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Abstract

Recently, it has been shown by Ighachanea and Akkouchia [1] that using binomial coeffi-
cients, one can derive some new refinements of Holder’s inequalities. This inequalities then
can be applied to a wide class of special functions such as the Nielsen’s beta function and
some extended gamma functions. In this paper, we have derived some generalizations of previ-
ously known number theoretic functions. Furthermore, based on the results of Ighachanea and
Akkouchia, Holder’s inequalities for the derived generalized functions are established.
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1 Introduction

Holder’s inequalities have played an important role in wide application based areas of mathematics.
In this paper, we have applied the generalizations of Holder’s inequality given by Ighachanea and
Akkouchia in [1] to a wider class of some special number theoretic functions which are also derived
in this paper. The paper is arranged as follows. In this section, we have introduced some extended
definitions of the gamma function which we will be subsequently using throughout the paper. In
section 2, we present Holder’s inequality and some preliminary results. In section 3, the results of
Ighachanea and Akkouchia are presented that we will be applying throughout our paper to various
special functions. In section 4, we have derived a analogue of Nielsen’s beta function and derived
some of its properties. In section 5, we have presented and extension of the Chaudhary-Zubair
gamma function and derived some of its properties. The next sections are followed by applying
inequalities from section 3 to the special functions derived in previous two sections.

The p-k gamma function or two parameter gamma functions is a parametric deformation of the
classic gamma function given by:!

Definition 1.1. [[3], pg. 3](p-k Gamma Function) Given z € C/kZ~;k,p € R*—{0} and R(z) > 0,
then the integral representation of p-k Gamma Function is given by

o0 tk
Tr(z) = / e 7t dt. (1.1)
0

The above definition reduces to k-gamma function when p = k [4]. T'y(x) appears in a variety of
contexts, such as, the combinatorics of creation and annihilation operators [5], [6] and the pertur-
bative computation of Feynman integrals, see [7]. For more applications of k-gamma function refer
to [8]-[21]

Definition 1.2. [[3], pg. 5] For z € C/kZ~;k,p € Rt —{0} and R(z) > 0,n € N. The fundamental
equations satisfied by p-k Gamma Function, ,I'y(x) are,

pk . p
pLk(p) = ?F(%) (1.3)

LoTk(z) = 1 Tk(z) = Tp(x) as p =k and pTk(x) = 1T1(z) ='(z) as p,k — 1.
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Relation of p-k gamma function with & gamma function and the classic gamma function is given
by

@) = () @) = 2or (). (17)

We kindly request readers to make themselves familiar with the k-gamma function introduced in

[4]. Further generalizations of the k-gamma function and ordinary gamma function can be found
in [27]-[29].

2 Holder’s inequalities and some preliminary results

Theorem 2.1 (Holder’s Inequality). Let (Q, F, ) be a measure space where i is a positive measure.
Let £,€ : Q — C be two measurable functions. Then, for all p,q>1 and p~' + ¢! =1, we have

: !
~ p P
[ledlanwr < | [1erane) | [ | auto (21)
Q Q Q
From [2], we have the following two theorems

Theorem 2.2. Let n and m be two integers and let a; € RT. Set ig := m, i, :== 0 and A =
{(i1y o yin—1) : 0 <y <igp_1, 1 <k <n-—1}. Then, we have

n m
< E I/kak> = E Cav® "wit 2 Lyt T g T e T gt (2.2)
k=1 (il,...,i"71)6A

where, C'y = (“)

12

(?"*2), the (1’;;1) is the binomial coefficient.

In—1

Theorem 2.3. For k =1,2,...,n, let ap > 0 and let v, > 0 satisfy Y ._, v, = 1. Then for all
integers m > 1, we have

n n

H alr +rg’ E ap —n (2.3)

k=1 k=1
where ro = min{v, : k=1,...,n}.

. n L m . . .
Moreover, if we set U, := (Zk:l I/Mlé”) , then {U,, } is a decreasing sequence and we havelim,, o, U, =
n Vi

[Ty ai*



3 Ighachanea-Akkouchia Holder’s inequalities

Using theorems 2.3 and 2.4, Ighachanea and Akkouchia [1] derived the following refinements of the
Holder’s inequality.

Theorem 3.1 (Ighachanea-Akkouchia inequality type-I). Let (Q, F,u) be a measure space where
1L is a positive measure. Let n be a positive integer and let £1,&s, ..., &, be p-measurable functions
such that & € LP*(u), for all k =1,...,n. Then for all integers m > 2, the inequalities

/H\gk ey’ H||§k\|pk( —Hufkuf/QHm(t)
S Y Cammee T [ IO =000 < [Tl

(i1,eovin_1)eda  P1 -p k=1

’%‘du(t))

(3.1)
holds for py, > 1, such that Y, _ 1pr = 1, where ro = min{pik ck=1,...,n}.

Theorem 3.2 (Ighachanea—Akkouchia inequality type-11). Letn, N be two integers and {Q; r} C R,

where k =1,2,...,nand j =1,2,...,N. Let p > 1, such that Zk 1on = =1, Then the inequalities
N n N 1 n N -1 N n
m . p n PE
ST @usfrie TT (1) ™ (- TL (S @usl) ™ S TT 12l
j=1 k=1 k=1 j=1 k=1 j=1 j=1k=1
1 1 lg—ig—1) N n Pk Gig—ig_1)
r o
S S e || (ZIQM\“) > Il1Qi
(i1yeosin_1)eA P1 "-Pn k=1 j=1 =1 k=1
n N
IT (X 1@nl™)
k=1 j=1
(3.2)
is valid, where ro = min{pik ck=1,...,n}.

The detailed proof of above two theorems can be found in [1].

4 On some analogues of Nielsen’s beta function

4.1 Basic properties

Definition 4.1. For z > 0, we define Nielsen’s 3 function as follows?

1 oo
et et & (—1)F 1 r+1 x
B(x)_/1+tdt_/1—|—e—tdt_kz_‘;k+x _2{¢( 2 )_¢<2>}~ (41)
0 0 =
where 1 (z) = L logT' ().

2[16]-[19]




Nielsen’s 8 function satisfies the following properties

Blx+1)=

Blx)+p(1-

%_ﬂ(x)a
T
z) = sinwz’

Further additional properties can be found in [20]. From [3], we have

pr:() % ek EIKH*) ).

From, Eqn. (4.4), we get the following value for p-k digamma function

Inp —

e (@) = - (T () = 2

_Inp-—

k

v 1 = T
x +; nk(nk + x)

¥ 1 1
—= nk+k nk+x

Theorem 4.1. For x,y > 0 and p,k € RT, we have

PV () —pUr (y)

=y (@)

—Yr ()

)

(4.4)

(4.7)

where iy (x) is the p-k digamma function from Eqn. (4.5) and vy (z) is the k-digamma function®

[21].

Proof. Proof follows from the definition of p-k digamma function and k-digamma function.

Definition 4.2. The p-k extension of the Nielsen’s 8 function ,8(z) for > 0 is defined as

where 0 (z)

= Bk (,’L‘) when p = k and pﬁk} (l’)

pBe () =

p
k

p

2
P k k
_kz(2nk+z 2nk+x+k)

=0 (z) whenp=Fk=1.

3k-digamma function can be obtained from Eqn. (4.5) by letting p = k.

(4.8)

(4.9)

(4.10)

(4.11)



Theorem 4.2. 0 (x) satisfies the functional equation

oBi (@ +k) = 2 = By (x) (4.12)
and the reflection formula ,
B () +p B (k — ) = %2 smﬁﬂ; (4.13)
Proof. From Eqn. (4.11), we have
[iE g gEe /
2B (x4 k) +p Bk () = %/%dt = %/t%—ldt :% (4.14)
0 0

Now,

pBr () +pBi (k —x) = g {;ﬂbk (; + I;) —pVk (g) +pt (k — g) —pUk (g - g) } . (4.15)

_r {pwk (k; _ (’; - g)) e (’; - ”2““) e (k= )~ (”2”)} . (1)

Now, logarithmically differentiating Eqn. (1.5), we get

Pk (2) +ptr (K — ) = %w cot % (4.17)

Using the above relation in Eqn. (4.16), we get

plp T(k P e
2
N P A DR
= S et (5 55) et 5 (4.19)
2
_ T L (T2 4 oot T2
=5 {tan (2 ) + cot 2k} (4.20)
2
P T
_bv — (4.21)
k2 2 cos (5%) sin (5%)
2
D 0
=S (4.22)
k2 sin (57)
This completes our proof. |



Definition 4.3. For > 0, p,k € R™ and n € N, we have

57 @) = g Lol (555) -l (5) } (423
C()"p [ e ®
= 1+6_tdt (4.24)
1 1 1
nt TR
4.2
=L / e (4.25)
0
n nlp
oB (2 k) = (F)" A (). (4.26)

Theorem 4.3. i) ,0; (z) is positive and decreasing.
i1) pﬂ,i") (z) is positive and decreasing when n is an even integer.

iii)pﬂ,i”) () is negative and increasing if n is an odd integer.
Proof. Proof trivially follows from Eqn. (4.24). |

Theorem 4.4. i) ,0; (z) is logarihmically convex on (0, 00).
it) pBr (x) is completely monotonic on (0, 00).

Proof. 1) Let r,;s > 1, %—i—% =1and z,y € (0,00), then, using Eqn. (4.11) and Holder’s inequality,
we have

1
k Ty tertre !
- -4+ = = [ —dt 4.27
[ppﬁk(r—’—s)} / 1+t (427)
0
1 tmk—k tyk—k
:/ - —dt (4.28)
S 1+t (1+1)°
1 1
1 v/l s
tE—1 th—1
< dt / dt (4.29)
1+4+¢ 1+1¢
0 0
k Tk :
zﬁkx} l:ﬁky] 4.30
RGN (4.30)
ii) Using Eqn. (4.24), we have
0 g™ (—=1)*"'p [tre % &> 0 431
(_)pﬁk T kn+l 1_|_e—tt—' (4.31)
0
Therefore, ,5 () is completely monotonic on (0,c0). This completes our proof. [ |



4.2 On the equivalent conditions for log-convexity

If f is any function differentiable over an interval and is logarithmically convex, then the function
satisfies the following two inequalities:
i) For x,y > 0, we have

g £ (0) 2 0] () + £ (o =) (4.32)
which equivalently can be written as
F@\=7 _(fW
(f(y)> Zep(f(y)) (433
it) For = > 0, we have
f (@) f (@) = f(2)" (4.34)

Therefore, we obtain the following theorem.

Theorem 4.5. For z,y > 0 and p,k € R, we have the following inequalities

i)
— /
Pk () pPr ()
ii)
pBe" (), B (2) 238t ()" (4.36)
Proof. Substitute f(x) with ,8k (z) is Eqn. (4.33) and (4.34) and the desire result readily follows.
|
Proposition 4.1. The following relation holds true
_P — i
o (@) = 2B (2) = p8 () (4.37)

where S (x) is the k-extension of Nielsen’s beta function as introduced in [22].

Proof. The first equality follows from Eqn. (4.8), (4.7) and Definition 2.2 from [22]. Similarly, the
second inequality follows from Definition 2.2 from [22] and the 4th equality of Eqn. (4.1).
Another way of proving the above proposition is using taking the counter examples. Authors in
[22] have proved the following inequality for Sy (x) for z,y € [0, 00)

Bi(x+k)Br (y+k) <In28y (x+y+k). (4.38)

Therefore, if the second equality in Eqn. (4.37) is true, then

T Y r Yy
k8 (E+1)8(2+1) <map (T +4+1) 4.39
Bl +1)B(p+1)sm2B(  + -+ (4.39)
must also be true. By taking various counter examples, it turns that the above inequality holds
true, therefore, we can conclude that the second equality in Eqn. (4.37) is true. Similarly, one can
prove the first equality by substituting f(z) with ,8; () in Eqn. (4.32) or by using Eqn. (4.35)
and further taking various counter examples. |



Theorem 4.6. For z,y € [0,00) and p,k € RT, we have
pln2
pBr(@ +K)pbBr (y + k) < ——pPk (@ +y + k) (4.40)

Proof. Multiply Eqn. (4.38) with p/k twice and use relation 4.37 to arrive at the desire result. W

Authors in [22] have established the following two results for the k-extension of the Nielsen’s beta
function valid for k£ > 0:
i) For x,y,2 € R*, we have

B (@) Br (x +y +2) = B (¢ +y) By (x + 2) > 0 (4.41)

it) For a > 1 and z € [0, 1], we have the following inequality which reverses if 0 < a <1

B (1+ k)" < [Br (x + k)]"

a—1
Brla+k) = PBy(ax+k) < {2y (442)

From the above two results, we can deduce the following theorems respectively.

Theorem 4.7. For x,y,z € RT and p,k € R", we have

pﬂk(x)pﬁk (x+y+2)—pBr(z+ y)pﬁk (x+z) > 0. (4.43)

Theorem 4.8. Fora > 1, z € [0,1] and p,k € R, we have the following inequality which reverses
for0<a<1

B L+ E)]" _ [pBe (z+K)* _ p** a1
Br(atk) < Bi (ax + k) < a1 (In2)*"". (4.44)
4.3 Some additional results for the n-th order
For n € Ny, we define
WA (@) = (17,80 (@) (4.45)

which is decreasing for all n € N. From Eqn. (4.26), we get the following relation

nlp
anrl

o8 (2 + k)| =

WA (@) (4.46)

Proposition 4.2. For z > 0, n € N and p,k € RT, define

xn+1 n
An (@) = =B (@)|. (4.47)
Then we have
lim A, (x) =p (4.48)
z—0
and
. / _
igr%)A n(x)=0. (4.49)



Proof. From Eqn. (4.46), we have

li 8 (0) = Jim, [, ()
ozt M onlp (n)
= (x"+1_"’ b +k)‘>
. et
=ty (v T pok” )
:p'
And,
] d xn+1 (n)
t 80 ) = iy (7 o )]
) T (n+1) (n+1) ntl
—ili%< o PPk (I+k)‘_4n! PPk
=0.

This completes our proof.

Theorem 4.9. Forn € Ng, r >0, s >0, % + % =1 and p,k € R*, we have

1
B (@)

ke G+l =1

Proof. Using Eqn. (4.24) and Holder’s inequality, we have

ot 2+ 2] = e ]
PPk r s kn+l 1+et
0

oo

Il

(n)

PFE

yt
ks

D / tre Fr tse
ket ; (1+ e*t)% 1+ e,t)g

T

P the— %
< dt
> kn+1 / (1 + 67t)

0
(8 @) 8 w)

R

(¥)

]

@ |-

This completes our proof. From this, follows the following theorem.

Theorem 4.10. ‘p ,(;L) (x)‘ is logarithmically convex for all n € N on (0, 00).

10

(4.50)

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)



Theorem 4.11. For z,y > 0 and p,k € R™, we have the following inequalities

i)
1
T—y 1
b8 @]\ b8 )]
o >exp | (4.62)
W8 )] W8 )]
i)
2
n+2 n n+1
B0 @) o8 @)] - o8 @) = 0. (4.63)
Proof. The result follows from Eqn. (4.33) and (4.34). |
Proposition 4.3. For n € Ny, we have
B (@) = 18 (). (4.64)
Proof. Using Eqn. (4.24) and (A.1.6), we have
Wy ED"p [T P
B (x) = RS e dt = Eﬁk (). (4.65)
0
Thus - D
P kn () = % kn (2) (4.66)
This completes our proof. |
It follows from the above proposition that
‘p v (@) ‘ ‘ﬁ(") ‘ (4.68)
where (
18 (@) = (18" (). (4.69)
Theorem 4.12. Forn € Ny, z,y > 0 and p,k € RT, we have
b8 @+ )| < [0 @) + |8 )] (4.70)
Proof. Multiply Eqn. (A.1.8) with £ and use Eqn. (4.68) to get the desire result. |
Theorem 4.13. Let n € Ny, a > 0, and x > 0, then the inequalities
oA (a)| < a 8" ()] (4.71)
ifa>1, and
oA ()] 2 a8 (2)] (4.72)

if a <1 are satisfied.

11



Proof. Multiply Eqn. (A.1.9) and (A.1.10) with £ and use Eqn. (4.68) to get the desire result. M

Theorem 4.14. Let k > 0 and n € Ny, then the inequality

oA ()| < o8 (@)] + o8 )] (4.73)

holds for x >0 and y > 1.

Proof. Multiply Eqn. (A.1.11) with £ and use Eqn. (4.68) to get the desire result. |

4.4 On some multiplicative convex properties

Theorem 4.15. For x > 0, n € Nygq and p,k € RT, ,(cn) () is multiplicatively Conver on the

interval (0,00).

Proof. Using Lemma 2.3.4 (i) from [23], we can say that a function is strictly multiplicatively
convex when it is logarithmically convex and increasing. Therefore using Eqn. (4.24) and Hoélder’s
inequality, we have

n_ n,— L-l‘@)t
(n) (g AR (=1)"p [tre (5t
B (C+2) = ot (4.74)
0
oo t
-1 np tre Fr t5e ¥
_ (knil / : _dt (4.75)
; (I+et)r (1+et)s
o i 0o L
o et ) (o fee
< dt dt 4.
- kntl 1+et krtl 1+et (4.76)
0 0
_ [ g® 17T g™ (n]* 4.77
pPy (z) B Y| - (4.77)

Therefore, we can say that , ,g") (z) is logarithmically convex. And, using Theorem 4.3, we can say

that , ,g") (x) is increasing when n is odd. Therefore, we can conclude that , ,(JL) (z) is multiplica-

tively convex for n € Nygq |

Theorem 4.16. Let I be the interval (0,00), n € Nygq and p,k € RT — {0}, then for all z1 < x5 <
x3 in I, we have

1 logz; log(, ,(C") (x1)

1 logze log(, ,gn) (x2)) | >0 (4.78)

1 logzs log(, lin) (x3)
or equivalently

n log x: n log x n log z n log x n log x
pB (@) 57 B () 5T B () BT 2 B (1) 572 B () OB

x B (5) '8 (4.79)

12



Proof. Using Theorem 4.15 and Lemma 2.3.1 from [[23], pg. 77|, the desire result readily follows. W

Theorem 4.17. Let I be the interval (0,00), n € Nogq and p,k € RY. a1 > x5 > ... > z, and
Y1 > Y2 > ... > yp are two families of numbers in a subinterval I of (0,00) such that

T1 2 Y1

T1T2 2 Y1Y2

T1X2...Tp—1 2 Y1Y2.-Yn—1
T1T2..o-Tyy 2 Y1Y2---Yn -

Then (n) (n) (n) ) 2 )
pB (@1),8" (@2) oo By () 2B (1), B (y2) oo By (Yn) - (4.80)

Proof. Using Theorem 4.15 and Proposition 2.3.5 from from [[23], pg. 80], the desire result readily
follows. u

Theorem 4.18. Let I be the interval (0,00), m € Nogq and p,k € RT. Let A € M, (C) be
any matriz having the eigenvalues A1, ...., A\, and the singular numbers s1,...., Sn, listed such that
[A1] > ... > |A\n| and s1,...., $n. Then

IT 607 G > T »87 (). (4.81)

1<k<n 1<k<n

Proof. Using Theorem 4.15 and Proposition 2.3.6 from from [[23], pg. 80], the desire result readily
follows. |

Remark 4.1. In a similar manner presented above, we can prove using the Hélder’s inequality that

both B(")( ) and B (z) are multiplicatively convex on the interval (0,00). And therefore, both
will satisfy the above theorems.

4.5 On some monotonicity and convexity properties
Theorem 4.19. If F(z) is defined as

F(z) =2

o (x)’ (4.82)

then, for a € R, k € RT, n € Ny and x > 0, F(z) is decreasing if ¢ < n+ 1 and increasing if
L>n+1+et.

13



Proof. Using Eqn. (4.24) and convolution theorem for Laplace transform, we have

F' (@) = a2~ |,80" (@)] = 2* [, 80" ()] (4.83)
F'(z) a n n+1
2 =2 @) - A @) (4.84)
a4 p ., e Et » - gt
-2k /e : dt/1+eitdt— Wl/ - (4.85)
0 0 0
[ee] t o] 41 oy
a p s" _zy P thtlemw
= - d dt — dt 4.
kk"+1/ /1+e—s et k:"+1/ T4et (4.86)
0o Lo 0
=P /g (t) e~ Ftdt (4.87)
fen+1 n ’ ’
0
where ,
a s" gt
_a _ 1.
gn (t) k/1+e—sd8 1_|_eft ( 88)
0
Therefore, &, (0) = lim &, (t) = 0 and
t—0+
, a t" (n+ 1)t gntlet
t) = — - — 4.89
& ) kl+et 1+et (1_4_6715)2 ( )
LA L (4.90)
o l4et |k 14et '

If £ <n+1,then ', (t) <0 which implies that F’ (x) < 0, thus it gives the desire result. Similarly,
we can prove that if ¢ > n+1+e~! then ¢, (t) > 0 which implies that F’ (x) > 0. This completes
our proof. ]

Theorem 4.20. Let m € N, the the inequality

B ()| < |8 @)] + 87 W) (4.91)
holds true for x > 0 and y > 1.
Proof. Let
G (z.y) = [pB" (ay)| = [p8" @) = [18™ )] (4.92)
Fix y and differentiate with respect to x to get
0
5-G (,y) =~y |pB" (@y)| + [,A" Y (@) (4.93)

ox

14



1 41 m
:EMP o )()’ wy’ ) ( y)H

From theorem 4.19, we know that x ‘pﬂ,gm) (2)

(4.94)

is decreasing. Since y > 1, this implies that xy > x,

which therefore states that G’ (z,y) > 0 and thus is increasing. Then for 0 < z < oo, we have

(m)

G(z,y) < lim G(z,y) = = |0 (y)( <0.

Putting the value of G (z,y) in the above inequality yields the desire results.

Theorem 4.21. Let n € N, then the function

H (@) =z |,8" (2)|
is strictly completely monotonic on (0, 00).
Proof. Differentiate Eqn. (4.96) to get
H' (@) = |80 (@)| = 2 |,8"" (@)

H (2) = —2 ’p ]in+1) (x)‘ g ‘p I(€n+2)( )’

H/ll (:I:) — 3

p ](€n+2) (95)‘ -

WA (@)

and therefore
H () = (=1)"m |80 (@) + (<) |,80" (@)
Furthermore, we have
(*1)mH(m) (z) _—m ‘ (n+m— 1) ’ ‘ (n+m) ‘
: @)+ |8 @)].

Using the convolution theorem for Laplace transform, we have

N F ntm—1,— 2t + ey
-m p —prgy [T p /t" ek
=" t dt dt
kot /6 / Tret ) e
0 0 0
x° + 1 + t
_ -m p gntm— ey tntme—5
_Tkn""l/ / dS e kdt"’ / 1+6_t
0 0 0
o0
:kfﬂ Q,, (t) e Ftat,
0
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(4.95)

(4.96)

(4.97)

(4.98)

(4.99)

(4.100)

(4.101)

(4.102)

(4.103)

(4.104)



where

t
-m 8n+7n—1 tn+77l
Q, (t) = — d 4.105
*) k /lJr(fS s+1+e*t ( )
0
Therefore, Q,, (0) = lim €, (t) = 0 and
t—0+
_ thrmfl thrmfl tn+m —t
) —“ (n+m) c (4.106)
E 1+et 14+et (1+et)
grtm=1 Ty te”t
Hence Q,, (t) is increasing. Therefore, for t > 0, we have Q,, (t) > Q,, (0) = 0 and thus (—1)™ H™) >
0. This competes our proof. |

5 On some extensions of Chaudhary-Zubair gamma function

5.1 p-k-Chaudhary-Zubair gamma function

The aim of this section is to provide a p-k extesion of the Chaudhary-Zubair gamma function [24]
defined as follows for p,x > 0

T, (z) = /t“”le(’t’%)dt. (5.1)
0

When p =, T',, (x) reduces to I' (z). It satisfies the following properties
Ty (@+1) = aly (2) + pTy (2 — 1), (5.2)
Lp(—z)=p Ty (v). (5.3)

Differentiating Eqn. (5.1) n times yields
T () = / (nt) e Le(=+= %) gt (5.4)
0

We now establish the following extension of 5.1 for > 0 and ¢, p, k € RT — {0}.

o2
FCZ:(c,p,k) ({E) = t e P dt (55)
0

Note that we have slightly changed the notation by replacing p with ¢ in Eqn. (5.1) to avoid getting
confused it with the p that will appear in our above extended definition. Differentiating Eqn. (2.2)
n times yields

0o ,ti,7>
F(Cn%(c,pk) (l’) :/(lnt)ntw71€ v/ dt. (56)
0

In this section, we are going to explore some properties of F((;l%:(c,p,k) (z) and Loz (e p k) (7).
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5.2 Holder’s inequalities for p-k-Chaudhary-Zubair gamma function

Theorem 5.1. For z,y >0, a,8 € (0,1), a+8 =1, m,n € {25s:s € No} and p,k € RT

CZ(epk) () satisfies the following inequality

(am-+fn) pm) *Tpm) 7
ng (e,p,k) (ax + ﬁy) < [ CZ:(c,p,k) ( )} {Pcz;(c,p,k) (y)} .
Proof. Using Eqn. (5.6), we have

oo
e (a4 By) = / In £+ 0aBy—(o+8), (-5
0

k k
(In )™ (Int)mee@—1)¢A— D < v %>e < TS at

e

=0

t

I S N
/ (Int)*™@=De \ "5 ) (Ing)Pnipla=D) "% ar.
0

Now, using Hoélder’s inequality. we have

tk ¢

o0

“\ T T 6( P tc'>
/(lnt)amto‘(mfl)e ( P)(lnt)ﬁ”tﬁ(ml)e Y/t
0

o
=
=

E

3
~

@

~

@

,_.

<
/\

] “}
|
's“}‘n
N———
@l

1
el £ 2]
< / (Int)*"2@De \ 7 5/ gt
0

i -+ C) I'7 (2),]
Tp T ik T p T ik
= /(1nt)mt(“‘—1)e T/ dt /lnt )"t T/ dt
0

0

- [Fé@:(c,p,k) (37)] {F(ég (c, PJ“) ( )}B

This completes our proof.

CZ:(c,p,k) Y CZ:(c,p, k) CZ:(c,p,k) Y

Proof. Let m = n in Eqn. (5.7) and the desire result readily follows.
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- {0},

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)



Corollary 5.1.2. We have

(=) (zty (m) (n)
FCZQ:(c,p,k) D) < |:FCZ:(c,p,k) (x)} [FCZ:(c,p,k) (y)} (5.16)
Proof. Let o= 3 =1 in Eqn. (5.7) and the desire result readily follows. |

Corollary 5.1.3. We have

B

FCZ:(CJ)JC) (OZSL‘ + By) < [FCZ:(c,p,k:) (x)}a [FCZ:(c,p,k) (y)] . (517)

Proof. Let m =n =0 in Eqn. (5.7) and the desire result readily follows. |

Corollary 5.1.4. I‘gg:(cpk) () is logarithmically conver on the interval (0,00) and increasing
therefore, it is multiplicatively convex.

Theorem 5.2. Forz,y >0, o, € (0,1), a+ B =1 and p,k € RY — {0}, Doz pr) () satisfies
the following inequality

B
x (0%
1—‘C'Z:(c,p,k) (J?—Fy) < |:FCZ:(c,p,k) (a>:| |:FCZ:(c,p,k) (g)] . (518)
Proof. Using Eqn. (5.5), we have
Fad 58
T T ik
CZ:(cp.k .’L'+y: t\ e ! v/ dt 5.19
Loz (epk) (z+y)—1
0
o0 _ith e Y (a
:/t(x+y)—(a+6)e< ’ t?>( +B)dt (5.20)

0

58
:/t”_ae B AN AT (5.21)
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Using Hélder’s inequality, we have

IN
g
8
Q
9]
/T\
s[5
|
v‘}‘n
~
Q
2|
Q
Py
g
<
™
)
—
S|
|
s [H
~
1=y
Q
=

_ [Fcz:(c,p,m (g)}a {FCZ:(c,p,k) <g)] :

This completes our proof.

Corollary 5.2.1. We have
X x
1_‘C’Z:(c,p,k) (.T + y) < aFCZ:(c,p,k:) (a) + 6FCZ:(c,p,k) (ﬁ)

Proof. Using Young’s inequality (A.2.1), the desire inequality readily follows.

(5.22)

(5.23)

(5.24)

(5.25)

Theorem 5.3. For z,y > 0, ¢ > 1, myn € {2s:s € Ny} and p,k € Rt — {0}, FCZ(cpk:)(x)

satisfies the following inequality

1 1
(m) (n) T [pm) )
[Fcz (ewk)(E) T L0z e pp) (y)} = [Fcz:<c,p,k> (x)} [Poz (epih)

Proof. Using Eqn. (5.6), we have
1
(m) (n) a
[FCZ (¢,p, k)( r) + Fcz (c,p.k) (y)}

Moo tk o a
= /(lnt)mtz_le<_k_t: dt+/ (Int)"tv"te T_¥>dt
0 0
q
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Q=

=

(5.26)

(5.27)

(5.28)



Using Minkowski’s inequality (A.2.2), we have

Q=

1
()],
TR T Gk

S| at

o0 L<,Q,L> I
/ mt)st e\ " T/ 4 ()it e

0
[ oo ;(_ﬁ_;) ! ;(_ti_ > 1
< / )5t e\ " T 4 et Te N " | a (5.29)
0
) 1 1
[ oo tk ¢ K o0 tk ¢ K
m,z—1 <_T_E) n,y—1 <_T_E>
< /(lnt) t" e /dt| + [/ (Int)"tY""e &/ dt (5.30)
Lo 0
(m) T [po @
= |:FCZ:(c,p7k)(x)i| + [FCZ:(C,p,k)(y):| . (531)
This completes our proof. |
Theorem 5.4. Forxz >0, m,r € {2s: s € No} such that m > dp,k € RT — (m)
4. ,m, : o} such thatm > r and p,k € {0}, FCZ:(CP K (x)
satisfies the following inequality
-Tr m-rr m 2
exp (F(C'Z:(c),p,k) (w)) exp (I‘(CZT(C))p)k) (ac)) > (exp (F(Cz):(c,p,k) (:C))) . (5.32)
Proof. Using Eqn. (5.6), we have
L (pim—r) (m+) (m)
9 (FCZ:(c,p,k:) (37) + FC’Z:(c7p7k) (37)) - 1—‘C’Z:(c,p,k:) (.’L‘)
(P 8 e d 59
=3 /(hlt)m""tr—le o dt+/(lnt)m+7"tf—1e Yot
0 0
f (%)
myp—1,\ F &
f/(lnt) t“ e ®/dt (5.33)
0
17T 1 <*£ *)
=z Int)" —2|(Int)"t= e\ " %/ at 34
3 [ oy + (o =2 eyl (5.34)
0
¥ (+-4)
=5 [ 1= wo Py etel (5.59
0
> 0. (5.36)
Therefore,
1 (m—r) (m+r) (m)
9 (FCZ:(c,p,k) (z) + Fcz:(c,p,k) (m)) - Fcz:(c,p,k) (z) 20 (5.37)
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(m—r) (m+r) (m)
FCZ:(CJ’JC) (:I;) + FCZ:(C,p,k?) (ZL') 2 2I‘C’Z:(c,p,k:) (ZE) . (538)

Now, take the exponent of the above equation and the desire result readily follows. |

Similar inequalities for the original version of chaudhry-Zubair gamma function can be found in [25].

5.3 On some multiplicative convex properties

(n)

Using corollary 5.1.4, we now know that Fcz:(cp k) (x) is multiplicatively convex. Therefore, it

satisfies following theorems.

Theorem 5.5. Let I be the interval (0,00), n € {2s:s € Ng} and ¢,p, k € RT — {0}, then for all
r1 < w9 <3 0 I, we have

1 logz; log F(Cn%:(c,p,k) (1’1)

1 logzy log (T8 .0 (22)) [ >0 (5.39)
1 logzs log F(Cn;:(c,p,k) (x3)

for all x1 < xo < x3 in I; equivalently, if and only if

n log x n log x n logz
I'_‘(C;:(c,p,k) (‘rl) ® 3]'—‘(C'%:(c,p,k) (‘r2) ¢ 1]'—‘(C;:(c,p,k) (x3) e
n log x n log x: n log x1
= F(C%:(c,p,k) (1‘1) ¢ 2F(C’%:(c,p,lc) (1‘2) ¢ JF(C%:(c,p,k) (583) ® : (540)
Proof. Using Corollary 5.1.4 and from from [[23], pg. 77|, the desire result readily follows. [ |

Theorem 5.6. Let I be the interval (0,00), n € {2s:s € No} and ¢,p,k € RT — {0}. =1 > x5 >
e 2T and Y1 > Ya > ... > yp are two families of numbers in a subinterval I of (0,00) such that

T1 2 Y1

T1T2 2 Y1Y2

L1221 2 Y1Y2.--Yn—1

T1T2..o-Tyy = Y1Y2---Yn -

Then
(n) (n) (n)
FC’Z:(c,p,k}) (.7}1) FC’Z:(c7p7k) (56'2) ""FCZ:(c,p,k:) ($3)
(n) (n) (n)
2 FCT’LZ:(c,p,k) (yl) FCT’LZ:(c,p,k) (y2) ""FéLZ:(c,p,k) (yn) : (541)
Proof. Using Corollary 5.1.4 and from from [[23], pg. 80] the desire result readily follows. |
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Theorem 5.7. Let I be the interval (0,00), m € {2s:s € Ny} and ¢,p,k € Rt — {0}. Let A €

M, (C) be any matriz having the eigenvalues A1, ...., A\, and the singular numbers s1, ...., $n, listed
such that |\| > .... > |An| and s1,....,8,. Then
IT r& N OSEa | rgg:w) (IA]). (5.42)
1<k<n 1<k<n
Proof. Using Corollary 5.1.4 and from [[23], pg. 80], the desire result readily follows. |

6 Ighachanea-Akkouchia Holder’s inequalities for p-k- ana-
logue of Nielsen’s beta function

In section 3, we defined the p-k-analogue of the Nielsen’s beta function as

0

For the sake of this section, we change the subscripts of 8k (z) from p and k to u and v:

1
b (@) = /
0

Theorem 6.1. Let py, > 1 for k=1,2,...,n with > ;_; i =1 and x > 0. Then for all integers
m > 2, we have

pﬂk

W\*@

(6.2)

n

w3 gm) + o [T e (1- Qumxk)uﬁv(g:l;mk))

k=1
1 L L Il n ] Zk 1 JZk
< Z Ca i0—i1 ,in—1"ln H “B"(xk)l " u/Bv(Z ) = H ubo"
(i1yerrin_1)eA P17 -Pn k=1 k=1
where, rg = min{pik_7 k=1,...,n}.
Proof. To apply Theorem 3.1, we set £ := (0,1) and take the measure du(t) := (t+1)dt Then we

choose & (t) = “tvpk for k=1,2,...,n. So we have the following equalities:

/Hlﬁk )|dpu(t) —uﬂv(Z—xk) (6.3)

2 Qu(t) = ufs ( zn: %zk) (6.4)

k=1

/Q [ le()

22



1/ps
16kllp, = [uBo(@)] (6.5)
and
L Prip—ip—1) o " (ik — ik_l)lL'k
[Tl dut) = ubo (D ———). (6.6)
Q=1 k=1
Now, using Theorem 3.1, we have
n 1 . n % n 1 n 1
uﬂv ( Z 73}14:) + nry H uﬂvk ($k;) (1 - H uﬁvn (mk)uﬁv ( Z Exk:)>
k=1 Pk k=1 k=1 k=1
1 n kK- - (’Lk —1,—1)Tk -
< Y Cam e [l (S ) < L
(i1yeyin_1)eA P17 -Pn k=1 k=1 k=1
This completes our proof. |
Recall the n** derivative of Eq. (6.2) in section 3, we have
N o0 N —zt
(N) _ (_1) u t (& v
uﬁv (LL') - ’UN+1 1 + e,t dt (67)

0
Notice that here again we had a slight change in the notation, we have denoted the order by N
instead of n. Now, applying theorem 3.1 on ,, ( ) (x) gives the following theorem.

Theorem 6.2. Let py > 1 fork=1,2,....n with Y _, p =1 and x > 0. Then for all integers
m>2 and N > 1, we have
F ( -

b (3 goee)| + o Tt | [ (3 S

k=1 k=1 k=1 k=1

n

1 n 17%*7;1@—1 n Y — ix n 1
< Z CAm H U/B’L()N) (xk)‘ uﬁéN)(Z <71)‘ H uB(N) (T
(i1yeosin_1)ea P1 " -Pn k=1 k=1 k=1
(6.8)
where, o = min{pik, kE=1,...,n}.

7 Ighachanea-Akkouchia Holder’s inequalities for extended
Chaudhary-Zubair gamma function

7.1 For p-k- extended Chaudhary-Zubair gamma function

Recall the definition of extended Chaudhary-Zubair gamma function that we presented in section
o:

FC’Z:(c,u,v) (z) = ]Otm_le(t:tz))dt' (7.1)

0
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Again here we have replaced p and k with u and v. The N** derivative of 7.1 is given by

(N)
FC (e,

’U.’U

/lnt t* e T_T)dt (7.2)
0

Theorem 7.1. Let pi, > 1 fork=1,2,...,n with ZZ=1 pik =1 and xy > 0. Let u,v > 0 Then for
all integers m > 2, we have

n

FCZ (c,u,v) ( Z i >TL7"0 H 1—‘C'Z (c,u,v) Zl'k) (1 - H ng:(c,u,v) (xk)FCZ:(c,u,v) ( Z %xk))

=1k k=1
< X CAO; H Loz e (@) Tozeun ( i W)
(i1,in_1)€A  P1-Pn k=1 =1
= H Fcz (c,u,v) (k) (7.3)
where, rg = rnin{pik7 k=1,...,n}.

For 7.2 we have the following theorem.

Theorem 7.2. Let pp, > 1 fork=1,2,....,n with Y ,_, pik =1 and xx > 0. Let u,v > 0 Then for
all integers m > 2, we have

0 (30 L )n“* (1= TP (2 5)

P Pk

(N) - T ()
Z CApm 11 1n 1—in H I_‘C'Z (e,u,v) irk) " FCZ:(c,u,v)(
(i1,--yin—1)EA 1 -P

=~
Il
—

IA

(i — ikfl)xk)

m

M=

b
Il
—_

n

(N) -
H CZ: ((' u 1)) ) (74)

where, o = min{pik, kE=1,...,n}.

7.2 For ordinary Chaudhary-Zubair gamma function

If u = v in theorems 7.1 and 7.2, then we get the corresponding inequalities for the ordinary
Chaudhary-Zubair gamma function:
- /tw—le(*t*?)dt. (7.5)
0

24



Theorem 7.3. Let pp, > 1 fork=1,2,....,n with ) ,_, pik =1 and x; > 0. Let u,v > 0 Then for
all integers m > 2, we have '

n
—1

FC(Z_: imk>nr(§" ﬁ TZx (mk)(l — H r.» (J;k)Fc<kzn:1 %xk))

k=1 k=1 k=1
1 L ik —ik—1 ’k 1 2 ik — 1k—1)Tk . T
< 2 Oammgmen [[ D)™ Fc(z S ) < JTTE ), (76)
(i1yeyin_1)ed P17 -Pn k=1 k=1 k=1
where, o = min{pik7 k=1,...,n}.

Theorem 7.4. Let pp, > 1 fork=1,2,....,n with Y ,_, pik =1 and xx > 0. Let u,v > 0 Then for
all integers m > 2, we have

k=1 k=1 k=1 ;
1 n i n . n ;
< Y G [T (3 e o II 7 ),
(i1yeyin_1)€A  P1 " +Pn k=1 k=1 k=1
(7.7)
where, rg = min{pik_7 k=1,...,n}.

7.3 For v-extended Chaudhary-Zubair gamma function
In [30], authors derieved the following extension of the Chaudhary-Zubair gamma function:

(oo}

Fb v /tz ! t’u b“ — dt (7-8)

0

for Rz > 0 and b > 0 and v > 0. The N** derivative of I',, (z) can be given by

o0
9= [yeie s
0

Applying theorem 3.1 on I'y ,, (2) and I‘IEJZ) (z) gives the following theorems.

S dt (7.9)

Theorem 7.5. Let pp > 1 fork=1,2,...,n with ) ,_, ;T =1 and xy > 0. Let u,v > 0 Then for
all integers n > 2, we have
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L (30 )moﬂrbm( [T ores (3 o))

k=1 Pk k=1
ik " (’Lk — ik_l)xk L pi
< Z Ca 10— 11 ln 1= in H Fb v zk " Fb’”(z m ) = H Fbj; (xk)7
(iryeyin_1)eA  P1 -p k=1 k=1
(7.10)
where, g = min{ﬁ7 kE=1,...,n}.
Theorem 7.6. Let p,, > 1 for k=1,2,...,n with > ;_ 1on = =1 and xy > 0. Let u,v > 0 Then for

all integers m > 2, we have

N n ( )p n N 1 N n 1
oy (> ka)mo H Do ™ (o) (1= TT TN oty (32 o))
k=1

k=1 k=1
1 N i () £ (i — k1) Tk n(N) L
S Z Ca i0— 11 in—1—1ln H FI(J;U) (mk)l " Fg’v)(z m ) < H Fbﬂ) " (zk)’
(i1yin_1)eA  P1 Pn k=1 k=1 k=1
(7.11)

where, o = min{z%k7 kE=1,...,n}.

8 Conclusion

In this paper, using the theory of k—special functions and some extended versions of the gamma
function, we have derived some new number theoretic functions such as the Nielsen’s beta func-
tion and the extended Chaudhary-Zubair gamma function. Some monotonicity properties of this
functions are also proved and modified Holder’s inequalities which were derived by Ighachanea and
Akkouchia in their work are applied in deriving some inequalities for the functionsthat we have
presented in this paper.
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9 Appendix 1

1.1.[22] For x,k > 0

Br () = ];{Z/Jk (x+k) — (g)} (A.1.1)

k k
= — Al1.2
Z(an+m 2nk‘+x+k> ( )
*%
/ (A.1.3)
0
1
/ (A.1.4)
0
1.2.[22] For n € Ny, we have
NI SN CON Sl (n) (%
e (z) = S {% ( 5 )— 5 (2)} (A.1.5)
(-1)" 7%%‘
= dt Al
kn 1+et (4.1.6)
1 a 1
nt) Ttk
t. Al
/ 1+1¢ ( )
0
1.3.[22] For n € Ny and x,y > 0, the following inequality holds true
1807 (2 + )| < [ (@)] + [ )] (A1.8)
1.4.[22] Let n € Ny, a > 0, and x > 0, then the inequalities
1807 (az)| < a|8{"” (@) (A.1.9)
ifa>1, and
‘BW >aq ‘ﬂ,i") (x)‘ (A.1.10)
if a <1 are satisfied.
1.5.[22] Let k& > 0 and n € Ny, then the inequality
87 @] < |87 @) + 8 )] (AL11)

holds for x > 0 and y > 1.
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10 Appendix 2

2.1. (Young’s Inequality): If u,v > 0 and («, ) € (0,1) sucn that o + 8 = 1, then the inequality
u“v? < au+ Bu (A.2.1)

holds.
2.2. (Minkowski’s inequality): Let u > 1. If f(¢) and g(t) are continuous real-valued function on
[a, b], then inequality
b = b = b m
Jiro+g@ra) <| [irora) +| [aora (A22)

a

holds.
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