length L and height H. The
dotted line gives the interface between the two fluids some time after the release.

temperature zero. It is expected that difference in the hydrostatic pressure will result in the denser fluid
flowing in one direction along the floor once the barrier is lifted up. Meanwhile the less dense fluid will

flow in the opposite direction horizontally along the upper part of the domain, and this in turn create a
mixing layer between the two fluids as they interact with each other. However, the interaction process will
continue even as the most dense fluid is located at the lower part with a frontal or leading head penetrating
the ambient fluid. This will continue until the dense but warm fluid will mix to a point where both fluids
attain the same temperature.

Our present investigation is based on numerical simulations that uses the lock exchange method with the
assumption that density is a quadratic function of temperature. Density current which contains a dense

but warm fluid in this case is expected to mix further as it spreads outward on the floor. This will continue
until the dense fluid will mix to a point where it attain the same temperature with the ambient fluid.

Though, this will be feasible if the domain of computation is extremely large or infinite.

We will vary computational domain between length L = 7000, i.e., 0 _ X _ 7000, with a domain height

H =1000i.e.,, 0 _Y _ 1000 in the first instance with barrier position L=14. And a computational domain
length L = 10000, i.e., 0 _ X _ 10000, with a domain height H=1200i.e., 0 _Y _ 1200 in the second
instance with barrier position 0:07L=14. The input fluid temperature in both cases is _in= 1 on the right
hand side. Meanwhile, on the left hand side, at position 13L=14 and 13:93L=14, _in=0. Where L is

the total length of the computational domain and _in, the initial temperature on the various sides of the
barrier. Now, reason for the various computational domain is to enable us capture important features and
processes for detailed analysis.

2 Model Formulation and Governing Equations

The behaviour of density currents as denser fluid spread outwards on the floor after the lock release due to
the nonlinear relation between density _ and temperature T is very paramount. Thus, the relation below

is useful for this study,

_=_m O _(T O Tm)2 (1)

This, we believe gives a very good fit to the experimentally determined density of fresh water at temperature
below 10_C if we consider Tm = 3:98_C, _m=1:000_10skg:mrsand _ = 8:0_10n3kg:mns(_C)r2[22,

23] and all other fluid properties (e.g. viscosity, thermal diffusivity) are assumed constant. We also assume
that the flow is time dependent and two dimensional, and that the liquid property is constant except for

the water density, which changes with temperature and in turn results to the buoyancy force. We can
non-dimensionalise the coordinates X, y, velocity components u, v, time t, pressure p and temperature T
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domain height H. We also define dimensionless parameters, the Reynolds Re, Prandtl Pr and Froude Fr
numbers, by
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where _ and _ are the respective diffusivities of momentum and heat, and _is viscosity, k is thermal
conductivity and cpis specific heat capacity. In terms of these dimensionless variables and parameters, the
continuity equation, the horizontal and vertical momentum equations and the thermal energy equation are
given as
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The terms Udc and Ldc are used to describe the propagating speed and spread length of the density current.
Our initial conditions are an undisturbed, homogeneous medium as also given in [2].
U=0;V=0;_=0;for_<0(8)

For _ _ 0 we have boundary conditions as follows. On the side walls:

Uu=0;VvV=0;

@_

@X

=0(9)

At the plume source:

U=U_V=0; _in=1forL=14 and 0:07L=14 and _in=0 for 13L.=14 and 13:93L=14;
for X=0;atY =H (10)

On the floor of the domain:

Uu=0;VvV=0;

@_

@Y

=0(11)



At the top of the domain:

@Uu

@Y

=0;V=0;

@_

@Y

=0(12)

The Reynolds number Re = 50, Froude number Fr = 1 and Prandtl number Pr = 11 will be fixed
throughout this investigation. The dimensionless temperature _in=1 on L=14 and 0:07L=14 is equivalent
to a discharge at 4_C into an ambient at 0_C. Numerical solution of the above equations is by means of
COMSOL Multiphysics software. This commercial package uses a finite element solver with discretization
by the Galerkin method and stabilisation to prevent spurious oscillations. We have used the "Extremely
fine" setting for the mesh. Time stepping is by COMSOL'’s Backward Differentiation Formulas. Further
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information about the numerical methods is available from the COMSOL Multiphysics website [24]. Results
will be illustrated mainly by surface temperature plots of dimensionless temperature on a colour scale from
dark red for the ambient temperature _ = 0:0, through yellow to white for the source temperature _ = 1.
Except at some point in the density current where we may have repeated temperature colour scale for a
different temperature. Note that _ = 1:0 corresponds to the temperature of maximum density.

3 Results

The results below show the behaviour of warm but dense fluid, discharged at 4_C through lock-exchange
in cold fresh water. Reynolds number Re = 50, Froude number Fr = 1 and Prandtl number Pr = 11,

are kept fixed throughout the study. Computational domain were also varied between L = 7000 and

L = 10000 with barrier position between L=14 and 0:07L=14 respectively. Figure 2; 3; 4; 5; 6; 7; 8&9
show the evolution of temperature field for _in= 1 within the timerange 0 ___425and 0 ___ 1800

in the various cases for a thorough analysis. Barrier position in the case as shown in Figure 2 is at

L=14; with _in=1 on the right hand side; and _in= 0 on the left hand side: Meanwhile, the case as

shown in Figure 4 is at 0:07L=14; with _in=1 on the right hand side; and _in = 0 on the left hand side:

A collapsing behaviour of the warm but denser fluid was observed within the first few time interval of the
simulation, immediately after the removal of the barrier vertically upwards. A cabbeling process also begins
within the same time at the point where the water masses meet, even as the denser fluid on the right hand
side began to form density current (see Fig. 2(b) & 4(b)). A significant mixed fluid was not observed
within this period and this might be as a result of the fact that the temperature difference between the two
fluid is small. However, as time progresses, we observed the development of Kelvin-Helmholtz instabilities
at the interaction layer between the ambient and the denser fluid. This unstable structures ranges from the
penetrating head to the rear of the density current (see Fig. 2(c - €)); though, this is not obvious in Fig.
4(c - e) because of its reduced volume. However, the most dense fluid continue to penetrate the ambient
fluid with a sharp frontal head.

Figure 4(d) - (e) show a very different behaviour as compared to those in Figure 2(d) - (e). We observed
in the former that the collapsing velocity of the denser fluid was high, higher than every fluid

movement elsewhere. Thus, on getting the floor of the domain there was an intense (vigorous) mixing
which had led to a major depletion in its temperature and this is evident afterwards as compared to the
later (see Fig. 3(f) - (g) & 5(f) - (g)). This in turn resulted in a rapidly reduced motion because the

dense but warm fluid is no longer energetic enough to advance quickly Fig. 5(f) - (g). However, the frontal
motion of the head of this density current continue to spread further, penetrating the ambient fluid and
maintaining the unstable layer even as this (Kelvin-Helmholtz instabilities) increases with time (see Fig.
3(h) - (j), Fig. 6 and Fig. 7). As the denser fluid advances, it was also observed that the frontal head is
always found to be replenished by a ground flow of warm but dense unadulterated water from the rear,
enabling the density current to push further (see Fig. 3(i) - (j)). Whereas, Figure 6, 7, 8 & 9 still

contains some mildly warm fluid at the rear. This is as a result of the initial intense mixing after the lock
release that have resulted in the denser fluid not being energetic to penetrate further. Thus, it takes much
longer time to advance to the position of the frontal head.

During the flow, the motion of the density current decreases in a stepwise manner even as the Kelvin-
Helmholtz instabilities dies out at the rear (see Fig. 3(i) - (j) & Fig. 9). The possible explanation to this
behaviour might be as a result of the regrouping process after the raging columns of the Kelvin-Helmholtz
instabilities had separated/partitioned the denser fluid. This process will continue until the denser fluid

will attain the same temperature with the ambient fluid (see Fig. 3(h) - (j)). This is also the primary cause
why the slightly warm fluid in Figure 6, 7, 8 & 9 is seen at the rear though, not energetic. The volume

of dense but warm fluid reduces significantly as time progresses after the density current had moved a
remarkable distance Ldc and as well as the propagation speed Udc (almost to a halting state in this case
with barrier position 0:07L=14): and Udcc (still energetic to penetrate further) as compared to the former,
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Fig. 2: Evolution of temperature field in the Density current for Fr = 1 and Reynolds number
Re=50with _=1attimeO__ 100
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Fig. 3: Evolution of temperature field in the Density current for Fr = 1 and Reynolds number
Re=50with _=1attime150 425
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when measured from the barrier position. The density current will eventually halt as this attain the same
temperature with the ambient fluid Fig. 9.

With these information provided, we can clearly state that three phases or regimes of flow exist. First

was the collapsing phase. This occur after the removal of the barrier, where water rapidly reorganised
itself on the floor to advance forward. The second was a phase of rapid depletion of temperature. And

this was as a result of the intense mixing after the collapsing phase, which resulted in a very slow motion.
The temperature of the denser fluid at this point had reduced drastically, so was not energetic enough

to accelerate faster. The third phase is the stepwise movement phase. This was the phase we observed
much of the Kelvin-Helmholtz instabilities at the interaction layer. Where partitions were created from

the raging columns of the Kelvin-Helmholtz instabilities in the denser fluid.

We can now comfortably state that the various behaviours as observed here in this paper also correspond
to some of the earlier experimentally studied cases by [6, 11, 19, 20, 25, 26]. That the instantaneous release
of the two fluids after gate was removed led to an initial adjustment phase where the advancing head varies
with approximately constant velocity. However, we have also highlighted a speedy collapsing behaviour in
the denser fluid within this time frame. Such that its movement is higher than every other fluid movement
elsewhere. This behaviour is evident in Fig. 12(a) where there is a rapid linear movement. It has also
been recorded that the second phase begins immediately after the ambient fluid had reflected at the rear
wall, which in turn overtakes the penetrating head of the density current. In this phase our result showed
a rapid depletion of temperature which might be as a result of the intense mixing after the denser fluid
landed. This also resulted in a very slow fluid motion being that the temperature of the denser fluid at this
point had reduced drastically, so was not energetic enough to accelerate faster. The third phase is the
phase where viscous effects overcome inertial effects and the current front velocity decreases more rapidly
as toa

sas also cited in [2]. In this present study, our result show a stepwise movement. This was the phase

we observed much of the Kelvin-Helmholtz instabilities at the interaction layer that was responsible for the
partitions in the denser fluid. The overall behaviour as observed here in this investigation might be as a
result of the small volume of dense fluid used. Because this requires a very little mixing before it attain the
same density with the ambient fluid. Thus, during the collapsing (slumping) phase most of the fluid had
attained _in = 0. The strong interaction between the ambient fluid because of its height and the dense

fluid also contributed to the slow movement of the current as time progresses. Even though the choice of
numerical parameters (Reynolds number 50) for a laminar flow was suggested and ideal for the purpose of
this work [6, 11, 25]. It is worth emphasising that in most of the lock-exchange experimental cases, salt is
mostly used to create the density difference. Except for Bukreev [20, 21] who considered density variation
as a result of temperature difference, but did not really give much details.

Profiles of temperature and horizontal velocity component on the density current at the height Y = 100,
some distance above the floor were also examined. This enables us to gain more information on the spreading
behaviour of the density current for effective analysis as shown in Figure10 and Figure.11. Profiles

of temperature as shown in Fig.10 indicate that there was a serious depletion of temperature within the
first few interval between L = 0 [] 200, except at _ = 30 where there was still some fairly warm fluid

within the range. At time _ = 60, within the interval L = 200 [] 600, we could trace fairly undiluted

denser fluid. This we also believed to be true because the development of Kelvin-Helmholtz instabilities

is yet to begin at that point in time. Thereafter, there was intense mixing also resulting from the Kelvin-
Helmholtz instabilities leading to further depletion of temperature downstream. Most of the fluid within

the time range 500 _ __ 1800 at that level was already at the same temperature with the ambient fluid.
Thus, we can conclude that, temperature decreases rapidly with time at that level. Fluctuations in the
temperature profiles also confirm that decrease in temperature with horizontal length is not monotonic.

9

Fig. 4: Evolution of temperature field in the Density current for Fr =1, Pr=11 and Re = 50

with _=ZlattimeO__ 100
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Fig. 5: Evolution of temperature field in the Density current for Fr = 1, Pr=11 and Re = 50

with _=1attime 200 400
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Fig. 6: Evolution of temperature field in the Density current for Fr =1, Pr=11 and Re = 50

with _=1attime 600 800
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Fig. 7: Evolution of temperature field in the Density current for Fr = 1, Pr=11 and Re = 50

with =1 at time 1000
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Fig. 8: Evolution of temperature field in the Density current for Fr =1, Pr=11 and Re = 50

with _ =1 attime 1200 _ __ 1600
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Fig. 9: Evolution of temperature field in the Density current for Fr = 1, Pr=11 and Re = 50

with =1 at time 1800

15

(@ Re=50; _=landPr=11

Fig. 10: Dimensionless temperature profiles at some point close to the floor of the domain _(X; 100)
at time _ = 30; 60; 100; 200; 500; 800; 1800 in the Density current for Re = 50, Pr = 11,
_in=landFr=1

In like manner, profiles of horizontal velocity as shown in (Fig.11) indicate that there was some level of
backward and forward movement of fluid at that level. The possible explanation to this might be as a
result of the interaction layer between the two fluid, where Kelvin-Helmholtz instabilities was observed.

As the frontal head pushes forward, the mixed fluid that is up to _ = 0 move backwards with the aid of

the Kelvin-Helmholtz instabilities. Though, a very fast forward movement of the fluid was also evident at
some point X = 500 and 800. It is worth indicating that both profiles of temperature and that of velocity

are determined from the simulation as shown in Figure 9.

The propagation speed with which the frontal head of the density current Udc travels with time _nis also
presented and shown with a linear and logarithmic scale in Figure 12(a) for simulations with barrier point
0:07L=14. As described earlier, the results here had shown three phases or regimes of flow. First was the
collapsing phase which correspond to the description as given in [6, 11, 20] (slumping phase). This occurs
after the removal of the barrier, where water rapidly reorganised itself on the floor to advance forward.
However, we have recorded the case that the collapsing velocity of the denser fluid within this time frame is
high, higher than every fluid movement elsewhere. This behaviour is evident in Fig. 12(b) where there is a
rapid linear movement. Therefore, we can identify a single regime in this phase of flow from an empirically
determined data set, and this is shown as a straight line that represents the best fit power laws obtained
by linear regression of logUdc1 on log_n:

Ude1 = 1:071_ o0:9511

n[R2=0:9994] (13)

where Rzis the regression coefficient in each case.
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(@ Re=50; _=landPr=11

Fig. 11: Dimensionless horizontal velocity profiles at some point close to the surface V (X; 100)
at time _ = 30; 60; 100; 200; 500; 800; 1800 in the Density current for Re = 50, Pr = 11;
_in=landFr=1

Second was the phase of rapid depletion of temperature because of the intense mixing during the reorganising
process on the floor. This we can liken to as the self-similar phase where after the ambient fluid had
reflected at the rear wall it in turn overtakes the penetrating head of the current. It was reported earlier
that at this point in the flow, the penetrating head advances as t

2

3, but decreases with front speed as tris

[2, 6, 11, 19]. However, the results here appear slightly different in terms of the scaling laws. The rapid
depletion of temperature in this case resulted in a very slow advancement of the fluid. Fig. 12(c) explain
this fact with a downward slop as temperature in the denser fluid at this point had reduced drastically
and not energetic to accelerate faster. Therefore, we can identify a single regime in this phase of flow from
an empirically determined data set, and this is shown as a fairly straight line that represents the best fit
power laws obtained by linear regression of logUdc2 on log_n:

Udc2 = 421:59 o572

n[R2=0:9859] (14)

where Rzis the regression coefficient in each case.

The third phase is the stepwise movement phase which correspond to the phase where viscous effects
overcome inertial effects and the current front velocity decreases more rapidly as trss

, with front position

advancing as t

15

[2, 6, 11, 19]. Whereas, the result here also show a very unique behaviour. This was
the region much of the Kelvin-Helmholtz instabilities was observed. Such that the raging columns of these
instabilities created some sort of partitions in the denser fluid which might be responsible for the stepwise



movement. However, we could identify a single regime in this phase of flow from an empirically determined
data set, and this is shown in Figure 12(d) as a fairly straight line that represents the best fit power laws
obtained by linear regression of logUdcz on log_n:

17

(a) Linear Scale (b) Logarithmic Scale

(c) Logarithmic Scale (d) Logarithmic Scale

Fig. 12: Propagation speed of the Density current Udc for the different Regimes with respect to
time n.

(a) Linear Scale (b) Logarithmic Scale

Fig. 13: Variation of spreading distance of the density current Ldc with respect to time _n.
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Udca = 93:883_110:318

n[Rz = 0:8645] (15)

where Rzis the regression coefficient in each case.

The result as presented here (see Fig. 12(a)) with a linear scale is similar to the experimentally studied
cases by Bukreev [20] and [21], where the author have considered the speed of the surface current at different
barrier position.

Spreading distance Ldc of the density current were also considered with a linear and logarithmic scale

(see Fig. 13(a) and (b)). These data are empirically determined spread length Ladc of the density current,
measured from the barrier position to a significant distance and plotted against time _n. Both results with
the linear and logarithmic scale (Fig. 13(a)) indicate that a single regime could be identified, and shown

as a straight line that represents the best fit power laws obtained by linear regression of logLdc on log_n:

Ldc = 37:964 _ 0:7449

n[R2=0:9943] (16)

4 Conclusion

The behaviour of warm discharge through lock-exchange was investigated, with the assumption that density
was taken as a quadratic function of temperature. The results here also show three regimes of flow as
recorded in earlier studies together with the development of Kelvin-Helmholtz instability. The general
behaviours here are dependent on lock volume, density difference and Reynolds number as also described
by [6]. We noticed that the collapsing velocity of the denser fluid within the first time frame was high,

higher than every fluid movement elsewhere. Relations that describes the various regimes of flow as given
in equation (13), (14) and (15) were also drawn, and as well as those for the spreading distance Ldc of the
density current in equation (16). However, there are little variations in the scaling laws as compared to the
earlier studied cases [6, 19, 25]. It is believed that the velocity of the gravity current is highly influenced

by density difference and lock volume (i.e., velocity increases with increasing density difference for those
where density variation is as a result of saltwater and a considerably high lock volume). But for those
where density difference is as a result of temperature, we believe that these results are a good starting
point to better fathom and as well, gain more insight into such studies. Lastly, the consideration of barrier
position is key, being that the lock volume is also believed to be a factor. Thus, we believe also that the
two cases as considered here is not enough, and as such, we have considered this as a limitation, and there
is the need to carryout another investigation to fathom, if the speed of the current is really dependent on
the barrier position. This work as presented here is practical and relevant to many fields of study and

also enhances policy making towards the protection of the aquatic ecosystems. Because such discharge
or introduction of warm but dense water may definitely give rise to environmental problems; where the
sudden increase in the water temperature after discharge/introduction will lead to "thermal shock" killing
aquatic life that has become acclimatised to living in a stable temperate environment. Researchers can
also gain more knowledge in terms of the dynamics of such flows.
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