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Hierarchical Model-based Prediction on the Maximum Gap
between Consecutive Primes below An Arbitrary Number

Abstract

The distribution of the primes in natural number sequence has no simple law, which seems to
show a certain degree of randomness. In this paper, we found a hierarchical progression pattern
that the prime intervals are gradually tend to be evenly distributed on different orbits belonging to
different levels, meanwhile, the prime numbers tend to give priority to spread all over each orbit
of lower-energy level, and then gradually fill the orbits of higher-energy level with the expansion of
prime number range. Moreover, by analyzing the count of prime numbers in different energy levels
and different orbits based on the established hierarchical progression model, we investigated that
the count of prime numbers in different energy levels decreases exponentially with the increase
of energy levels, and its natural logarithm is approximately linear with the change of energy level.
Based on these findings, we propose two kinds of strategies to estimate the value of maximum gap
between consecutive primes lessen than a given number. Our developed results reveal that the
prime distribution shows a layered increasing law, and give a reliable prediction guide to understand
the upper limit of maximum interval below an arbitrary number.

Keywords: Hierarchical progression model; Prime numbers; Maximum gaps; Prediction strategy;
Prime energy level
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1 Introduction

For the past century, prime interval problem which is an important subject in prime number research,
has attracted the attention of scientists from different research fields[1-5]. It is known that the average
interval between consecutive primes tends to be infinite with the growth of natural number, but in any
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finite number column, the maximum prime gap can be much larger than the average interval [6].
According to the Prime Number Theorem [7; 8], the number of primes below z is 7(z) ~ z/Inz,
and it follows that the mean distance between two consecutive primes is about In z. Since Erdés [9]
proved that at least one of the intervals between successive primes less than p,, is always of length
not less than clnp, Inlnp, /(Inlnlnp,)? for large p, and an appropriate constant c, this result has
been improved by a lot of efforts, which gave some rough lower-bound estimations for the maximum
interval. Cramér [10] used probabilistic arguments to conjecture that limsup,_, .. G(z)/log?(z) = 1
where G(z) denotes the largest gap between consecutive primes below z. Pintz [11] proved G(z) >
(2¢7 + o(1)) log x log, x log, z(log, )~ where ~ is Eulers constant and log, = denotes the v-fold
iterated logarithm function. Ford et al. [12] proved G(z) > f(z)logz log, z log, z(log, ©) ~2 where
f(z) is a function tending to infinity with . However, due to the fact that such estimations are in usual
quite different from the actual value, the interval itself remains to be unpredictable, and till now people
do not even know whether there are infinite pairs of primes separated by twin primes [13-15].

How prime numbers are distributed has been the focus of number theory research, from the
perspective of system, the distribution dynamics of prime numbers shows a complex form. It is
believed that the distribution of prime numbers must follow some rules, although it shows a certain
randomness, that is, it has a certain degree of chaotic characteristics. Thus, the prime distribution
problem has always been a confusing major topic, in which the difference between consecutive
primes considered as an important characteristic of the distribution of the prime numbers attracted
attentions of many researchers [16—23]. In theory, the interval between adjacent prime numbers can
be arbitrarily large, however, people are more concerned about the following issues: 1) Let g be any
even number, is there certainly two adjacent prime numbers whose interval is g? 2) Are there finite or
infinite adjacent prime numbers with interval g? 3) How far can the interval between adjacent prime
numbers be under the premise of less than a given number? For these problems, theoretical tools or
widely accepted hypotheses can not provide a standard model [24—30].

Therefore, aiming to find a solution for the question closely related with the above third question,
the paper proposes two kinds of strategies to predict the maximum gap lessen than a given number
by means of our established hierarchical progression model on the distribution of the gaps between
consecutive primes, in which one is that according to the correlation between the prime number
distribution and the maximum energy level, it was established three fitting curve formulas through
which we can judge the possible range of maximum prime interval by calculating the maximum energy
level corresponding to a given number, and the other is to devise a simplified hypothetical formula,
which can be used to easily determine the upper limit of maximum gap between consecutive primes
lessen than an arbitrary number.

2 Model

2.1 Prime distribution pattern

Hierarchical progression model The value of prime interval between consecutive primes
shows a trend of that with the increase of natural number, it is distributed on different tracks (referred
to as ’prime orbits’) belonging to different levels (named as ’prime energy level’) .

Here, define the prime gap

9(pr) = Pr+1 — Pr, (2.1)

where pi, pr+1 denote the k-th and next adjacent prime number in the natural number sequence,
respectively.

Let g = pr (mod T') be the prime orbit which is the remainder of k-th prime number divided by T’
with value of 210.
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Introduce a prime orbit vector Q € N'*® having form of
Q:[ q, 42, -5 Q4m, -, (D ]v (22)
where D is the prime orbit numbers with value 48. Here, @ is denoted by

Q = [1,11,13,17,19,23,29, 31,37, 41, 43, 47, 53,59, 61, 67,
71,73,79,83,89,97, 101,103,107, 109, 113, 121, 127,

2.3
131,137,139, 143, 149, 151, 157, 163, 167, 169, 173, 23)
179, 181,187,191, 193,197,199, 209].
Then, introduce a prime energy matrix M € N2*P denoted as
G2 —q1 G3—G2 -+ Gm+1—qGm -+ {py+1— 4D
43— q1 Ga—@G2 -+ Gm+2—Gqm -+ ({p+2—4{qpD
M=\, - . . . . ], (2.4)
dn+1 — Q1 dn+2 — G2 dm+n — dm dD+n — 4D
Ge+1— @1 4B+2—G2 -+ 4B+m —qm -+ {4B+D — (D
where
Gmin =qi +3*T, mel[l,D],nell B (2.5)
Here, B is a given positive integer number, and for each G+, there exists
i=m+n (mod D), j=|[(m+n)/D]. (2.6)
Moreover, define a row vector L,, € N**P to be the n-th prime energy level, expressed as
L, = [Mp1, Mya,- -, Myp]. (2.7)

Therefore, given p;, and pi+1, one can determine the row number and column number of p; in matrix
M according to the calculated values of g(px) and g.., respectively, then know the position of its
corresponding prime energy level L.

Count on different prime orbits Let C ¢ N®*” be a count matrix with zero initial values.
Given a set of primes {px, k € [1, N]} where N is the index of maximum prime, the count of each kind
of prime can be calculated as follows.

1) Divide px by a period number T'(= 210), and obtain its corresponding prime orbit ¢,,.

(

(#¢) Calculate the prime gap g(px).

(#47) Find the index number m of the element whose value is equal to ¢, in the prime orbit vector Q.
(

1v) According to the values of g(px ), look for the index number »n from the m-th column of the prime
energy matrix M which meets the condition of g(pr) = Mupm.

(v) Set Crm = Crm + 1.
(vi) Do (i) ~ (v) until k = (N —1).
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2.2 Hierarchical progression pattern

Through the statistical analysis on a large number of experimental results, it is found that if the prime
number is divided by 210(= 2 x 3 x 5 x 7), its remainder will be strictly distributed in one of 48
rails (Fig.1a) called as prime orbits, and that although the interval distribution between two adjacent
prime numbers seems to be irregular, it generally shows a multi-track and hierarchical increasing
trend (Fig.1b). By establishing a hierarchical progression model according to the law of that the prime
energy level increases with the distribution characteristics of prime numbers on 48 different prime
orbits (Fig.1d), we found that the interval distribution of prime numbers (except the first four primes of
2,3,5,7 which are excluded from the prime sequence in the following discussion) shows an obvious
hierarchical differentiation, and similar to water-wave propulsion, its energy level gradually advances
from low to high with the increase of the number. As shown in the phase diagram g(g..) versus
gm of Fig.1b, it was observed that there is obvious difference in the probability of prime numbers
appearing on different prime energy levels, which generally shows the trend of giving priority to fill
the prime orbits of lower-energy levels and then gradually fill the higher-energy levels, furthermore,
its distribution is approximately uniform on 48 different prime number orbits at each level with same
prime energy (Fig.1c).

Although a few prime numbers jump to the positions belonging to higher-energy levels while
the others generally locate in the lower-energy levels, the proportion of such prime numbers is
very low compared to the whole primes within a specific range. It can be confirmed from Fig.1c,
that the distribution of primes in each energy level is approximately uniform, and that the count of
prime numbers distributed on the lowest-energy layer is the largest, for instance, the count difference
between the first layer and the second layer is higher than that between the second layer and the third
layer. Moreover, the count of prime numbers distributed on 48 different prime orbits in each layer is
approximately even. Based on the experimental results of Fig.1c, we made a statistic that among all
226,831 primes less than 3,150,000 except the first four, a total of 69,428 primes are approximately
evenly distributed on 48 prime orbits of the first energy level with a mean value of 1,446, accounting
for nearly 30.6% of the total prime counts, while 48,977 and 34,189 primes are respectively distributed
on the second and the third energy level, accounting for nearly 21.6% and 15.1%, and the total ratio
of prime numbers of the first three layers reaches about 67.3%.

3 Methods

Relationship formulas between maximum energy level and filled-tiers Wwe try
to find out the relationship between the size of the prime energy level and the position where the prime
numbers can firstly occupy all the energy levels (referred to as ’filled-tiers’) below the specified layer.
An empirical formula of prime number relating with energy level referred to as the ‘prime-number-level
formula’ was used to calculate the fitting curve as follows:

Inpss = cilnngIn(Inny) + /iy + exp(cz), (3.1)
where py. is the prime number appeared firstly while its corresponding prime energy level is full, ns
stands for the number of filled energy levels, c1, c2 are both constant coefficient.

The correlation of prime count relating to filled-tiers can be fitted by a formula called as ’prime-
count-level formula’, which is expressed as

InCs1 =Innyln(Inng) + /ny + ¢, (3.2)

where Cs; is the count of prime numbers on the first energy level, ny stands for the number of filled-
tiers, and c is a constant coefficient.

It was investigated that the distribution on the natural logarithm count of primes in each filled
energy level is approximately in a straight line, and the intersection of the line and the horizontal
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Figure 1: Hierarchical progression phenomenon of prime gaps. a,The distributions of
prime numbers less than 2.1 x 104, each of which is divided by the number of 210. The abscissa and ordinate
respectively stand for the remainder and quotient of a prime number. b,The distributions of the gaps between
consecutive primes below 3.15 x 108. ¢, The statistical 3D stereogram of prime counts at each prime energy level
from the experimental results of b. The pink-color circles stand for the count numbers of each kind of primes on
different levels, while the color-bar shows the trend of the counts changing with the energy level. d,The definitions
of prime energy level and prime orbit. (1) is established through the definitions with a total of 48 prime orbits, and
(2) represents the remainders of the primes divided by 210.
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axis is very close to the value of maximum energy point obtained from the experiment results. Thus,
the value of maximum energy point /.. can be calculated by a so-called maximum-level-prediction
formula, expressed as

(ny —1)InCq
cIn(Cs1/xy)
where ny is the number of filled-tiers, and C.1, z,, represent the count of the prime numbers in the

first and the n-th filled energy level, respectively. Here, ¢ is a coefficient of correction.
Therefore, the predicted value of the maximum energy level referred to as the ’predicted maximum
level’ can be calculated according to the following steps:

Imaz = [ +17, (3.3)

(¢) Compute the number of filled-tiers based on a numerical solution for the prime-number-level
formula (3.1).

(#t) Calculate Cs1 by means of the prime-count-level formula (3.2).

(#i2) Let z,, be the arithmetical average of Cs,, which is the count of prime numbers in each highest
level. Then, use the maximum-level-prediction formula (3.3) to calculate the value of I,,44-

Prediction on the maximum gaps Let G,... be the maximum gap between consecutive
primes below a given number. The predicted maximum gaps can be calculated from a conjecture
formula referred to ’'maximum-gap-prediction formula’, having the form of

Gmaz < (c+€)Inzln/z, (3.4)

where z is an arbitrary number, ¢ stands for a scale factor and ¢ is a correction factor being a small
number.

Lower limits of the maximum interval For comparison, the lower limits of the maximum
interval is calculated from a so-called long-gaps-formula [31], which was expressed as follows:

Inzlnlnzlnlnlnlnx

max (pr+1 — pr) > , (3.5)

Prt1<T Inlnlnx

where z is a sufficiently large number, p, denotes the k-th prime.

Variation range of the maximum gaps The mean value, upper limit and lower limit of
each maximum gap corresponding to the prime energy level can be calculated based on the prime
energy matrix M in 'Hierarchical progression model’. For each n-th (n €[1,B]) prime energy level,
select the row vector L,, from the matrix M, and

(¢) calculate the mean value g referred to 'gap mean’ by

9mean — <Z Mnm) /D7 (36)

m=1
(#¢) then, find the upper limit gupiim Of the maximum gap using
Guplim = 123%% Mnm7 (37)
(#47) finally, look for the lower limit giowiim Of the maximum gap by

Glowlim = 1§Inn’31§1D Mopm. (3.8)
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4 Results and discussion

To verify the effectiveness of the above methods, a number of statistical experiments were conducted.
Firstly, we statistically analyzed the distribution of all 144,449,533 prime numbers (except the first four)
lessen than 3 x 10° (Fig.2a), which spread over all prime orbits below 49 energy levels, while those
in Fig.1c cover only 18 energy levels.

The count of the prime numbers distributed in each of the first three energy levels accounts for
approximately 20.4%, 16.4% and 13.2%, respectively, and the sum of the three reaches about 50%
of the total numbers (Fig.2a). We studied the distribution of prime intervals on each prime energy
level and found that all 48 prime orbits from the first till forty-ninth energy levels are filled (Fig.2b-
d) and some orbits situated in higher-energy levels above 50 layers are sporadically occupied by a
few prime numbers (Fig.2e,f), with a number of 604, accounting for 0.000418% of the total prime
numbers. Meanwhile, we noticed that the number of distributions of primes in each energy level
decreases sharply with the increase of energy level (Fig.2b-d), and from the 50th layer, that of the
primes distributed on each prime orbital drops rapidly to single digits. Moreover, not every layer is
occupied by prime numbers (Fig.2e,f), in other words, the distribution of prime numbers on these
higher-energy orbits is extremely sparse. For instance, on the 62nd energy level, only the 29th, 37th
and 47th prime orbits are occupied by one prime number (Fig.2e), while on each of the 67th, 70th
and 73rd energy level (Fig.2f), there distributed only one prime number, whose corresponding orbit is
the 44th (p,,=191), 39th (p,,=169) and 14th (p,,=59), respectively.

Prediction on the maximum energy level Next, we searched for the prime numbers,
each of which appears for the first time when the maximum level of filled-tiers reaches the corresponding
energy level from low to high (1~49). The results were shown in Fig.3a, in which the horizontal axis
stands for the number of energy levels with each prime orbit filled with at least one prime number,
and the vertical axis In(pys) represents the natural logarithm of the prime number p;, which appeared
firstly when its corresponding prime energy level is full. We analyzed the relationship between the
obtained prime numbers p¢s and their corresponding number of filled-tiers, and observed that there
is a changing trend similar to some exponential function between them (See green dots in Fig.3a).
For the convenience of analysis, we took the natural logarithm In(py,) of the primes, and found that
the value of In(pyss) changes with the increasing number of filled-tiers in a kind of logarithmic function
(Fig.3a). Meanwhile, a prime-number-level formula (3.1) of In(py.) relating with the number of filled-
tiers was fitted based on the experimental results in which ¢, ¢ are set as 1.37 and 2, respectively.
It can be confirmed from Fig.3a that the experimental data and the curve obtained from the fitting
formula have good consistency except for a few points.

The fitting curve of In(pss) (Fig.3a) shows that the number of filled energy levels has a clear
correlation with the position of prime number appears in the natural number sequence, which enlightens
us, that is, when a prime number jumps to some high-energy level, and at the same time all prime
numbers less than the given prime just fill all energy levels below the current energy level, we want to
know whether there is a certain law in the distribution of prime numbers on all these energy levels.

Based on the position information of prime numbers (Fig.3a), we counted the number of primes
distributed in each energy level while prime numbers fill all layers below a certain energy level, among
of which the number of layers filled with primes ranges from 1 to 49 (Fig.3c). Then, we found that in
all cases where the filled energy layers changes from 1 to 49, the natural logarithm of prime number
in each energy level shows an approximately linear decreasing relationship with the size of the filled
energy levels. This linearity is relatively significant in all energy levels below the number of filled-
tiers, but there is no obvious pattern on the unfilled higher-energy level. To improve the identification
degree, we extracted six cases to count the prime numbers at each energy level with the filled-tiers
being 6, 14, 22, 30, 38 and 46, respectively. Figure 3b shows the distribution of the prime counts in
each energy level changing with the number of filled tiers in which the natural logarithm is taken for the
counting of prime numbers in vertical axis. According to the found phenomenon that the distribution of
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Figure 2: Counts of prime numbers distributed in each prime energy level. a,The
statistical 3D stereogram of prime numbers lessen than 3 x 10° at each prime energy level. b-f,Counting
distribution of prime interval on different prime orbits belonging to different energy levels from 1 till 80. Here,
the distribution of prime intervals on different prime orbits is depicted from low to high in (1)-(4), each of which
contains four energy levels identified by a text annotation Li, where i(= 1 ~ 80) represents the index of energy
level. The dots represent the distribution of prime interval, and the colored dash-dot lines show energy levels to
distinguish between different layers.
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Figure 3: Diagram of the maximum energy level and the filled tiers. a,The correlation
curve of the filled tiers and the prime number of initial appearance at each level. b,The distribution of the prime
counts in each energy level changing with the number of filled tiers. The dots (referred to as ‘Exp.’) represent the
results from the experiment and the fitting lines with dots (referred as 'Cal.”) stand for those from a formula. ¢, The
distribution of the prime counts in each energy level changing with the filled energy levels (filled-tiers) increasing
from 1 to 49.

prime count on each layer has a good linearity with the number of filled-tiers, as shown in Fig.3b, we
made a straight line for each case from the point of the first energy level to that of the highest energy
layer corresponding to the number of filled-tiers, and extended it to intersect with the horizontal axis
(called as the maximum-energy point). It can be observed that in each case, the maximum energy
level which can be reached by the prime numbers just falls near the maximum-energy point.

Figures 3a and 3b demonstrate that if given a prime number, there is an obvious regularity
between the number of filled-tiers and the highest energy level among all filled-tiers that can be
reached by all prime numbers less than it, which can be used to find an approximate position related to
the maximum-energy point. The problem now becomes that we need a convenient way to determine
the count value of primes in the lowest and the highest energy level respectively, although we can
get them through data statistics. By analyzing the counting of prime numbers on the first energy level
while the number of filled-tiers increases from 1 to 49, we found that there is a strong correlation
between the count Cs; of prime numbers on the first energy level and the number of filled-tiers, and
it can be expressed by Eq.(3.2) in which the constant c is set as 4.68. Meanwhile, due to the fact
that the natural logarithm In(Cs., ) of prime count in each highest level has little change, we took their
average as the reference value of the highest energy level (red-dots line in Fig.4a).

By replacing the prime counts required in Eq.(3.3) at the first energy level and the highest energy
level with the values of In(Cs1) and In(Cs..) obtained by the fitting formula established in Fig.4a, we
can easily calculate the predicted value of the maximum energy point corresponding to each filled tier.
It can be observed from Fig.4b, that the predicted maximum energy level is basically consistent with
the actual value, although the error is slightly larger when the number of filled-tiers is some specific
values, the overall variation trend is relatively close.

Through the above analysis, we respectively established the relationship between the position
of prime number in the natural number sequence and the corresponding number of filled-tiers, and
that between the number of filled-tiers and the maximum energy point which can be reached. Thus,
according to Eqgs.(3.1)-(3.3), we developed a method to predict the maximum energy point that can
be reached by all prime numbers less than a given primes. Firstly, we used the numerical solution
for Eq.(3.1) to obtain the number of the filled-tiers relating with a given number from the fitting curve
formula. Then, the prime count value of the first energy level corresponding to the filled-tiers was
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Figure 4: Relationship between the maximum energy level and the filled tiers. a,
The correlation curve of the filled tiers and the natural logarithm of count on prime numbers at a given level. b,
The relationship between maximum energy level and the number of filled-tiers.

determined from Eq.(3.2) which describes the relationship between the number of the filled-tiers
and the number of primes distributed in the first energy level. Finally, by means of Eq.(3.3), each
position of the maximum energy point that all primes less than the specified number may reach was
determined.

Prediction on the maximum gaps Now we can predict the maximum energy level that all
prime numbers less than any given number can reach by the above established methods, but this is
not our ultimate goal. We want to understand what the maximum interval between all consecutive
primes less than a given arbitrary number is. Here, we established the relationship between each
energy level and the maximum interval of consecutive prime at its corresponding energy level according
to the aforementioned hierarchical progression model.

Figure 5a shows the change trend of the maximum prime interval corresponding to each layer
when the prime energy level increases from 1 to 80, and depicts the variation region and average
value of the maximum interval corresponding to each layer in which the mean value, upper limit and
lower limit of each maximum gap corresponding to the prime energy level were calculated based on
EQs.(3.6)-(3.8). It can be seen from Fig.5a that the maximum prime interval changes approximately
linearly with the increase of the energy level. Although the upper and lower limits will be staggered
between adjacent levels, each one shows a monotonic growth trend respectively. When the energy
level increases to 48, its corresponding upper and lower limits meet at one point, since the maximum
and minimum interval on this energy level are both 210 (Fig.2d).

To verify the effectiveness of the established methods, by selecting 30 natural numbers whose
natural logarithm values evenly spaced from 8.5 and 22, we calculated their corresponding maximum
interval values with the above methods, and compared them with the experimental statistics of
all prime numbers below these given natural numbers (Fig.5b). Here, the horizontal axis In(n)
represents a set of 30 numbers which are selected so that their natural logarithm values are evenly
distributed in the interval of [8.5,22], and the vertical axis gma=(n) represents the maximum gaps
which occur below the corresponding level shown in green-dots. It can be confirmed from Fig.5b
that the prediction value of the maximum interval corresponding to each given number is basically
consistent with the experimental data, and although the relative error in some values is somewhat
larger, its overall growth trend is in good agreement. So far, we can predict the maximum interval of
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Figure 5: Prediction on the maximum gaps changing with given prime numbers
possessing different energy levels. a,The region of gaps changing with the prime energy level. Here,
cyan, red and blue line represent the lower limit, up limit and the mean value of prime gaps, respectively. b,The
variation trend of maximum gaps changing with given prime numbers possessing different energy levels.

all prime numbers less than the specified value with a relative accuracy, but there is still a problem
that the real value of the maximum interval fluctuates up and down within our prediction range which
can also be observed from the experimental data in Fig.5b.

After fitting the experimental data, we conjectured a simple formula (3.4) where the scale factor ¢
is chosen as 1.485, and found that it can well control the maximum interval of prime numbers within
its calculated value. Figure 6a shows the comparison between the calculated interval value of each
layer (red-dots line) using Eq.(3.4) and the experimental values (blue-dots line) similar to Fig.5b. It
can be observed from Fig.6a that all of 30 experimental values fall below the value calculated by
the conjecture formula without exception, and the consistency of their change trend is also good.
In order to further verify the maximum-gap-prediction formula, we randomly selected 320 numbers
by dividing eight regions at 10 times intervals from 102 to 10'° with 40 numbers in each region, and
investigated the maximum interval formed by all prime numbers less than these numbers. The results
of comparison between the counted values and the calculated values from the hypothetical formula
are shown in Fig.6b, from which it can also be observed that there is no counterexample in all 320
types.

In addition, to compare with the long-gaps-formula of existing research results [31], we drew the
variation curve (cyan lines in Figs.6) of the lower limits of the long interval of prime numbers with
natural logarithm of numbers, from which it can be confirmed that the prediction values given by our
established methods can better approach the real values of the maximum interval.

5 CONCLUSIONS

In conclusion, this paper presented two kinds of strategies to predict the value of the maximum
gap lessen than a given number by means of our established hierarchical progression model on the
distribution of the gaps between consecutive primes, and established three fitting curve formulas
according to the correlation between the prime number distribution and the maximum energy level,
meanwhile, proposed a hypothetical maximum-gap-prediction formula which can be used to easily
determine the upper limit of maximum gap below an arbitrary number. Through the hierarchical
progression model, one could use three fitting formulas to judge the corresponding maximum energy
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1 x 1010,

layer according to a given number, so as to find the variation interval of the maximum interval relating
with the energy layer. On the other hand, the given maximum-gap-prediction formula can be used
to determine the upper limit of the maximum interval corresponding to an arbitrary number. In sum,
this paper gives a solution for the unpredictable problem of the maximum interval, which is helpful to
further probe into the principle for the distribution of prime numbers.
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