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Short Research Article

Probability risk model of claim amount affected by threshold

Abstract

In this paper, we consider a risk model of claim amount affected by threshold. The comparision
between the claim interval and the threshold will affect the distribution of claims. The hypothesis
of the model is presented and then we derive the roots of the generalised Lundberg equation, the
Laplace Transform of the expected discounted penalty function. Besides, the Gerber-Shiu penalty

function is given when the initial surplus is zero and when it satifies some defective renewal

equations. Some explicit expressions about the ruin probability are given too.

Keywords: Gerber-Shiu penalty function; Laplace Transform; defective renewal equation; ruin
probability

1 Introduction

In the actuarial literature, the classial compound Poisson risk model and the risk model based
on the renewal or the Sparre Andersen risk model have been extensively investigated. And it is
explicitly assumed that the interarrival times between two successive claims and the claim amounts
are independent. However, this assumptions is inappropriate in the real world. To avoid this,
some papers started to study the dependent risk models. Such as, Nyrhinen(1999)m, Muller

and Pﬂug(ZOOl)m7 Yuen and Guo(2001)[3]. M. Boudreault et al.(2006)[4] studied the dependence
structure among the interclaim time and the subsequent size.Several renewal risk models with

different interclaim times have been studied by many authors.H. Cossette et al(2010)[5] and Stathis
et al.(2012) ) considered an extension to the renewal process by introducing a dependence structure
between the claim sizes and interclaim times through a Farlie-Gumbel-Morgenstern copula. Zhang
and Liu(2020)m considered a discrete-time risk model with time-dependent claims and impullsive
dividend payments. And some other distributions are also applied to the risk model, see Guan and
Hu (2021)[8] and Xu and Wang(QOll)[Q]

In this paper, we consider the case in which the distribution of the claim size is controlled by a
random varlble If the clalm arrlval times exceeds the random level the—claim-size-will-follow—-one
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The paper is organsized as follows. In section 2, we introduce the risk model and some basic
assumptions. We analyse the generalised Lundberg equation and its roots in section 3. In section
4,the Laplace Transform (LT) of the Gerber-Shiu expected discount penalty function is given. And
then we analyse the Gerber-Shiu penalty function when u=0 in Section 5. In section 6, the defective
renewal function is given. Finally, explicit expressions and numerical examples are given in Section
7.

2  The model

In this section, we consider the surplus process {U(t),t > 0} defined as follows
Ut)=u+ct—S(t),

where u = U(0) > 0 is the initial surplus and c is the premium rate which is assumed to be a positive
constant. S(t),t > 0 is the total claim amount process defined by S(t) = Zﬁi(f) X; and ZZ =0
if @ > b. The claim number process {N(t),t > 0} is a Possion process defined via a sequence of
i.i.d. interclaim times {W;}$2;. For convenience, we denote the claim arrival times T;,j € Nt by
T; = Wi+ ...+ W;. In this paper, we consider that the r.v. W has an exponentially distribution
with expectation 1/\, A > 0 with p.d.f. given by

fw(t) =xe Mt >0.

The random variable(r.v.) X; represents the size of the ith claim. We assume that M;,i =1,2,... a
sequence of i.i.d. non-negative random variables distributed as M with Erlang(2) distribution with
expectation 2/3, 8 > 0 with p.d.f. given by

f(t) = p*e "'t > 0.

Then the claim sizes are determined as follows: If T; is smaller than M;, then the following claim
size X; has density function fi(z), otherwise its density function is f2(z). Here M;,i =1,2,... are
independent of T; and X;. From above notations, we get that

P(M<T)=1—eP— %f(t)
20

The risk model with dependence structure can be seen as a more realistic model than the classical
compound Poisson risk model, the former approximates the behaviour of the aggregate claim process
in a natural cause context. Besides, suppose W; is the waiting time between the (j-1)th and jth
causes. Such a cause has two possible intensities, say I; = 1(usual), 2(severe). It derives

P(M>T)=e¢""+

Pr(l; =1|W; =w) =e " =1— Pr(l; = 2|W; = w)

and then Pr(X;|I; = i) = F;(z) for i=1,2.

We let 7 = infi>o{t, Us < 0} be the time of ruin with 7 = co if Uy > (i.e. ruin does not occur).
The deficit at ruin is denoted by |U-| and the surplus just prior to ruin is U,—. The Gerber-Shiu
discounted penalty function ms(u) is defined as

ms(u) = Ele”Tw(Ur—, |Ur|)1r<oo|Uo = u],

where § > 0,w : R™ x RT™ — R is the penalty function. Especially, a special case of the Gerber-
Shiu discounted penalty function is the infinite-time ruin probability ¢ (u) = Pr(7 < 00). To ensure
that ruin does not almost surely occur, the premium rate c is such that

E[CWj—Xj]>0,j:1,2,... (1)

providing a positive safety loading.
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3 Lundberg’s generalised equation

In this section, we derive a Lundberg’s generalised equation. We consider the discrete-time
process embedded in the continuous-time surplus process {U(t);t > 0}. Define the discrete-time
process by Up = w and for k =1,2,...,

k

Uk =U+Z(CW1’ - Xi),

i=1
to be the surplus immediately after the kth claim. We seek a number such that the process
{6—52?:1 WitsUs k£ =0,1,2,...} for s > 0 is a martingale if and only if

E[eféwes(cwa)] _ E[6<6576>W678X] _ 1’ (2)

which is called the generalised Lundberg equation associated with our risk model. From the definition
in scetion 2, the left-hand side of Equation (2) can be written as

BEle™W e W =X)] = /00 /00 e O K () P(M > T) fi(z)e *“dxdt
/ / ~O=eNt () P(M < T) foa)e ““dadt

_ 7(6 cs)t 7>\t —Bt l 2, —pBt —sxz

_/ / {e + B,B te }fl(m)e dxdt
7(6 cs)t 7)\t o 7Bt71 2, —pBt —sz
/ / {1 e BB te }fg(x)e dzdt
_A
c

{( +B+6—cs+B)fils) | B fa(s) }
o /\+f+5 —5)2 62(>\+f+6 _ S)Q(M —s) ’

c

Then, Lundberg’s generalised equation in (2) reduces to

(22— ) [AA+ B+ —cs) +1] fils) + £ f(s)

B
é(m 78) (/\+f+6 7,9)2

o>

=1. (4)

(&

We use Rouche "’s theorem to show the numbers of roots of the generalized Lundberg equation
in the following proposition.

PROPOSITION 1. For § > 0, Lundberg’s generalised equation in (4) has exactly 3 roots, say
p1(8), p2(0), p3(d), with Re(p;(d)) > 0,4 =1,2,3;3.

Proof. The generalised Lundberg Equation (4) also becomes

AA+3 —cs)(A+ 28+ 06— cs)fi(s) + A3 fa(s)
:()\+5—cs)(/\+ﬁ+5—cs)2, (5)

it can be seen that the above equation has exactly 3 roots with positive real parts. We denote by
C'. the contour containing the imaginary axis running from -ir to ir and a semicircle with radius r
running clockwise fron -ir to ir, that is, Cr, = {s € C': |s| = r, Re(s) > 0,7 > 0}. We apply Rouche’s
theorem on the closed contour C to prove the result.
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(1) For Re(s) > 0, we have |[A\+ 5 —cs| =+ 00, |6+ A+ —cs| = 0o as 7 — oo, and thus

’ {()\Jr,@iéfcs) (A+5i€;703)2} fi(s)

A A bYe; A
+ {(A—!—é—cs) A+ B+0—cs) (A+5+5_CS)2]f2(s)'
A A8 .
S‘(A+ﬁ+6fcs)+(,\+5+5fcs)2 [f1(s)]
A A A8

+| - -

(A+d—cs) A+B+6—cs) (A+B+0—cs)? |f2(s)] = 0

on C. For r — oo, and hence it holds that

‘{ A AB
A+B+d—cs) (A+B+6—cs)

S| Fils)

A A A3 N
+[()\+5703)_(A+,8+5fcs)_(/\+6+5fcs)2} fals)] < L.
on C.

(2) For Re(s) =0 and for § > 0, similar to Cossette et al.(2008)[10], we let
dr(s) — A B A B A8
6(5)_)\+57cs A+B8+0—cs (A+B+0—cs)?

then we have
N A A AB
|d‘5(s)|"x+5—cs*A+/3+5—cs*(,\+ﬁ+5—cs)2
/32
:A’()\+6—cs)()\+ﬁ+5—cs)2
8° i
S/\’(/\+6)()\+6+6)’_|d5(0)|
and
A A8 ;
H(/\+B+5fcs) (A+,B+5fcs)2}f1(s)
Y A A8 )
+,()\—&-(S—cs)7()\+ﬂ+6—cs)7()\—|—/B+(5—cs)2}f2(s)
_ A AB 5 P
= </\+B+57cs+()\+B+6—cs)2)f1(8)+f2(8)d5(8)
A AB 5
= A+B+0—cs ‘(A+,8+6fcs)2 +1ds(s)]
A A8 5
= A+,8+5‘+ G proe| IOl

For 6 > 0, it holds ds(0) > 0. Indeed,

2
A A AB _ AB > 0.

GO = S "X B s NFBIOE ATBTIoROT D)
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Therefore, for s on the imaginary axis and for § > 0, Equation (7) becomes

A A8 »
[(A+ﬁ+5—cs) (A+/3+6—cs)2]f1(s)
A A A3 .
+{()\—|—6—cs)_(>\+ﬁ+5—cs)_()\—i—ﬂ—&—é—cs)Q}fQ(s)
A A8 R

S’A+6+6 +‘(A+ﬂ+5)2 * 14Ol

(A+B+6)2—52—26(5—A6<1
- (A+B+0)2 '

Above all, we proved that
A+ 6 — cs)(A+ 2B+ 6 — ¢s) fi(s) + AB> fa(s)|
<IA+d—cs)A+ B+ —cs)?|

in two case, and thus by Rouche’s theorem, it follows that Equation(5) has the same number of
roots as the equation (A48 —cs)(A4 8+ 6 — cs)? inside C... Since the latter equation has exactly 3
positive roots inside C,, that is, Equation (4) has exactly 3 roots, say p1(9), ..., p3(d) with positive
real parts. Finally, we complete the proof by letting r — oc.

In the following, for simiplicity we write p; for p;(d),7 = 1,2,3. when § > 0.

REMARK. For ¢ = 0, the conditions to Rouche"’s theorem are not satisfied, since

A A8 5
{(/\—&—54—5—05)+(A+ﬁ+6—cs)2}f1(s)

A A A8 )
+{()\+6—cs)_()\+ﬁ+5—cs)_(A—i—ﬂ—&-&—cs)g}ﬁ(s)
_’ P +{ 8 } B
CIAEB T (A +p)? A+B8 A+8l

for s = 0. The case of § = 0 is important to evaluate ruin probablity, being special cases of the

Gerber-Shiu penalty function at 6 = 0. We apply the Klimenok(QOOl)[ll] to derive the number of
roots to the generalized Lundberg’s equation with 6 = 0.

PROPOSITION 2. For § = 0, Lundberg’s generalised Equation(4) has exaclty 2 roots, say
01(0), p2(0), with positive real parts and one root equals zero.

Proof. Define the contour Dy =s:|z|=1and let z =1 — % In terms of s, the contour Dy, is
a circle with origin at k and radius k. Similarly as in Proposition 1, we let k — oo and denote by D
the limiting contour.Using the same arguments as in the proof of Proposition 1, one can show that
Equation(??) also holds on D (excluding s=0 or equivalently z=1) for § = 0. besides, the functions
AMA+6—cs)A+28+6 —cs)fi(s) + A3 fa(s) and (A+ 6 — cs)(A+ B+ 6 — ¢s)? are continuous on
D. As Theorem 1 of Klimenok(2001), we need prove that

d A AB .
dz{l_ {(A+ﬂ+§fck(lfz)) * A+ B+0—ck(l — z2))? Sk = k2)

7[ A B A
A+d—ck(l—2)) A+B8+6—ck(l-2)

A8 .
- (A+ﬂ+5ck(1z))2}f2(k_kz)} > 0.

z=1
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The left-hand side of this relation is equal to

d% {1 & {e(ksz)(cwfx)]}

where E [¢cW — X] > 0 given the solvability condition in equation (1).

Based on Klimenok(2001), we conclude the number of roots of Equation (5) is equal to 2 inside
D, that is, the number of roots of (A +8 — cs)(A+ 8+ 6 — ¢s)? inside D minus 1. Moreover, a trival
root to Lundberg’s generalised equation (4) equals zero.

= kE[cW — X]

z=1

4 Laplace Transform of ms(u)

In this section, we want to derive the LT ms(s) of the Gerber-Shiu expected discount penalty
function mes(u). For u > 0 and setting y = u + ct, we have

ms(u) = Ele " w(Ur_, |Ur|)1r<o|Uo = 1]

= é/ " TRDT) (5 () — 0 (y))dy

+ 25 [Temees “>f(y‘ ) (01(s) — o2(w)dy

+7/ o
Cu
(oo}

_— /mau—mfl( e + 71 (), %(U):/ fi(@)de,

u
oo

o25(u / mes(u — ) fo(2)dz + 2 (u), 72(u)=/ Ja(z)dz.

u

o2(y)dy,

where

Then we obtain
;ﬁzg(s) = /000 eisugmg(u)du
= [T E ) =) [T O D duay
0
+ 2 [T i) =t [T T — updudy
0
+/ e Vaa(y) /y e (T dudy, (8)
0 0
It can be easily proved that for ¢ > 0

Y —ay
_ e
/ e "Mdu = —
0 a

y Cow 1 —ay
[w-weman=t - Ly (9)
0

a? a?

Therefore, using Equation (9), Equation (8) can be written in the form

c . 1 . . 1 .
Xmé(s) = m (61(s) — 62(s)) + @02(5)
L (6i(s) — a(s)) + Bals). (10)

c (s _ A+[j+6)2
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where

1,2.

5’175(8):/ e o s(u)du 1
0
and

Bats) = /Ooo ye OO (o) (y) — 0o (y))(s;(w)dy

s u 1
_ / e (6+X+8) < (01 (y) - Uz(y))mdy
0 e

(s —

Let 4i(s) = [, e *"yi(u)du, i=1,2, the above Equation (10) reduces to

fi(s) = fa(s) fi(s) = fa(s)

fa(s)
9

(/\7-*-5 _
Yi(s) —F2(s) | 4
NI S>2 + Bs(s).

.
w0 (e

s (s) [i - (/\+ﬁ+<5 73)
_ 1(s) —A2(s) Y2(s)

= (A+f+5 _ S) (AT-HS

(A+f+6 _ 5)2

Now using Equation (11), we give the following theorem about the expression for 75(s).

THEOREM 1. In this risk process with a dependence structure, the LT rii5(s) of the ms(u) is

given by A !
Tha(s):w’
hi,5(s) — has(s)
where
-5 (2 (022
hnste) = (52 =) [5 (T2 - o) 1] i+ S
usle) = ( ){ (5+)\+ﬁ 8)+1}A1(8)+§®2(
Ba,s(s) = Zﬁlépg ﬁ 5Pk

ket kgj P9 T PR

Proof. Multiplying both sides of Equation (11) by § (w —
the resulting equation for ms(s) we get immediately the equation (12), with

_ (AJCF(S _S) (8_ W)Q {/OOO ye  CTADE (01 (y) _02(y))(s—3+i+ﬁ)
_ /0 T )Y (gl(y)—az(y))@dy}
_ (HéS)(Aﬂuﬁ8)ﬂ1(x+5+5)+(x+58)ﬂ0(w),

which is a polynomial in s of degree 3 or less, where

i (M):/O e O (51 (y) — a2 (y))y'dy (5

C

0,1).

s>2 (% — s) and then solving

dy
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The Lundberg’s generalised equation (4) can be written as his(s) — has(s) = 0, which means
that pjs,i = 1,...,3 are roots of the denominator in Equation (12). Since 7hs(s) is analytic for
Re(s) > 0, it means that pjs,i = 1,...,3 are also roots of the numerator in Equation (12), and thus
52 s(pi) = —61 s(pi),i=1,...,3. Slnce ﬂg 5(s) is a polynomial in s of degree 2, by using Lagrange
interpolation formula at the 3 points p1, p2, p3, we have

3 3 3
Ba.s(s Z ) 11 2P Zﬂlapg 11 8__7[)]@,

he 1,k;ﬁ]pj_pk e 1,k;éjp]_pk

and then the proof is completed.

5 The Gerber-Shiu penalty function when u=0

In this section, we look at the Gerber-Shiu penalty function ms(0), the LT of the time of ruin
m-(0) and the ruin probability when u=0.
THEOREM 2. When u=0, the Gerber-Shiu penalty function ms(0):

e (0) = Bs(ps)
') ; szl,k;éj(pk - Pj).

Proof. We assume that the roots of Lundberg’s equation p1, p2, p3 are all distinct. By applying
the initial value theorem, we get

ms(0) = lim s/(s) = lim 851,5(5) + ?275(5)
s5—00 5—00 hl,&(s) _ hz 5(8)
o Ba(9) = D5 Bus(en) T s 7
= lim s J i
o h 5(5) = ha,s(s)
. ape 1 S Bs(p) [Ty sy i
= lim - -
e hi(s) _ ha(s)
— 4308 Bus(oi) T} S—pk
. 2 2j=1 k=1,k%] p;—pp
= lim

- Z Prsles) (16)

Hk 1,k#j (P - pj)

THEOREM 3. When u=0, the Laplace Transform of the time ruin m,(0) is:

ma(0) = B+ X+B)%

’ CAﬂH 1p1'

Proof. Let Nts ¢ (At B4
bw(s):( c *3) b(f*s)“}’ (17)
bas(s) = 2. (18)

And from Equation (15) we have

B1.5(8) = b1,5(s)71(8) + b2,5(5)42(s)- (19)



UNDER PEER REVI EW

then m;(0) becomes

3 2 3
Z s(p3)1(pj) + b2,5(pi)% ZZ e 31(03),s (20)

Hk 1,k#j (px — PJ)
which

b@j _ . bi,é(pj) i=1,25=1,2,3. (21)
[Tzt ke (ox — i)

3i(s) = /0 2)dz = / / (2, 9) fs(z + y)dyd,
o=/ [ wew

Let f(z,y,t|0) be the joint defective density of the surplus prior to ruin (x), the deficit at ruin (y)
and the time of ruin (t) given U(0)=0, and fs(z,y|0) be the discounted (nondiscounted if § — 0)
p.f.d. of the surplus just before ruin and the deficit at ruin. The relationship between the two is

fi(,y]0) = / T e f (e, 0)d

Since

then we have

3
filz+y) Zbl,ge i +f2(m+y)2b2,je_pﬂ dydz. (22)

Jj=1

For u=0, and from Equation(16) of Cheung et al. (2010) , it obtains that

/ / / (@, y)f (2, y, t|0)dtdydx —/ / (x,y)fs(x,y|0)dydz,

which combined with Equation (22) yields

3 3
F5(2,y10) = fi(@ + ) > bije T + falw +y) Y baye % (23)

j=1 j=1

We also let f15(x[0) = [~ fs(z,y|0)dy be the discounted p.d.f. of the surplus prior to ruin and
f2.6(yl0) = [ fs(x,y|0)dx be the discounted p.d.f. of the deficit at ruin given U(0)=0. Since

/0°° filz +y)dy = /°° fily)dy =1 — Fi(z) = Fi(x),i =1,2.

From Equation (??) we obtain
o B 3 B 3
Fro(el0) = [ fola,pl0)dy = Fi@) Yo buse "+ Fa(o) 3 base
0 j=1 j=1

and using the Property of the Dickson-Hipp operator on page 394 of Li and Garrido(2004)[l3], we
have

Jas(y]0) = / " ol yl0)da

oo 3 3
:/ (fl(x+y)2bl,j€_sz+f2($+y)zb2’je_sz> de
0 —

j=1

3
:Z ,JTp7f1 +Zb2]Tp7f2 ) (24)
j=1

Jj=1
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The Laplace transform of f25(y|0) is that

fas(s) = /000 e f2,6(y|0)dy = T f2,5(0]0)

3 3
= b TT, f1(0) + D b T, f2(0)
j=1 j=1

3

-y brsfi(ps) +b2,5f2(ps) Fils)> sb# —fa(s)> b2y (25)

s—pj s — 0.
= Pi =1 Pj

j=1

Using Equation (22), (17) and (18), it follows that has(s) = by s(s)f1(s) + ba.s(s) f2(s), and thus
for j=1,...,3, it holds

2 2 b1.s(p)f1(ps) + ba.s(p;) f2(p5) ha.s(p;)
b1, f1(pj) 4 2,5 f2(ps) = =
Lafi(ps) 2a/2(02) szl,k;ﬁj(pk = pj) Hi:l,k;ﬁj(pk —pj)
hi.s(p;)

Hi:Lk#(Pk - Pj)'
Then using Equation (22) and (25), we have

3 3

(G+X+B—cp)*(6+A—cpj) b,
f — fus) Y
25 ; cAB(s pJ)Hk:l,k;&j(pk - pj) e )le = Pj

. by ;
D e
j=1

(26)

According to the similar argument from interpolation theroy as in Li and Garrid0(2005)[14] of the
Equation(17)and (18), Equation (26) rewrites as

B (§4+X+8—cs)*(6+ X —cs)

fa,6(s) =1 MBI, (pi — 9)
. S()\+5—cs)()\+5+ﬁ—cs+5) (s i B
+ fils) CﬂH?zl(Pi*S) + )CHf=1(Pz‘ — )
B 1 54+ A+B+S )
“- gt () ()

(R ) o= Sho)

c c
_ . hs(s) —has(s)
=1- 3—,
[[=1(pi — )
Let w(z,y) = 1, when U(0) = 0, since f1(0) = 1, fo(0) = 1, the LT of the time of ruin m, given

U(0)=0, is

m-(0)=FE [6*671(7 < 00)|U(0) = 0] = /000 /000 fs(u, y|0)dydu

o R h15(0) — ha.s(0
:/ Jos(yl0)dy = Tim fas(s) = 1 — 1250 = h25(0)
0 s—0 P1P2pP3

(6 + A+ pB)3%

=l-—s
c\B Hi:l Pi
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Due to 6 > 0, we can derive that m,(0) < 1.
THEOREM 4. When the initial surplus U(0)=0, the ruin probability 1(0) is

(A+8)?

YO =1 B 0 )

Proof. When U(0)=0,
P(0) = lim FE [6757—](7' < 00)|U(0) = u]

§—0t
1 lim (6 + A+ B)%6
50t cAB H?:l Pi
(A +8)?
=1- 21" 28
N (0) (0) =9

where p*(0) = [T°_, ps(0) and p;(O) = Lp1(6)|s — 0T. Using the fact that p1(6) is a root of
Lundberg equation, we have ﬁl(pl (9)) = ha (p1(9)). By differentiating with respect to ¢ and then
letting 6 — 0", we obtain

(A+B)*(1 = ¢p1(0)) = —A*(A + 28) 4111 (0) — ABp12p; (0) (29)
where f, (0) = —pa, f (0) = —p2. From Equation (29), we have that
(A +B)? EW)

1(0) = = 30
P10 = T B = N0+ 2By — NPz eB(W) — B(X) (80)
which is always positive due to the positive loading condition (see Equation (1)). Therefore, using
Equation (28) and (30), we have that
(A +B8)? [cE(W) — E(X)]

YO = @ T ) (31)

6 Defection renewal function

THEOREM 5. According to the Gerber-Shiu penalty function ms(u), we can get that

mau) = [ mitu— )G o)y + Gsla), >0 (32)
0
where
s (y) =Tp, Tp,Tpghas (u)7
Gs(u) = Tp, Tp, Tps Br,5(u). (33)
)

Proof. Since [ f2.5(y|0)dy = m-(0) < 1 (from Equation (27)), Equation (32) is a defective
renewal equation. Using the Lagrange interpolating formula, we derive that

3 3 2 3
; 3 5 — Pk h1,s(pi) 5= pr
his(s) =h1s00) ][] +s5Y I —==
po (PR) S i, PP

Similar arguments as the Cossette et al.(2010)[5], the aforementioned relation implies that
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where m3(s) =

[12_,(s — p;). Since ha.s(p;) = h1s(p;), j =1,2,3, for s=0, we obtain

- 2 (542482 (542 2 (542 A+d+ 2
hléo) > h26 77,6*( c )(i) 3@(‘2—/);‘)( cﬁ_pj)
MDD el e e D0 ,
=1 Pi Ps) [Ti=i(=pi) =1 Pi Hk:l,k;&j (pj — pr)
JORAEHEAN | fy AR 0N
cAB H?:l(_pa cAB H?:l(pj)
=-1.
Then Equation (34) becomes
ha,a(5) = has(s) = (—1)°ms(s) (1 = TuTp, Tpa Ty ha,s (0)]. (35)
Furthermore, from (35) we get that
> h —h
fasls) =1 - Mafe) —hass)
[T (pi —s
-1 (—1)371'3(8) [1 - TSTPleTPsh?ﬁ(O)]
(—1)3ms(s)
=TTp, Tp, Tp3h2,5(0). (36)
Since fo.5(s) = [° e *" f2,5(y|0)du, then
f2,6(y10) = Ty, Tpo Tpg ho,s(u).
Using the Dickson-Hipp operator, we have
/ / w(s,t) | fr(s+1) 261 e PiGTW 4 (s 1) sz e PilsT W gsdt
Jj=1 Jj=1
3
_ Zbl,j/ P30 (5)ds + Zb%/ eI (5)ds
j=1 u
2 3
= Z Zbiijj'yi(u) (37)
i=1 j=1
From Equation (37), we obtain that the LT of the Gs(u),
oo 2 3
Cis(s) = / e Ga(udu = TuG5(0) = 3 5 by 1T, 7:(0
0 i=1 j=1
b1s91(p5) + b2.s92(p;) b b
I e lI0) SRCPRENED oeCe
(s = pj) Jls Pj j:15
3
51 6 Brs(
; (s = pj)m (p])
- T TplszTpsﬁl 6( )
Thus, by inverting Equation (37) we also get the alternative expression for Gs(u),
Gs(u) = TmszTpg/Bl s(u).
THEOREM 6. The defective renewal equation of m.(u) is:
/ m-(u—y)Cs(y dy+/ G(y)dy, u>0. (38)
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7 Numoerical illustration

In this section, we give some examples. If T; is smaller than M;, then the following claim size
X; has density function fi(z), otherwise its density function is f2(x). They are both exponential
distribution with parameter A1, A2, that is, fi(z) = Ae ™%, fo(z) = A2e %, and fi (s) =
ﬁ, fg(s) = Ajis. We get an explicit expression for Taking LTs in both sides of the first equation
in Theorem 6,

ey = (0 = Cas() _ 1= Cas(s) ~ [1 = me(0)] .
(®) s [1 — 6275(5)] s [1 — 52,5(3)} (39)

From Equation (35) and (36) we have

() = has(s) = [1 = Gas(s)] [ (i = ),

i=1

and thus Equation (39) becomes

Fon (5) = hi,s(s) — has(s) — [1 = m-(0)] [T}, (pi — S)_ (40)

s VLLg(S) - ﬁz,a(s)]

From Equation (21),(22) we easily have

has(s) = has(s) = cAB(AfQ—ii()?))\z Ts)’ (41)

where

Q35(5) =M +8) A2 +8) A+ —cs)(0+ A+ B —cs)” = AB*Aa(A1 + )
—A(A2+ ) A+ —cs) [AMA+d+ 8 —cs)+ AF].

Since @3,5(s) is a polynomial of degree 3 and then we have that Q3 s(s) = 0 has 3 roots in the
complex plane. Since h1s(s) — has(s) = 0 is Lundberg’s generalised equation, that is equation
Q3,5(s) = 0 has 3 roots p1, p2, p3, with positive real part and two roots say —R; = —R;(J), with
Re(R;) > 0,7 = 1,2. Therefore, we can rewrite Qs,5(s) as

Q3,5(s) = cAB(s + R1)(s + Rz2) | | (pi — s). (42)

—

i=1

So, from Equation (42)and (41), Equation (39) yields
[T;_ (s + Rj) = [1 = mr(0)] (A1 + ) (A2 + 9)
sT= (s + R) '
Since 1, (s) < oo for s > 0, the numerator in Equation (43) is zero for s = 0, that is

RiR>
1—m,(0) = o

e (s) = (43)

and then Equation (43) becomes

RiR RiRp(A1+X2)
(1- Ah;)s—&-Rl—kRz—il 2t
(s + Ri1)(s + R2)

We assume that R1, Ro are distinct and use partial fractions yields

2
. &,
e(s) =Y S+j%_7
=1 !

m-(s) =
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where
¢ Ry ( _ Ri(Mi+A2) R} )
YT R - Ry Mz A2
¢ Ry ( _ Ra(M + X2) R§ )
> T Ry— Ry A2 A
Inverting m-(s) gives that
me(u) = €156+ Lo 57 2w > 0, (44)

and the ruin probability 1(u) can be obtained by letting § — 0.

7.1 Whend =0

Let A1 =2, Ao =4, c=15 A=2,
with 8 =1,

¥(u) = —0.00054031652280488¢ 2 9900610193824644u 4 () 6495400681568 - 7175998125651344u
with g = 3,

P(u) = —0.0041727320835225¢ > 938341980843664u | () 57959489270819¢ 0-8598590518898T3Tu.
with 8 = 5,

Y(u) = —0.00997224149241 ¢~ 3-8733037TB3MBATY | () 5189533988617954 0-9744124540765244u
with 8 = 10,

w(u) _ 70.0277054616655536737169851159041327“ + 0.43132361981897671.1643219472701969u.

0.7 T
—k— p=1
B=3 ||
B=5
—— p=10
[
2
3 i
<
k=l
<l
o -
=
S
o
et 4 I 4
8 10 12 14 16 18 20

Initial Surplus

Figure 1: Ruin probabilities when § =0

As we can see from Figure 1, the parameter 3 has a clear impact on the ruin probabilities It is
clear that the higher the parameter the lower the ruin probability is.
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7.2 When 6 =1

Furthermore using § = 1, we provide the analytic expressions for the LT of the time of ruin
mes(u) as function of the initial surplus u, (u > 0) and let A1 =2, Ao =4, c =15, A =2,
with 8 =1,

¥(u) = —0.000753258169851¢ > 9926955432T8276u | 4158(61959884069¢ ~-16901584810085u
with g = 3,
(u) = —0.005125813528442236¢ ~3-9533678066596094u | (§ 3984()81526472388¢ ! 2272392825230218u
with g =5,
¥(u) = —0.011401900767716385¢ ™~ 3-902448624640329u 4 () 361987(826739349¢ ! 2879844203405293u
with 8 = 10,

(u) = —0.02929701439042134¢ > TTOTTESIIBION 4 () 30918222107489424¢ ~ +101380900990955

0.45

+4

™ ® T W

W
s A
o
1

The LT of Time to Ruin

I — ) DRI SEOSI0 \ DRI SIS0 y DRI SEOS0
4 6 8 10 12 14 16 18 20
Initial Surplus

Figure 2: Ruin probabilities when § = 1

As we can see from Figure 2, the parameter 8 has a clear impact on the values of the LT of
time to ruin. It is clear that the higher the parameter the lower the value of the LT of time to ruin
is.

8 Conclusion

In this paper, we consider a risk model of claim amount affected by threshold. We derived the

roots of the generalised Lundberg equation and the Laplace Transform of the expected discounted
penalty function. Besides, the Gerber-Shiu penalty function is given when the initial surplus is zero
and when it satifies some defective renewal equations. Some explicit expressions about the ruin
probability are given to show that as the dependence parameter (8 is higer, the ruin probability and
the value of the LT of time to ruin are both lower.
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